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1 Theorem 4.2 in Bhat and Bernstein (2000)

Theorem 4.2 Consider the system ẋ = f(x), where x ∈ R
n and f(0) = 0. Let V : D → R be a

positive definite continuous function. Suppose that there exist real numbers c > 0, α ∈ (0, 1), and an open
neighborhood V ⊆ D of the origin, such that V̇ (x) + c(V (x))α ≤ 0, x ∈ V\{0}. Then the origin x = 0 is
finite-time stable; i.e., there exists a finite time T > 0, T ≤ (V (0))1−α

c(1−α) , such that V (x) = 0, ∀t > T.

2 Theorem 5.3 in Bhat and Bernstein (2000)

Theorem 5.3 Consider the system ẋ = f(x) + g(x), where x ∈ R
n and g is the perturbation term. Let

V : D → R be a positive definite continuous function that satisfies V̇ (x) + c(V (x))α ≤ 0, x ∈ V\{0}, where
V ⊆ D is an open neighborhood of the origin, c > 0, and α ∈ (0, 1

2 ). Then, for every L ≥ 0, there exists an
open neighborhood U of the origin and T > 0 such that, for every continuous function g : R+ × D → R

n

satisfying
‖g(t, x)‖ ≤ L‖x‖, (t, x) ∈ R+ ×D,

every right maximally defined solution x with x(0) ∈ U is defined on R+ and satisfies x(t) ∈ U , for all t ∈ R+,
and x(t) = 0 for all t > T .

3 Proof of Eq. (10)

Because the arc-lengths are given by

si (λi, φi) �
∫ φi

φ∗
i

∂si (λi, τ )

∂τ
dτ,

where φ∗
i is the parameter associated with the starting point of the arc of si, the total variation of arc-length

si is given by

ṡi =
∂si(λi, φi)

∂φi

∂φi

∂t
+

∂si(λi, φi)

∂λi

∂λi

∂t
=

dsi
dt

∣∣∣
λi=const

+
∂si(λi, φi)

∂λi
λ̇i = TT

i vi +
∂si(λi, φi)

∂λi
‖∇λi‖ vNi .

Note that λ̇i = ‖∇λi‖ vNi . The derivative of generalized arc-length ξi is

ξ̇i =
∂ξi
∂si

TT
i vi +

∂ξi
∂si

∂si
∂λi

‖∇λi‖ vNi .

Then the dynamics of ξi is given by

ξ̇i =
∂ξi
∂si

vTi +Δξi ,

where vTi = TT
i vi and Δξi

= ∂ξi
∂si

∂si
∂λi

‖∇λi‖ vNi .
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4 Proof of inequality (15)

Let v̄Ni = vαNi
− v̂αNi

, ṽNi = vNi − v̂Ni , and v̂Ni = −k1 (∇Ψi)
1
α . Differentiating Eq. (14) along Eqs. (8),

(9), and (13) yields

V̇P =
n∑

i=1

∇Ψi‖∇λi‖ (ṽNi + v̂Ni) + γ1

n∑
i=1

(
vαNi

− v̂αNi

)2− 1
α (uNi +ΔNi)

+

n∑
i=1

(
−1

k1+α
1

∂v̂αNi

∂λi

∫ vNi

v̂Ni

(
τα − v̂αNi

)1− 1
α dτ

)
λ̇i

=

n∑
i=1

∇Ψi ‖∇λi‖ ṽNi −
n∑

i=1

k1 ‖∇λi‖ (∇Ψi)
1+ 1

α + γ1

n∑
i=1

(
vαNi

− v̂αNi

)2− 1
α (uNi +ΔNi)

+

n∑
i=1

(
k−1
1 ∇2Ψi

∫ vNi

v̂Ni

(
τα − v̂αNi

)1− 1
α dτ

)
‖∇λi‖ vNi

≤
n∑

i=1

‖∇λi‖ |∇ΨiṽNi | −
n∑

i=1

k1 ‖∇λi‖ (∇Ψi)
1+ 1

α + γ1

n∑
i=1

v̄
2− 1

α

Ni
(uNi +ΔNi) + fP,

where

fP =

n∑
i=1

k−1
1 ‖∇λi‖ |∇2Ψi| |v̄Ni |1−

1
α |vNi | |ṽNi | .

5 Proof of inequality (16)

Because |ṽNi | =
∣∣∣(vαNi

)
1
α − (v̂αNi

)
1
α

∣∣∣, according to Lemmas A.1 and A.2 in Qian and Lin (2001), we have

|ṽNi | ≤ 21−
1
α

∣∣vαNi
− v̂αNi

∣∣ 1
α ,

|∇ΨiṽNi | ≤
1

1 + 1
α

φ1 |2∇Ψi|1+
1
α +

1
α

1 + 1
α

φ−α
1

∣∣2−1v̄Ni

∣∣1+ 1
α = |∇Ψi|1+

1
α + cφ1 |v̄Ni |1+

1
α ,

|v̄Ni | |∇Ψi|
1
α ≤

1
α

1 + 1
α

φ2 |∇Ψi|1+
1
α +

1

1 + 1
α

φ
− 1

α
2 |v̄Ni |1+

1
α = |∇Ψi|1+

1
α + cφ2 |v̄Ni |1+

1
α ,

where φ1=2−1− 1
α (1 + α)/α, φ2 = 1 + α, cφ1 = 2−1− 1

αφ−α
1 /(1 + α), and cφ2 = φ

− 1
α

2 α/(1 + α) .

6 Proof of inequality (18)

Exploiting |∇ΨiṽNi | ≤ |∇Ψi|1+
1
α + cφ1 |v̄Ni |1+

1
α and inequality (17) yields

V̇P ≤
n∑

i=1

‖∇λi‖ (|∇Ψi|1+
1
α + cφ1 |v̄Ni |1+

1
α )−

n∑
i=1

k1 ‖∇λi‖ (∇Ψi)
1+ 1

α + γ1

n∑
i=1

v̄
2− 1

α

Ni
(uNi +ΔNi)

+

n∑
i=1

k−1
1 ‖∇λi‖

∣∣∇2Ψi

∣∣ [22− 2
α v̄

1+ 1
α

Ni
+ k12

1− 1
α

(
|∇Ψi|1+

1
α + cφ2 |v̄Ni |1+

1
α

)]

=

n∑
i=1

‖∇λi‖ |∇Ψi|1+
1
α −

n∑
i=1

k1 ‖∇λi‖ (∇Ψi)
1+ 1

α +

n∑
i=1

21−
1
α ‖∇λi‖

∣∣∇2Ψi

∣∣ |∇Ψi|1+
1
α

+ γ1

n∑
i=1

v̄
2− 1

α

Ni
(uNi +ΔNi) +

n∑
i=1

k−1
1 22−

2
α ‖∇λi‖

∣∣∇2Ψi

∣∣ |v̄Ni |1+
1
α

+

n∑
i=1

‖∇λi‖ cφ1 |v̄Ni |1+
1
α +

n∑
i=1

21−
1
α ‖∇λi‖

∣∣∇2Ψi

∣∣cφ2 |v̄Ni |1+
1
α .
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Note that cλ ≤ ‖∇λi‖ ≤ c
λ̄
and

∣∣∇2Ψi

∣∣ ≤ cΨ2 . We have

V̇P ≤−
n∑

i=1

(
k1cλ − cN1

)
(∇Ψi)

1+ 1
α + γ1

n∑
i=1

v̄
2− 1

α

Ni
(uNi +ΔNi) +

n∑
i=1

cN2v̄
1+ 1

α

Ni
,

where cN1 = c
λ̄
+ cλ̄2

1− 1
α cΨ2 and cN2 = c

λ̄

(
cφ1 + k−1

1 22−
2
α cΨ2 + 21−

1
α cφ2cΨ2

)
.

7 Proof of Eq. (27)

Note that v̂Ti = −
(

∂ξi
∂si

)−1

k3ς
1
α

i . Differentiating Eq. (26) along Eqs. (11), (12), and (25) yields

V̇F =

n∑
i=1

ςiς̇i + γ2

n∑
i=1

(
vαTi

− v̂αTi

)2− 1
α v̇Ti + γ2

n∑
i=1

∫ vTi

v̂Ti

−(2− 1

α
) ˙̂v

α

Ti

(
τα − v̂αTi

)1− 1
α dτ

=
n∑

i=1

ςi

n∑
j=0

aij

(
∂ξi
∂si

vTi +Δξi −
∂ξj
∂sj

vTj −Δξj

)
+ γ2

n∑
i=1

(
vαTi

− v̂αTi

)2− 1
α (uTi +ΔTi)

+
1

k3

n∑
i=1

(
∂ξi
∂si

)−α∫ vTi

v̂Ti

(
τα − v̂αTi

)1− 1
α dτ

n∑
j=0

aij

(
∂ξi
∂si

vTi +Δξi −
∂ξj
∂sj

vTj −Δξj

)

=− k3

n∑
i=1

ςi

n∑
j=0

aij

(
ς

1
α
i − ς

1
α
j

)
+ fF + γ2

n∑
i=1

(
vαTi

− v̂αTi

)2− 1
α (uTi +ΔTi) + gF1 + gF2,

where

fF =

n∑
i=1

ςi

n∑
j=0

aij

(
∂ξi
∂si

ṽTi −
∂ξj
∂sj

ṽTj

)

gF1 =
n∑

i=1

ςi

n∑
j=0

aij

(
Δξi −Δξj

)
,

gF2 =
1

k3

n∑
i=1

(
∂ξi
∂si

)−α∫ vTi

v̂Ti

(
τα − v̂αTi

)1− 1
α dτ

n∑
j=0

aij

(
∂ξi
∂si

vTi +Δξi −
∂ξj
∂sj

vTj −Δξj

)
.

8 Proof of inequality (37)

From |ṽTi | ≤ 21−
1
α

∣∣vαTi
− v̂αTi

∣∣ 1α and v̂Ti = −
(

∂ξi
∂si

)−1

k3ς
1
α
i , we have

⎧⎨
⎩
∣∣v̂Ti

∣∣ ∣∣vTi
− v̂Ti

∣∣ ≤ k3c
−1
ξ 21−

1
α |ςi|

1
α
∣∣vαTi

− v̂αTi

∣∣ 1α ,∣∣∣v̂Tj

∣∣∣ ∣∣vTi
− v̂Ti

∣∣ ≤ k3c
−1
ξ 21−

1
α |ςj |

1
α
∣∣vαTi

− v̂αTi

∣∣ 1α .
Due to the fact that

|vTi |
∣∣vTi

− v̂Ti

∣∣ ≤ ∣∣vTi
− v̂Ti

∣∣2 + ∣∣v̂Ti

∣∣ ∣∣vTi
− v̂Ti

∣∣
≤ 22−

2
α

(
vαTi

− v̂αTi

) 2
α + k3c

−1
ξ 21−

1
α |ςi|

1
α
∣∣vαTi

− v̂αTi

∣∣ 1
α ,

∣∣vTj

∣∣ ∣∣vTi
− v̂Ti

∣∣ ≤
∣∣∣vTj

− v̂Tj

∣∣∣ ∣∣vTi
− v̂Ti

∣∣+
∣∣∣v̂Tj

∣∣∣ ∣∣vTi
− v̂Ti

∣∣

≤ 22−
2
α

∣∣∣vαTj
− v̂αTj

∣∣∣
1
α ∣∣vαTi

− v̂αTi

∣∣ 1α + k3c
−1
ξ 21−

1
α |ςj |

1
α
∣∣vαTi

− v̂αTi

∣∣ 1α ,
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we have

gF21 ≤
n∑

i=1

k−1
3 c−α

ξ

∣∣vαTi
− v̂αTi

∣∣1− 1
α gF23,

where
gF23 =γ3cξ̄

[
22−

2
α

(
vαTi

− v̂αTi

) 2
α + k3c

−1
ξ 21−

1
α |ςi|

1
α
∣∣vαTi

− v̂αTi

∣∣ 1α ]

+
n∑

j=0

γ4cξ̄

(
22−

2
α

∣∣∣vαTj
− v̂αTj

∣∣∣
1
α ∣∣vαTi

− v̂αTi

∣∣ 1
α + k3c

−1
ξ 21−

1
α |ςj |

1
α
∣∣vαTi

− v̂αTi

∣∣ 1
α

)
.

Simplifying the above equation, we obtain

gF21 ≤
n∑

i=1

k−1
3 c−α

ξ γ3cξ̄2
2− 2

α

∣∣vαTi
− v̂αTi

∣∣1+ 1
α +

n∑
i=1

c−α−1
ξ γ3cξ̄2

1− 1
α |ςi|

1
α
∣∣vαTi

− v̂αTi

∣∣

+
n∑

i=1

k−1
3 c−α

ξ

n∑
j=0

γ4cξ̄2
2− 2

α

∣∣∣vαTj
− v̂αTj

∣∣∣
1
α ∣∣vαTi

− v̂αTi

∣∣+
n∑

i=1

c−α−1
ξ

n∑
j=0

γ4cξ̄2
1− 1

α |ςj |
1
α
∣∣vαTi

− v̂αTi

∣∣

=
n∑

i=1

cg1
∣∣vαTi

− v̂αTi

∣∣1+ 1
α +

n∑
i=1

cg2|ςi|
1
α
∣∣vαTi

− v̂αTi

∣∣+
n∑

i=1

n∑
j=0

cg3

∣∣∣vαTj
− v̂αTj

∣∣∣
1
α ∣∣vαTi

− v̂αTi

∣∣

+

n∑
i=1

n∑
j=0

cg4 |ςj |
1
α
∣∣vαTi

− v̂αTi

∣∣,

where cg1 = k−1
3 c−α

ξ γ3cξ̄2
2− 2

α , cg2 = c−α−1
ξ γ3cξ̄2

1− 1
α , cg3 = k−1

3 c−α
ξ γ4cξ̄2

2− 2
α , and cg4 = c−α−1

ξ γ4cξ̄2
1− 1

α .
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