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1 Gery wolf optimizer and multi-objective grey wolf optimizer
1.1 Gery wolf optimizer

In this subsection, a simple generalization operation and analysis of the single-objective algorithm gery
wolf optimizer (GWO) (Mirjalili et al., 2014) is presented. GWO is a kind of evolutionary algorithm (EA)
which mimics the leadership hierarchy and hunting mechanism of grey wolves in nature. It is composed mainly
of three parts: social hierarchy, encircling the prey, and hunting behaviors.

Grey wolf population has a strict pyramid-structured social hierarchy. Three grey wolves with the best
fitness values in the grey wolf population are defined as alpha (), beta (), and delta (§) wolves. They are the
leaders of the population, and the omega (w) wolves as the candidate solutions are equivalent to civilians in the
population. Grey wolves encircle their prey during a hunt. To mathematically model the encircling behavior, the
following equations are proposed:

D=|C-X, - X(), (S1)
X(t+1) = X, (t) — A4, * D, (S2)

where t is the current iteration, X, is the position vector of the prey, X indicates the position vector of a grey
wolf, and 4 and C are coefficient vectors, calculated as follows:

A =2ar; —a, (S3)
C = 2r,, (84)

where r; and r, are random vectors in [0, 1], the convergence factor a=2 — 2¢#/T, linearly decreasing from 2 to 0
throughout the iterations.

GWO uses the simulated social leadership and encircling mechanism to find the optimal solution for single
objective optimization problems. This algorithm saves the three best solutions («, 8, and §) obtained so far and
obliges other individuals to update their positions with respect to them. The following formulae simulate the
hunting process and find promising regions of the search space:

Dy =|C Xy —X|,Dg =|C, X5 —X|,Ds = |C5" X5 — X|, (S5)
Xl=Xa_A1'Da=X2=Xa_A2'DﬁaX3=Xa_A3'DSa (56)
X(t+1)=X.(0) + X,(t) + X3(t))/3, (S7)



where A4 is an important parameter that affects the exploration and exploitation of algorithms. 4; (i=1, 2, ..., N)
is a random value in the interval [—2a, 2a], where a decreases from 2 to 0 over the course of iterations. When
random values of 4; (i=1, 2, ..., N) are in [—1, 1], the next position of an individual can be any one between its
current position and the position of the prey. Therefore, when |4;] < 1 (i =1,2,...,N), the wolves are forced
to pursue an attack towards the prey (exploitation). GWO uses |4;| (i = 1, 2,..., N) with random values greater
than 1 or less than —1 to oblige the individuals to diverge from the prey to obtain mathematical model diver-
gence. Therefore, when |4;| > 1 (i=1, 2, ..., N), the grey wolves are forced to diverge from the prey to hopefully
find a fitter prey (exploration).

To sum up, the search process starts by creating a random population of grey wolves (candidate solutions)
in GWO. Over the course of iterations, a, §, and § wolves estimate the probable position of the prey. Each
candidate solution updates its distance from the prey. The parameter a decreases from 2 to 0, emphasizing
exploration and exploitation, respectively. The candidate solutions tend to diverge from the prey when
|4;] >1(i=1,2,...,N) and converge towards the prey when |4;| <1 (i =1,2,...,N). Finally, the GWO
algorithm is terminated with the satisfaction of an end criterion.

1.2 Multi-objective grey wolf optimizer

The multi-objective grey wolf optimizer (MOGWO) adopts two important components, similar to the
multi-objective particle swarm optimization algorithm (MOPSO) (Coello and Lechuga, 2002). The first com-
ponent is an archive, which is responsible for storing previously obtained non-dominated Pareto optimal solu-
tions. Once it is full, the grid mechanism is called to improve the diversity of the final approximated Pareto
optimal front. The grid mechanism functions as follows: first, it rearranges the segmentation of the objective
space and finds the most crowded segment to omit one of its solutions. Then, the new solution should be in-
serted to the least crowded segment. The second component is a leader selection strategy that assists in choosing
a, B, and § solutions from the archive as the leaders in the hunting process. Three leaders are chosen sequen-
tially from the least, second least, and third least crowded segments of the search space from the archive by the
roulette-wheel method in MOGWO. Roulette is a method of random selection, where the selection probability is
the possibility that the fitness value of each hypercube is proportional to the sum of the fitness values of all
hypercubes. The hypercubes are obtained by dividing the currently obtained Pareto solution set. The fitness
value of the i hypercube that may be selected is as follows:

Py =c/N;, (S8)

where c is a constant number greater than one, and N; is the number of Pareto optimal solutions obtained in the
i" segment. Consequently, the search is always directed toward the unexplored areas of the search space because
of the movement of the leader.

2 Exploration and exploitation analysis

According to the analysis of MOGWO in the literature (Mirjalili et al., 2016), A4; (i=1, 2, ..., N) is an im-
portant value that affects exploration and exploitation and varies randomly within (—2a, 2a), where a decreases
linearly from 2 to 0 with the iterations. When t < 2/T where t is the current number of iterations and T is the
total number of iterations, or 1 < a < 2, the probability of |4;[>1 (i=1, 2, ..., N) ranges from 1 to 1/2. This
means that search agents tend to diverge from the prey when a; > 1 (i=1, 2, ..., N). When t > 2/T, that is to say,
0<a<1, it is inevitable that |4;|<1 (i=1,2,...,N),. All search agents move towards the prey when
a;<1 (i=1, 2, ..., N). Through the above analysis, it can be inferred that the search is too extensive at the begin-
ning of the iteration, whereas late in the iteration, |A4;|<1 (i=1, 2, ..., N) causes the search to be too concentrated.



Therefore, we can conclude that there is no satisfactory balance between exploration and exploitation
throughout the iteration.

3 Procedure 1

Procedure 1 CBMOGWO
// Step 1: initialization
Initialize the population X (x{, x», ..., Xy) and archive
Select leaders X, X, and X5
For r=1:MaxlIter
/I Step 2: population division
Calculate convergence factor a and a ey
For num=1:N/2
Randomly select x;, x; (i # j)
Divide the population: X%,, X2, X}, and X?
End For
// Step 3: population position update
Determine the threshold @ (p = ® X N)
Update the positions of individuals x,,;* (i = 1,2, ..., p)
Putxy;* (j=p+1,p+2,...,m+n)into X**!
Update the positions of individuals x;¢ (i =1, 2,...,m)
Update the positions of individuals x;;* (j = 1, 2,...,n)

Maintain archive and reselect leaders X4, Xg, and X5
End For
// Step 4: return archive
Return archive

4 Multi-objective test problems and multi-objective knapsack problems
4.1 Multi-objective test problems (MOTPs)
4.1.1 Mathematical formulae for MOTPs
See Tables S1-S3.
4.1.2 Statistics of MOTPs

Inverted generational distance (IGD): see Table S4, Figs. S1 and S2.
Hypervolume (HV): see Table S5, Figs. S3 and S4.

4.2 Multi-objective knapsack problems (MOKPs)
Statistics of MOKPs: see Table S6, Figs. S5 and S6.



Table S1 Bi-objective MOTPs

Name Mathematical formulation
fi= Z[xj sin(6mx; + —)]2 f=1—Vx+— Z[xj sin(6mx; + —)]2
UF1 T Val &
{]|] is oddandZ <j<n}J,={jljisevenand 2 < j < n}.
f1 UleE]lyl fo=1— \/—+|]|Z]E]2yl )
]1—{]|jlsoddand2 <j< n} ]2— {jlj is even and 2 <] < n},
UF2 —[0.3x,%cos(24mx; + —) + 0.6x,]cos(6mx, + —), Jj €J1,
Yi =
— [0.3x,%cos(24mx, + —) + 0.6x;]cos(6mx; + —), j €/,
fi=xny |(4-Zyl 21_[cos( y’ )42, fo= 1= E |(4Zy, chos( y’ ) +2),
UF3 J€l Je J€h J€l2
0.5(L.0+ (1 2))
J1 and J, are the same as those of UF1, y; = x; — x; ,j=2,3,
2 2
h=x +|]_|Z R, fo=1-x7" +mz h(j),
UF4 tieh J€T2
Tt t
J1 and J; are the same as those of UF1, y; = x; — sin(6mx; +J—),j =2,3,..,mn, h(t) = ﬁ
fi=x + (ﬁ + 6) |sin(2NTtx)| + o |ZJE]1 h(yj) fo=1- ( + e) [sin(2NTtx,)| + 21612 h(y])
UF5 J, and J, are the same as those of UF1, € > 0, y; = x; — sin (6Ttx1 +%) ,j=2,3,
h(t) = 2t% — cos(4mt) + 1.
fi = x; + max{0, 2( + €)sin(2Nmx,)} + (42 y:? Zﬂcos( \7_] )+1),
J€Ih
UF6  f, = 1—x; + max{0, 2(— + €)sin(2Nmx,)} + (4 z yi2—2 1_[ cos( 20ym )+ 1),
JEJ2 JE]2‘ \/—
T
J1 and J, are the same as those of UF1, € > 0, y; = x; — sin (6Ttx1 +%) ,j=2,3, ..,n.
2 2
fi= i/x_l+mzyi27f2 =1- i/x_1+|]—|zy1'23
UF7 Heh 2 ieT,

jTe
J1 and J, are the same as those of UF1, € > 0, y; = x; — sin (61Tx1 +%) ,j=2,3, ..,mn.




Table S2 Tri-objective MOTPs

Name Mathematical formulation

~n

2 ITC 2
7 = c0s(0.5x;m)cos(0.5x, ) +|]—| E (xj — 2x,sin (zﬂxl +J_) ),
1] 4 n
J€h

2 ITC 2
f> = cos(0.5x;m)sin(0.5x,m) + U—|Z(xj — 2x,sin (21‘[x1 +J;) ),
21 4
J€J2

UF8 2 jm\ 2
fz = sin(0.5x;m) + _—Z(xj — 2x,sin <2nx1 + —) ),
Js JEJ3 "
Ji={j|3<j<n, andj — 1isamultiplication of 3},
J. ={j|13<j <n, andj — 2isamultiplication of 3},
Js ={j|3 <j <n, andj is a multiplication of 3}, ¢ = 0.1.
)
fi = 0.5[max{0, (1 +€)(1 —42x; — D)} + 2x,]x, + |]2_|Zj€/1(xj — 2x,sin (21Tx1 + %) ),
1
N2
£, = 0.5[max{0, (1+ €)(1 — 4(2x, — 1)?)} + 2x,]x, + ﬁzje,z(xj = 2xsin (20, + ),
2
N2
UF9 fi=1—x,+ ézjejg(xj — 2x,sin (21‘(9:1 + %) )
Ji={j|3<j<n, andj — 1isamultiplication of 3},
J. ={j|13<j <n, andj — 2isamultiplication of 3},
Js ={j|3 <j <n, andj is a multiplication of 3}, ¢ = 0.1.
2
fi = c0s(0.5x;m)cos(0.5x,m) + mZ(élyjz —cos(8my)) + 1),
! JE€I
. 2
fo = c0s(0.5x,m)sin(0.5x, ) + U—|Z(4y,-2 —cos(8my;) + 1),
UF10 T
2
f5 = sin(0.5x; ) + ,—Z(4yj2 —cos(8my;) + 1),
il 7
J1={j|3 <j<n, andj — 1isamultiplication of 3},
J. ={j|13<j <n, andj — 2isamultiplication of 3},
Js ={j|3 <£j <n, andj is a multiplication of 3}, € = 0.1.
Table S3 Five-objective MOTPs
Name Mathematical formulation
£i() = {(1 + g(xp))cos(zym/2)cos(z;m/2) ...cos(zy_,/2)cos(zy_1T/2) + 1, z; =20,
1 S(psum,)((1 + g(xy))cos(z;m/2)cos(z51/2) ... cos(zy_,m/2)cos(zy_,m/2) + 1), otherwise,
(0 = {(1 + g(xp))cos(zym/2)cos(z51/2) ... cos(zy_,m/2)sin(zy_11/2) + 1, z; 20,
2 S(psumy)((1 + g(xpy))cos(zim/2)cos(zym/2) ... cos(zy_,m/2)sin(zy_,m/2) + 1), otherwise,
UF11 : o
s () = {(1 + g(xp))cos(zym/2)sin(zzm/2) + 1, z; 20,
M-1 S(psumy,_1)((1 + g(xpy))cos(z;m/2)sin(z;m/2) + 1), otherwise,
Fu(x) = {(1 + g(xy))sin(zym/2) + 1, z; 20,
M S(psum,)((1 + g(xpy))sin(zzm/2) + 1), otherwise,
g(xy) = inExM(Zi’ - 0.5)%
£i() = {(1 + g(xp))cos(zym/2)cos(z;m/2) ...cos(zy_,m/2)cos(zy_1T/2) + 1, z; 20,
1 S(psumy)((1 + g(xpy))cos(zym/2)cos(z51/2) ... cos(zy_,m/2)cos(zy_,m/2) + 1), otherwise,
£,(0) = {(1 + g(xp))cos(zym/2)cos(z31/2) ... cos(zy_,m/2)sin(zy_11/2) + 1, z; 20,
Z S(psumy)((1 + g(xpy))cos(zim/2)cos(zym/2) ... cos(zy_,m/2)sin(zy_,m/2) + 1), otherwise
. b b
UF12 , o,
oy (2) = {(1 + g(xp))cos(zim/2)sin(zym/2) + 1, z; 20,
M-1 S(psumy_;)((1 + g(xy))cos(zym/2)sin(zym/2) + 1), otherwise,
fur () = {(1 + g(xp))sin(zym/2) + 1, z; 20,
M S(psum,)((1 + g(xy))sin(zzm/2) + 1), otherwise,

g(xp) = 100(| x| + Xz, (20 — 0.5)% = cos(20m(z; — 0.5))).
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Fig. S1 Boxplot of the statistical results for IGD on UF1 to UF12 on MOTPs
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Fig. S2 Evolution of the average IGD value on UF1 to UF12 on MOTPs
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Fig. S3 Boxplot of the statistical results for HV on UF1 to UF12 on MOTPs
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Fig. S4 Evolution of the average HV value on UF1 to UF12 on MOTPs



Table S6 Statistical results for HV on MOKPs

M=2 M=3
HV
BMOPSO BMOGWO CBMOGWO BMOPSO BMOGWO CBMOGWO
Average 0.3921 0.5195 0.5652 0.2270 0.3081 0.3340
Median 0.3915 0.5194 0.5645 0.2269 0.3120 0.3339
STD 0.0062 0.0034 0.0049 0.0032 0.0106 0.0038
Worst 0.3789 0.5138 0.5541 0.2220 0.2871 0.3246
Best 0.4059 0.5251 0.5780 0.2553 0.3218 0.3428
v M=4 M=5
BMOPSO BMOGWO CBMOGWO BMOPSO BMOGWO CBMOGWO
Average 0.1318 0.1929 0.2015 0.0745 0.1173 0.1197
Median 0.1340 0.1927 0.2016 0.0744 0.1174 0.1199
STD 0.0018 0.0038 0.0035 0.0014 0.0012 0.0019
Worst 0.1285 0.1864 0.1941 0.0722 0.1149 0.1150
Best 0.1348 0.2014 0.2078 0.0783 0.1194 0.1241
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Fig. S5 Boxplot of the statistical results for HV on MOKPs
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Fig. S6 Evolution of the average HV value on MOKPs
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