
File S1  mw(z), mB(z), WA, WP, WB, QhA, QvA, QhA(t), QvA(t), QhP, QvP, QhP(t), QvP(t), 

QhB, QvB, QhB(t), QvB(t), CA, CP, CB, CAP, CPB, for the four cases (mw(z) can be divided 

into mA(z) and mP(z)) 

 

Case 1: Tcot cotH H   

P11 cot tanTH H H    , A2 cot tanH H   , A1 A2H H H  , P4 TH H H  ,  

B1 cot tanBH H   , B2 (1 cot tan )BH H    , 

P3 A1 B2[ ( cot cot )tan ] / (cot tan 1)T TH H H B H H          , A A1 P3H H H  , 

P2 B2 P3H H H  , P1 P4 P2H H H  , P P4 P3H H H  ; 

P3 / sinP PC c H  , AP A1C cH , PB B2C cH ; 

A1( ) cotm z z  ( A20 z H  ),  A2 A1( ) cotm z H z   ( A2 A1H z H  ); 

A1 A2AW W W  , A1 A20.5 cotW HH  , 2
A2 0.5 cotW H  ; hA h AQ k W ; 

 hA hA1 hA2Q t Q Q  , 
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P1( ) [ (cot cot )]Tm z B z     ( P110 z H  ), 

P2 P11( ) ( cot cot )Tm z B H z     ( P11 P1H z H  ),  

P3 P3( ) cotm z H  ( P1 P4H z H  ),  P4 P( ) cotm z H z   ( P4 PH z H  ); 

P1 P2 P3 P4PW W W W W    , 2
P1 P11 P11[ 0.5 (cot cot )]TW H B H     ,  

P2 P1 P11 P11 P1 P11( )[ cot 0.5( )cot ]TW H H B H H H       , P3 P2 P3cotW H H  , 



2
P4 P30.5 cotW H  ; hP h PQ k W ;  hP hP1 hP2 hP3Q t Q Q Q   , 
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Case 2: T T Tcot cot cotH H B H      

A1 TH H H  , P4 A1H H , B1 cot tanBH H   , B2 (1 cot tan )BH H    , 

P3 A1 B2 T[ ( cot cot )tan ] / (cot tan 1),TH H H B H H           A A1 P3H H H  ,  

P2 B2 P3H H H  , P1 P4 P2H H H  , P P4 P3H H H  ; 

P3 / sinP PC c H  , AP P4C cH , PB B2C cH ; 

A1( ) ( cot cot cot )Tm z H H z      ( 0 Tz H  ),  A2 A1( ) cotm z H z   ( A1TH z H  ); 

A1 A2AW W W  , A1 ( cot 0.5 cot )T TW H H H    , 2
A2 0.5 cotW H  ; hA h AQ k W ;  
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Case 3: T T Tcot cot (cot cot )B H H H        

A1 T T( cot cot )tanH H H B     , A3 TH H H  , A2 T A1H H H  , P4 A2H H H  , 

B1 cot tanBH H   , B2 (1 cot tan )BH H    ,  P3 P4 B2 / (cot tan 1)H H H     ,  

A A3 P3H H H  , P2 B2 P3H H H  , P1 P4 P2H H H  , P P4 P3H H H  ; 
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( ) / ) sin2 ( / ( ) / ) ( / 2 )(cos2 ( / ( ) /

TV t T H H TV f H

TV H t T H H TV H t T H H TV TV H t T

H H TV H t T H H TV TV t T H H TV

     

           

          

A A1 s

) cos2 (

/ ( ) / ))]},

t

T H H TV

 

 

 

hA3 h a A3 s A A3 s A T s

a A3 A a s A3 A A3 s T A

T s s A A3 s

/ ( cot )( / 2 )[cos2 ( / ( ) / ) cos2 ( / ( ) / )]

[(1 ) cot / cot ]( / 2 ){ cos2 ( / ( ) / ) cos2 ( / (

) / ) ( / 2 )[sin2 ( / ( ) / ) si

Q k f H TV t T H H TV t T H H TV

f H H f TV H t T H H TV H t T H

H TV TV t T H H TV

 
 

         

          

       A T s a

2 2
A s A3 A A3 s T A T s s

A3 A A3 s T A T s s

A A3 s

n2 ( / ( ) / )]} [( 1)

cot / ]( / 2 ){ cos2 ( / ( ) / ) cos2 ( / ( ) / ) (

/ )[ sin2 ( / ( ) / ) sin2 ( / ( ) / ) ( / 2 )(cos2 ( /

( ) / ) cos2

t T H H TV f

H TV H t T H H TV H t T H H TV TV

H t T H H TV H t T H H TV TV t T

H H TV

 


    

        

          

    A T s( / / ))]}.t T H H TV 

P1( ) cotm z z   ( P10 z H  ), P2 P3( ) cotm z H   ( P1 P4H z H  ),  

 P3 P( ) cotm z H z    ( P4 PH z H  ); 

P1 P2 P3PW W W W   , 2
P1 P10.5 cotW H  , P2 P2 P3cotW H H  , 2

P3 P30.5 cotW H  ; 

hP h PQ k W ;  hP hP1 hP2 hP3Q t Q Q Q   , 

hP1 h a s P1 P P1 s s P

2
P1 s P s a P s P1 P

P1 s s P1 P P1 s s

/ ( cot )( / 2 ){ cos2 ( / ( ) / ) ( / 2 )[sin2 ( / (

) / ) sin2 ( / / )]} [(1 )cot / ]( / 2 ){ cos2 ( / (

) / ) ( / )[ sin2 ( / ( ) / ) ( /

Q k f TV H t T H H TV TV t T H

H TV t T H TV f H TV H t T H

H TV TV H t T H H TV TV

 



         

          

      P P1

s P s

2 )(cos2 ( / ( ) /

) cos2 ( / / ))]},

t T H H

TV t T H TV

   

  

 

 hP2 h a P3 s P P4 s P P1

s a P3 P s P4 P P4 s P1

P P1 s s P P4 s

/ ( cot )( / 2 )[cos2 ( / ( ) / ) cos2 ( / /

)] [(1 )( cot ) / ]( / 2 ){ cos2 ( / ( ) / ) cos2 ( /

( ) / ) ( / 2 )[sin2 ( / ( ) / ) sin2 (

Q k f H TV t T H H TV t T H H

TV f H H TV H t T H H TV H t T

H H TV TV t T H H TV

 


         

        

         P P1 s/ ( ) / )]},t T H H TV 



hP3 h a P s P P4 s a P

P a P P4 P P4 s s

P P4 s a

/ ( cot )( / 2 )[cos2 ( / ) cos2 ( / ( ) / )] [(1 )(

cot ) / cot ]( / 2 ){ cos2 ( / ) cos2 ( / ( ) / ) ( / 2 )

[sin2 ( / ) sin2 ( / ( ) / )]} [( 1)cot /

s

Q k f H TV t T t T H H TV f H

H f TV H t T H t T H H TV TV

t T t T H H TV f H

 
 



         

         

       2
P s P

2
P4 P P4 s s P P4 P P4

s s P P4 s

]( / 2 ){ cos2 ( / )

cos2 ( / ( ) / ) ( / )[ sin2 ( / ) sin2 ( / ( ) /

) ( / 2 )(cos2 ( / ) cos2 ( / ( ) / ))]}.

TV H t T

H t T H H TV TV H t T H t T H H

TV TV t T t T H H TV

  

          

      

Case 4: cot (cot cot )TH H     

A1 T T[ cot (cot cot )]tan ,H H B H        A2 T A1H H H  , A3 TH H H  , 

P4 A1H H H  , 

B1 cot tanBH H   , B2 (1 cot tan )BH H    ,  P3 P4 B2 / (cot tan 1)H H H     ,  

A A3 P3H H H  , P2 B2 P3H H H  , P1 P4 P2H H H  , P P4 P3H H H  ;  

P3 / sinP PC c H  , AP P4C cH , PB B2C cH ; 

A1 T( ) [ (cot cot )]m z B z      ( 0 Tz H  ),  

A2 T T( ) [ (cot cot ) (cot cot )]m z B H z          ( T A2H z H  ),  

 A3 A3( ) cotm z H z    ( A2 A3H z H  ); 

A1 A2 A3AW W W W   , 2
A1 T T T[ 0.5 (cot cot )]W B H H     ,  

 A2 A1 T T A1 T A2{ [ (cot cot )] 0.5 (cot cot )}W H B H H H H          ,  

 2

A3 A3 A20.5 cotW H H   ; hA h AQ k W ;  hA hA1 hA2 hA3Q t Q Q Q   , 

hA1 h a T s A T s A s a

a T A s T A T s s

A T s A s a

/ ( )( / 2 )[cos2 ( / ( ) / ) cos2 ( / / )] [ (cot

cot ) (1 ) / ]( / 2 ){ cos2 ( / ( ) / ) ( / 2 )[sin2 ( /

( ) / ) sin2 ( / / )]} [(1 )(cot cot ) /

Q k f B TV t T H H TV t T H TV f

f B H TV H t T H H TV TV t T

H H TV t T H TV f

 
 

 

         

          

       2
A T

A T s s T A T s s A T

s A s

]( / 2 ){ cos2 ( /

( ) / ) ( / )[ sin2 ( / ( ) / ) ( / 2 )(cos2 ( / ( )

/ ) cos2 ( / / ))]},

sH TV H t T

H H TV TV H t T H H TV TV t T H H

TV t T H TV




 

          

  

hA2 h a T s A A2 s A T

s a a T T A s A2 A A2

s T A T s s

/ [ (cot cot )]( / 2 )[cos2 ( / ( ) / ) cos2 ( / ( )

/ )] { (cot cot ) (1 )[ (cot cot )] / }( / 2 ){ cos2 ( / ( ) /

) cos2 ( / ( ) / ) ( / 2 )

TQ k f B H TV t T H H TV t T H H

TV f f B H H TV H t T H H

TV H t T H H TV TV

  
    

           

         

      A A2 s A

2 2
s a A s A2 A A2 s

A T s s A2 A A2 s A T s s

[sin2 ( / ( ) / ) sin2 ( / (

) / )]} [(1 )(cot cot ) / ]( / 2 ){ cos2 ( / ( ) / ) cos2 ( /

( ) / ) ( / )[ sin2 ( / ( ) / ) sin2 ( / ( ) / ) (
T T

T

t T H H TV t T H

H TV f H TV H t T H H TV H t T

H H TV TV H t T H H TV H t T H H TV TV

  

      

         

          

A A2 s A T s

/

2 )(cos2 ( / ( ) / ) cos2 ( / ( ) / ))]},t T H H TV t T H H TV       



  
hA3 h a A3 s A A3 s A A2 s

a A3 A a s A3 A A3 s A2 A

A2 s s A A3 s

/ ( cot )( / 2 )[cos2 ( / ( ) / ) cos2 ( / ( ) / )]

[(1 ) cot / cot ]( / 2 ){ cos2 / / cos2 ( / (

) / ) ( / 2 )[sin2 ( / ( ) / ) sin

Q k f H TV t T H H TV t T H H TV

f H H f TV H t T H H TV H t T H

H TV TV t T H H TV

 

 

         

          

       A A2 s a

2 2
A s A3 A A3 s A2 A A2 s s A3

A A3 s T A A2 s s A A3

s

2 ( / ( ) / )]} [( 1)cot

/ ]( / 2 ){ cos2 ( / ( ) / ) cos2 ( / ( ) / ) ( / )[

sin2 ( / ( ) / ) sin2 ( / ( ) / ) ( / 2 )(cos2 ( / ( )

/ ) co

t T H H TV f

H TV H t T H H TV H t T H H TV TV H

t T H H TV H t T H H TV TV t T H H

TV

    

          

           

 A A2 ss2 ( / ( ) / ))]}.t T H H TV  

P1( ) cotm z z   ( P10 z H  ), P2 P3cotm H   ( P1 P4H z H  ),  

 P3 P(z) cotm H z    ( P4 PH z H  ); 

P1 P2 P3PW W W W   , 2
P1 P10.5 cotW H  , P2 P2 P3cotW H H  , 2

P3 P30.5 cotW H  ; 

hP h PQ k W ;  hP hP1 hP2 hP3Q t Q Q Q   , 

hP1 h a s P1 P P1 s s P P1

2
s P s a P s P1 P P1 s s

P1 P P1 s s

/ ( cot )( / 2 ){ cos2 ( / ( ) / ) ( / 2 )[sin2 ( / ( ) /

) sin2 ( / / )]} [(1 )cot / ]( / 2 ){ cos2 ( / ( ) / ) ( /

)[ sin2 ( / ( ) / ) ( /

Q k f TV H t T H H TV TV t T H H

TV t T H TV f H TV H t T H H TV TV

H t T H H TV TV

 



          

          

     P P1 s P s2 )(cos2 ( / ( ) / ) cos2 ( / / ))]},t T H H TV t T H TV      

hP2 h a P3 s P P4 s P P1

s a P3 P s P4 P P4 s P1

P P1 s s P P4 s

/ ( cot )( / 2 )[cos2 ( / ( ) / ) cos2 ( / ( ) /

)] [(1 )( cot ) / ]( / 2 ){ cos2 ( / ( ) / ) cos2 ( /

( ) / ) ( / 2 )[sin2 ( / ( ) / ) sin2

Q k f H TV t T H H TV t T H H

TV f H H TV H t T H H TV H t T

H H TV TV t T H H TV

 


         

        

        P P1 s( / ( ) / )]},t T H H TV  

 

hP3 h a P s P P4 s a P P

a s P P4 P P4 s s

P P4 s a

/ ( cot )( / 2 )[cos2 ( / ) cos2 ( / ( ) / )] [(1 )( cot ) /

cot ]( / 2 ){ cos2 ( / ) cos2 ( / ( ) / ) ( / 2 )[sin2 ( / ) sin2

( / ( ) / )]} [( 1)cot /

Q k f H TV t T t T H H TV f H H

f TV H t T H t T H H TV TV t T

t T H H TV f H
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 



        

           

    2 2
P s P P4 P P4

s s P P4 P P4 s s

P P4 s

]( / 2 ){ cos2 ( / ) cos2 ( / ( ) /

) ( / )[ sin2 ( / ) sin2 ( / ( ) / ) ( / 2 )(cos2 ( / ) cos2 ( /

( ) / ))]}.

TV H t T H t T H H

TV TV H t T H t T H H TV TV t T t T

H H TV


      

          

 

 

 

The four cases having the same AC , BC , hBQ , and hB ( )Q t , as follows: 

A A / sin ,C c H   [ (cot cot )]B B B BC c D H     ; 

B1( ) cotm z z  ( B10 z H  ), B2 B2( ) ( )cotm z H z   ( B1 B2H z H  ), 

B3 B( ) [ (cot cot )]Bm z D z     ( 0 Bz H  ); 

B1 B2 B3BW W W W   , 2
B1 B10.5 cotW H  , 2

B2 B0.5 cotW H  ,  

2
B3 B B B B[ 0.5 (cot cot )]W H D H     ; hB h BQ k W ;  hB hB1 hB2 hB3Q t Q Q Q   , 

hB1 h a s B1 B2 B1 s s B2 B1

2
s B2 s a B2 s B1 B2 B1 s

s B1 B2 B1 s

/ ( cot )( / 2 ){ cos2 ( / ( ) / ) ( / 2 )[sin2 ( / ( )

/ ) sin2 ( / / )]} [(1 )cot / ]( / 2 ){ cos2 ( / ( ) / )

( / )[ sin2 ( / ( ) / )

Q k f TV H t T H H TV TV t T H H

TV t T H TV f H TV H t T H H TV

TV H t T H H TV

 

 


          

         

   s B2 B1 s

B2 s

( / 2 )(cos2 ( / ( ) / ) cos2 ( /

/ ))]},

TV t T H H TV t T

H TV

       



hB2 h a B2 s B2 B1 s a

s B2 B1 B2 B1 s s

B2 B1 s a B2 s

/ ( cot )( / 2 )[cos2 ( / ) cos2 ( / ( ) / )] [(1 2 )cot ]

( / 2 ){ cos2 ( / ) cos2 ( / ( ) / ) ( / 2 )[sin2 ( / ) sin2 (

/ ( ) / )]} [( 1)cot / ](

Q k f H TV t T t T H H TV f

TV H t T H t T H H TV TV t T t

T H H TV f H TV
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



         

          

     2 2
B2 B1 B2

B1 s s B2 B1 B2 B1 s s

B2 B1 s

/ 2 ){ cos2 ( / ) cos2 ( / (

) / ) ( / )[ sin2 ( / ) sin2 ( / ( ) / ) ( / 2 )(cos2 ( / )

cos2 ( / ( ) / ))]},

H t T H t T H

H TV TV H t T H t T H H TV TV t T

t T H H TV

     

         

   

hB3 h B a sB sB a a

sB B sB B sB a

2
B sB B

/ ( )( / 2 )[cos2 ( / ) cos2 ( / / )] [ (cot cot ) (1 )

/ ]( / 2 ){ cos2 ( / ) ( / 2 )[sin2 ( / ) sin2 ( / / )]} [(1 )(cot

cot ) / ]( / 2 ){ cos2 ( / ) (

B B B

B

Q k f D TV t T t T H TV f f D

H TV H t T TV t T t T H TV f

H TV H t T T

  
 

 

          

          

   sB sB

B sB

/ )[ sin2 ( / ) ( / 2 )(cos2 ( / ) cos2 (

/ / ))]}.

V H t T TV t T t

T H TV

      


B

vAQ , vBQ , and vPQ , for the four cases, as follows: 

vk  substitutes hk  in hAQ , hBQ , and hPQ , that turn into vAQ , vBQ , and vPQ , respectively. 

vA ( )Q t , vB ( )Q t , and vP ( )Q t , for the four cases, as follows: 

vk  substitutes hk  in hA ( )Q t , hB ( )Q t , and hP ( )Q t , that turn into vA ( )Q t , vB ( )Q t , and vP ( )Q t , 

respectively. 

 

 

File S2  FSmin and FSmax 

 

minFS  can be obtained by the following equation: 

 

P vB hB B vA A

A A A A P vP

P P hP P

(cos sin tan / FS){[( ( ))tan / FS ( ) / FS] [( ( ))(sin cos tan

/FS) / ( )(cos sin tan / FS)] / (cos sin tan / FS)} ( ( ))(sin cos

tan / FS) / ( )(cos sin tan /

B B A

h

W Q t Q t C W Q t

C FS Q t W Q t

C FS Q t

      
       

   

      

      

   FS).

 

maxFS  can be obtained by the following equation: 

 

P P B vB PB B hB

2
B B A vA AP A A hA

A A

[(cos sin tan / FS) (sin cos tan / FS)tan / FS]{[( ( ) C / FS)tan / FS ( )

/ FS] / (1 tan tan / FS ) [( ( ) / FS)(sin cos tan / FS) / FS ( )(cos

sin tan / FS)] / [(cos sin tan / FS

W Q t Q t

C W Q t C C Q t

       

     
    

     

       

  A P vP AP

PB P P hP P

) (sin cos tan / FS)tan / FS]} ( ( ) /

FS / FS)(sin cos tan / FS) / FS ( )(cos sin tan / FS).

W Q t C

C C Q t

   
     

    
    

 


