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Proof S1 Proof of Lemma 3

Proof Given any 0 < v < 1, the following can be obtained:

L
t) = p/o %xym(x,t)\/ﬂyt(x,t)dx.

Then, we obtain
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Hence, if a < p% holds, &% < & and 2%+ L < L are satisfied with 0 < \/v < 1. For instance, one can
choose v = £ O‘;Lz . Then, using the condition in Lemma 37 v < 1 holds. Hence, it follows from inequality (S1)

and the definition of V3 that |V5(¢)| < vV4(¢) is satisfied.

Similarly, if o < ,/% holds, then &7 < § and 2% UL < % are satisfied with 0 < v < 1. For instance,

2r4
one can choose v = ngf . Then, using the condition in Lemma 3, v < 1 holds. Hence, it follows from

inequality (S1) and the definition of V4 that |V3(¢)| < vVi(t). The proof is completed.

Proof S2 Proof of Theorem 2

Proof The positiveness of the Lyapunov function (23) is guaranteed by inequality (26). First, we prove the
boundedness of the Lyapunov function. Then, the convergence of the Lyapunov function (23) is discussed.
Taking the derivation of the Lyapunov function (23), we obtain

V(1) = Vi(t) + Va(t) + Va(t) + Va(t), (52)

where
L

L L
‘/l(t) = EI / Yz ({E7 t)y;v;vt ({E7 t)d{E + p/ yt(xa t)ytt (:L'a t)dl’ + T/ Yz ({E7 t)y;vt ({E7 t>d$7 (SS)
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Vs(t) :ap/ 2Ypt (2, t)ye (2, t)da + ap/ 2y (2, ) yse (2, t)d = ap/ 2Ypt (2, t)ye (2, t)dx
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Integrating the integral terms by parts, we further obtain

V(1) o()p(d(t)) — W (1)]. (36)

L
Vl(t) = (—Erysea(L,t) + Ty (L, 1))y (L, 1) +/ ye(z,t) f(x, t)dz, (S7)
0
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V() =( — Ertwa(L,1) + Tyu(L, ) aLya(L,8) — “TE2(L1) + “2E42 (L, 1)
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_ 3a2E1 /0 y2,(z,t)da — % /0 y2(z,t)de — % i yZ(z, t)dx + a/o xy. (z,t) f(x, t)dx,
oy 203 57T T (TR
Vi(t) = —lnm¢(t)w (t)p(d(t)) — kaW = ()W (2). (510)
Using boundary condition (3) and converting controller (17), we obtain
- Elyzzz(Lv t) + TyI(Lv t)
= - k1¢(t) - kSyIt(L7t) - Elywww(L7t> + Tyw(L7t) - <k2¢(t) - Efywww(Lat) + Tyw(Lat) (Sll)
Yo (L, 1)yoe (L, 1) 28\ ot
+ bro(n Lo el ) (mg—ar) -+ W O0d) - Mye(Lot) - a(de).
Eliminating the term —Ejyuq.(L,t) + Ty, (L, t) on both sides gives
Yo (L, )yt (L, 1) 2\
<k2¢(t) — E1yaax(L,t) + Tys (L, 1) + M(W)m) (hlm) ($12)
=~ k1g(t) = kayar(L.t) + W (H)(d(t)) = Myu(L,t) — g(d(1))-
Then we have
Ka(8) — Erpnan(Lot) + Tya(L,1) + Mop(r) Lo L)
ZO _yw(L7t) (813)
2
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Consequently, we derive
- Elymmm (Lv t) + Tym (L7 t)
B 212 212 Y (L 1)yt (L, 1)
= —k1¢(t)ln m bet(t)lnm — kao(t) — M¢@)m (S14)
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Then, combining Egs. (3), (12), and (S14), the derivative of V( ) is shown as follows:
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where
¢*(t) = yi (L. t) + o® Ly (L, t) + 2aLye(L, )y (L, ).
Applying Young’s inequality with 6; > 0, d2 > 0, and d3 > 0, one has

L L
/ ye(z, t) f(z,t)de < 6—1/ yZ(z, t)dx + —/ f2(z,t)d (S16)
0 2 0 251
kel (L, s (L, 1) < kyaLday2(L, 1) + 2Lz (1 p). (S17)
L L
a/ 2y, (2, t) f(z,t)de < aégL/ 2(z, t)dx —|— — f (x,t)dx (S18)

Consider the weight term —k,;WT ()W (t) in inequality (S15). Because W (t) = W (t) — W*, we can
obtain

—kWTEOW () = —ksWT () (W (t) + W*) = —kWIOW () — kaWT ()W

< — kaWT ()W (t) + kq {54 WT(HW(t) + E (w*)* W*} (S19)
2R R v 2’“—;1 (W)W,

where 64 > 0.
Substituting inequalities (S16)—(S18) into inequality (S15) leads to
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For convenience, it can be expressed as
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where
)\1 = _% + %7
)\2 = —SQQEI,
Ny o= ol alds (S22)
)\4 = k‘g — k‘gOzLég - %7
)\5 — k:gaL + k’ a2L2 aTL
Then, inequality (S21) can be written as
V(t) < —p1Va(t) — 2Valt) — psVa(t) +e, (S23)
where
¥1 :min{zzl,% 2%3 )
2k 24 225
P2 = G +min { m2)M° (1n2)a2L2]V[} (S24)
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We require the parameters A1, A2, A3, Ag, A5, @2, and @3 to be positive. Then we choose §d; = 03 = d, =1
and 0 = 0.0098 to simplify the calculation, which leads to the constraints on these parameters shown as

0<éd <ap,

0<d3 < %,

k1 >0,

ke (212 - 8) > —oZL,
ko (1 — CYL(SQ) > %7
Bka(2 —d4) > 0.

(S25)

Applying inequality (26) into inequality (S23) yields

V(t) < —pV(t) +e, (S26)

where )
- mln{sﬂh P2, 303}

14+v ’
S27)
1 al\ ; ki T (
= — 4 = — * * 4+ (In2 .
€ (2(52 2§3>f +2(54 (W*)" W* + (In2)ew

Multiplying e®! on both sides of inequality (S21), we have
V(t)e?t + oV (t)e?t < ee?t.
Taking the integral through time on [0, ¢] gives

V(t)ett — V(0) < Ze¥t,
@

V(t) < ; LV (0)e ¥,

which implies that the Lyapunov function V'(¢) is bounded and that the stability of the marine riser system
with controller can be guaranteed by the proposed strategy.

Next, we prove the uniform boundedness of the state of the system. Using Lemma 2, for = € [0, L], we
have

9E; T\ T/L2 EI/LZ,
—_— + — < = — < S28
<8L3 + 2L> Yy (z,t) < 3, yo(z, t)dx + >/, Yo (x, t)dz < Vi (), (528)
based on inequality (26), which implies

2(x,t) < 9B, + i - Vi(t) < sL? V(t) < 8L° L V(0)e ¢t
YU =R T oL W= 0= 0)9E; +4L2T) " = (1 —0)(9E; + 4L2T) \

(S29)
Using inequality (S29) and the fact that 0 < e™%* < 1, the state y(z,t) is uniformly bounded, that is,

3 €
1) < \/ ToeE i (YO, ($30)

for any (z,t) € [0, L] x [0, +00).
Besides, one has that V5(t) approaches infinity as |y, (L,t)| tends to lp. Thus, if —ly < y.(L,0) < I, we
can deduce that —ly < y,(L,t) < lp. The proof is completed.



