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1 Proof of Theorem 1

Proof For the system (Eqs. (10) and (11)), we construct the discontinuous Lyapunov–Krasovskii functional
(LKF) as follows:

V(t) =ηT1 (t)Pη1(t) +

∫ t

t−ηM

zT(s)Qz(s)ds+

∫ 0

−ηM

∫ t

t+s

żT(θ)Rż(θ)dθds + (ηM − τ(t))

∫ t

t−τ̄(t)

ηT2 (s)Sη2(s)ds

+ τ(t)νTk (t− τ(t))G2νk(t− τ(t)) + h

∫ t

t−τ(t)

żT(s)G3ż(s)ds+ dT(t)G1d(t)

for t ∈ Fk,i (i = 0, 1, . . ., Jk, ∀k ∈ N), where P > 0, Q > 0, R > 0, S > 0, Gi > 0 (i = 1, 2, 3),
τ̄ (t) = τ(t) − τtk+i, η1(t) = col{z(t), ∫ t

t−ηM
z(s)ds}, and η2(s) = col{ż(s), z(s− τ(s)), z(s− τ̄ (s))}.

(1) We show that V(t) satisfies

E{V(t−)−V(t)}>0, i=1, 2, . . . ,Jk, (S1)

E{V(t−)−V(t)−ωdT(t−)Wd(t−)}>0, i=0, (S2)

for t ∈ {ftk+i} (∀k ∈ N).
For t = ftk+i (i = 1, 2, . . . ,Jk, ∀k ∈ N), one has

E{V(t−)− V(t)} ≥ ξT1 (t)Θ1ξ1(t),

where

ξ1(t) =

[
z((tk + i− 1)h)− z(tkh)

z((tk + i)h)− z(tkh)

]
and Θ1 =

[
G3 + (h+ τtk+i)G2 −G3

−G3 G3 − τtk+iT2

]
.

For t = ftk (∀k ∈ N), one has

E{V(t−)− V(t)− ωdT(t−)Wd(t−)}

=dT(t−)G1d(t
−)−ωdT(t−)Wd(t−) + h

∫ tkh

(tk−1)h

żT(s)G3ż(s)ds−dT(t)G1d(t)

+ (h+ τtk)(z((tk − 1)h)− z(tk−1h))
TG2(z((tk − 1)h)− z(tk−1h)). (S3)

It can be derived from Eqs. (11) and (S3) that

E{V(t−)− V(t)− ωdT(t−)Wd(t−)} ≥ ξT2 (t)Θ2ξ2(t),

where

ξ2(t) =

⎡
⎣ d(t−)

z(tk−1h)− z(tkh)

z((tk − 1)h)− z(tk−1h)

⎤
⎦ and Θ2 =

[
Π

(1,1)
3 Π

(1,2)
3


 G3 + (h+ τtk)G2

]
.
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Since Θ1 and Θ2 are convex on τtk+i ∈ [0, τM ] (i = 0, 1, . . . ,Jk, ∀k ∈ N), conditions (S1) and (S2) can be
ensured when condition (16) is satisfied.

(2) We prove that
E
{LV(t)− dT(t)Wd(t)

}
< 0 (S4)

holds for t ∈ Fk,i (i = 0, 1, . . . , Jk, ∀k ∈ N), where the infinitesimal operator L is defined as

LV(t) = lim
Δt→0+

Δt−1{E{V(t+Δt) | t} − V(t)}. (S5)

Using Eq. (S5), one obtains

LV(t)− dT(t)Wd(t)

=ϑT(t)(Ψ0 + τ(t)Ψ1 + τtk+iΨ2)ϑ(t) −
∫ t

t−τ̄(t)

żT(s)Rsż(s)ds−
∫ t−τ̄(t)

t−ηM

żT(s)Rż(s)ds, (S6)

where

ϑ(t) = col{ϑ1(t), ϑ2(t)},
ϑ1(t) = col{z(t), ż(t), z(t− τ(t)), νk(t− τ(t)), z(t − ηM )},

ϑ2(t) = col

{
z(t− τ̄ (t)),

∫ t

t−τ̄(t)

z(s)

τ̄(t)
ds,

∫ t−τ̄(t)

t−τ(t)

z(s)

τtk+i
ds,

∫ t−τ(t)

t−ηM

z(s)

ηM − τ(t)
ds, d(t)

}
.

Using Corollary 2 in Zhang et al. (2018) to the integral terms in Eq. (S6) yields

−
∫ t

t−τ̄(t)

żT(s)Rsż(s)ds−
∫ t−τ̄(t)

t−ηM

żT(s)Rż(s)ds

≤ϑT(t)
[
τtk+iU2 diag{R−1, (3R)−1}UT

2 + Sym{U1Γϕ7 + U2Γϕ8 + U3Γϕ10}
+ (τ(t) − τtk+i)U1 diag{R−1

s , (3Rs)
−1}UT

1 +(ηM−τ(t))U3 diag{R−1, (3R)−1}UT
3

]
ϑ(t). (S7)

For system (10) with h(t) = 0 , there exist two arbitrary matrices X1 and X2 such that
3∑

i=1

3∑
j=1

ςi(t)ςj(t− τ(t))ϑT(t)(εT1 X1 + εT2 X2) [Aiε1 +BKj(ε3 − ε4 + (1− β)ε10)− ε2]ϑ(t) = 0. (S8)

It is derived from condition (12) that

ϑT(t)
[
εT4 T̄ ε4 − σ2(ε3 − ε4)

TT̄ (ε3 − ε4)
]
ϑ(t) ≤ 0. (S9)

From conditions (S6)–(S8), one can further derive that

LV(t)− dT(t)Wd(t) ≤
3∑

i=1

3∑
j=1

ςi(t)ςj (t− τ(t)) ϑT(t)Eij(t)ϑ(t) < 0

holds if and only if there exists a constant ρ > 0 such that the following inequality is valid for T = ρT̄ and
all nonzero ϑ(t):

LV(t)− dT(t)Wd(t)≤
3∑

i=1

3∑
j=1

ςi(t)ςj(t− τ(t))ϑT(t)Ēij(t)ϑ(t)<0 (S10)

for t ∈ Fk,i (i = 0, 1, . . ., Jk, ∀k ∈ N), where

Ēij(t) =Eij(t)− εT4 T ε4 + σ2(ε3 − ε4)
TT (ε3 − ε4),

Eij(t) =Ψ0 + ηMU3 diag
{
R−1, (3R)−1

}
UT
3 + τ(t)(Ψ1 + U1 diag{R−1

s , (3Rs)
−1}UT

1

− U3 diag{R−1, (3R)−1}UT
3 ) + τtk+i(Ψ2 + U2 diag{R−1, (3R)−1}UT

2 − U1 diag{R−1
s , (3Rs)

−1}UT
1 )

+ Sym{(εT1 X1+εT2X2)(Aiε1+BKjE−ε2)}+ Sym{U1Γϕ7 + U2Γϕ8 + U3Γϕ10}.
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Furthermore, inequality (S10) is satisfied if there exists a matrix H < 0 such that

3∑
i=1

3∑
j=1

ςi(t)ςj(t− τ(t))ϑT(t)Ēij(t)ϑ(t) − S(t) < 0, (S11)

where

S(t) = ΣT(t)HΣ(t) and Σ(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

ς1(t)ϕ11ϑ(t)

ς2(t)ϕ11ϑ(t)

ς3(t)ϕ11ϑ(t)

ς1(t− τ(t))ϕ11ϑ(t)

ς2(t− τ(t))ϕ11ϑ(t)

ς3(t− τ(t))ϕ11ϑ(t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
.

The left side of inequality (S11) can be rewritten as follows:

3∑
i=1

3∑
j=1

ςi(t)ςj(t− τ(t))ϑT(t)Ēij(t)ϑ(t) − S(t)

=
3∑

i=1

3∑
j=1

ςi(t)ςj(t− τ(t))ϑT(t)
(
Ēij(t)− ϕT

11(H
(i,j+3) +H(j+3,i))ϕ11

)
ϑ(t)

− 1

2

3∑
i=1

3∑
j=1

ςi(t)ςj(t− τ(t))ϑT(t)ϕT
11

(
H(i,j) +H(j,i) +H(i+3,j+3) +H(j+3,i+3)

)
ϕ11ϑ(t)

− 1

2

3∑
i=1

3∑
j=1

ςi(t)(ςj(t)− ςj(t− τ(t)))ϑT(t)ϕT
11

(
H(i,j) +H(j,i)

)
ϕ11ϑ(t)

+
1

2

3∑
i=1

3∑
j=1

(ςi(t)− ςi(t− τ(t)))ςj(t− τ(t))ϑT(t)ϕT
11

(
H(i+3,j+3) +H(j+3,i+3)

)
ϕ11ϑ(t). (S12)

For arbitrary symmetric matrices Mi and Ni (i = 1, 2, 3), the following equations hold:

3∑
i=1

3∑
j=1

ςi(t)(ςj(t)− ςj(t− τ(t)))Ni = 0, (S13)

3∑
i=1

3∑
j=1

(ςi(t)−ςi(t−τ(t)))ςj(t−τ(t))Mj = 0. (S14)

If conditions (18) and (19) are satisfied, using Lemma 2, we can derive from Eqs. (S12)–(S14) that

3∑
i=1

3∑
j=1

ςi(t)ςj(t− τ(t))ϑT(t)Ēij(t)ϑ(t) − S(t) <

3∑
i=1

3∑
j=1

ςi(t)ςj(t− τ(t))ϑT(t)Ẽij(t)ϑ(t), (S15)

where t ∈ Fk,i (i = 0, 1, . . ., Jk, ∀k ∈ N) and

Ẽij(t) = Ψ̄ij + τ(t)Ψ̄1 + τtk+iΨ̄2,

Ψ̄ij = Ψij + ηMU3 diag{R−1, (3R)−1}UT
3 ,

Ψ̄1 = Ψ1 + U1 diag{R−1
s , (3Rs)

−1}UT
1 − U3 diag{R−1, (3R)−1}UT

3 ,

Ψ̄2 = Ψ2 + U2 diag{R−1, (3R)−1}UT
2 − U1 diag{R−1

s , (3Rs)
−1}UT

1 .

Using Lemma 7 in Zhang and Han (2014) and Lemma 2 in Kim (2016) in relation to Ẽij(t) < 0 related to
τ(t) ∈ [τtk+i, ηM ] for the cases that Ψ̄1 ≥ 0 and Ψ̄1 < 0, respectively, one has that Ẽij(t) < 0 can be ensured
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by

Ψ̄ij + (Ψ̄1 + Ψ̄2)τtk+i < 0, (S16)

Ψ̄ij + ηM Ψ̄1 + τtk+iΨ2 < 0. (S17)

Using the same methods in relation to conditions (S16) and (S17) that are related to τtk+i and the Schur
complement, we obtain

3∑
i=1

3∑
j=1

ςi(t)ςj(t− τ(t))ϑT(t)Ẽij(t)ϑ(t) < 0 (S18)

if condition (17) is satisfied. Combining conditions (S6), (S10), (S11), (S15), and (S18) yields E{LV(t) −
dT(t)Wd(t)} < 0 for t ∈ Fk,i (i = 0, 1, . . ., Jk, ∀k ∈ N).

(3) We prove that the system (Eqs. (10) and (11)) is exponentially mean-square stable with H∞
performance. Accordingly, we construct an LKF Ṽ(t) = eυ1tV(t). Then, calculating E{LṼ(t)} and using
condition (S4), we have

E{LṼ(t)} = υ1e
υ1tE{V(t)}+ eυ1tE{LV(t)} ≤ υ1e

υ1tE{V(t)}+ eυ1tE{dT(t)Wd(t)}. (S19)

Integrating condition (S19) on the interval [t0h, t) and using conditions (S1) and (S2) and tk+1h− tkh ≤ κ,
one has

E{V(t)− eυ1(t0h−t)V(t0h)} ≤
∫ t

t0h

υ1e
υ1(s−t)

E{V(s)}ds+ ωE{dT(ftk)Wd(ftk)}. (S20)

There exists a constant α for a sufficiently small υ1 > 0 such that

E{V(t)− ωdT(ftk)Wd(ftk)} ≤ αe−υ1(t−t0h)E{‖z(t0h)‖2 + ‖d(t0h)‖2}. (S21)

It is clear from V(t) and dT(t)G1d(t) < V(t) that

λmin(P )E{‖z(t)‖2} ≤ E{V(t)− dT(ftk)G1d(ftk)} (S22)

and

λmin(G1 − ωW )E{‖dT(t)‖2} ≤ E{V(t)− ωdT(ftk)Wd(ftk)} (S23)

hold for t ∈ Fk,i (i = 0, 1, . . ., Jk, ∀k ∈ N). Since G1 − ωW > 0 and from conditions (S21)–(S23), one can
obtain that

E{‖z(t)‖2}≤υ2e
−υ1(t−t0h)E{‖z(t0h)‖2+‖η(t0h)‖2},

E{‖η(t)‖2}≤υ2e
−υ1(t−t0h)E{‖z(t0h)‖2+‖η(t0h)‖2},

where υ2 = max{α/λmin(P ), α/λmin(G1 − ωW )}. Then the system (Eqs. (10) and (11)) subject to condi-
tion (12) is exponentially mean-square stable. For any nonzero h(t), we have

E{LV(t)− dT(t)Wd(t)}

≤
3∑

i=1

3∑
j=1

ςi(t)ςj(t− τ(t))

[
ϑ(t)

h(t)

]T [ Ẽij(t) (εT1 X1 + εT2 X2)D


 0

] [
ϑ(t)

h(t)

]

+E{ηT(t)η(t)} − E{ηT(t)η(t)} + γ2hT(t)h(t) − γ2hT(t)h(t).

If condition (17) is ensured, it can be derived that

E{LV(t)− dT(t)Wd(t) + ηT(t)η(t)} − hT(t)h(t) ≤ 0 (S24)
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holds for t ∈ Fk,i (i = 0, 1, . . ., Jk, ∀k ∈ N), and
∫ ∞

t0h

E{LV(s)− dT(s)Wd(s)}ds

≥
∞∑
k=0

E{V(f−
tk+1

)− V(ftk)− dT(ftk)Wd(ftk)}

≥
∞∑
k=0

E{V(ftk+1
) + dT(ftk)Wd(ftk)} −

∞∑
k=0

E{V(ftk) + dT(ftk)Wd(ftk)}

=E{V(t∞)− V(t0h)}. (S25)

Considering E{V(t∞)} > 0 and E{V(t0h)} = 0 under z(t0h) = 0 and d(t0h) = 0, one can conclude from
conditions (S24) and (S25) that E{‖η(t)‖2} ≤ γ‖h(t)‖2. Combining with the proof in (1)–(3), we complete
the proof.

2 Proof of Theorem 2

Proof Let X = X−T
1 = �X−T

2 , Yi = KiX (i = 1, 2, 3), X1 = diag{X,X}, X2 = diag{X,X,X}, X3 =

diag{X,X, . . . , X}10n×10n, X4 = diag{X1,X1}, P̃ = X1
TPX1, Q̃ = XTQX , R̃ = XTRX , S̃ = X2

TSX2,
T̃ = XTTX , W̃ = XTWX , G̃i = XTGiX , M̃i = X T

2 MiX2, Ñi = X T
2 NiX2, Ũi = X T

3 UiX1 (i = 1, 2, 3),
Π̃1 = X T

1 Π1X1, Π̃2 = X T
1 Π2X1, Π̃3 = X T

2 Π3X2, and H̃(i,j) = X T
2 H(i,j)X2 (i, j = 1, 2, . . . , 6). Then

pre- and post-multiplying both sides of Ξlij (l = 1, 3) with diag{X3,X1, 1}T and its transpose, and Ξlij

(l = 2, 4) with diag{X3,X4, 1}T and its transpose, respectively, and using the Schur complement, one can
obtain conditions (20)–(23). The proof is completed.
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