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Abstract: Sparse bundle adjustment (SBA) is a key but time- and memory-consuming step in three-dimensional
(3D) reconstruction. In this paper, we propose a 3D point-based distributed SBA algorithm (DSBA) to improve the
speed and scalability of SBA. The algorithm uses an asynchronously distributed sparse bundle adjustment (A-DSBA)
to overlap data communication with equation computation. Compared with the synchronous DSBA mechanism (SDSBA), A-DSBA reduces the running time by 46%. The experimental results on several 3D reconstruction datasets
reveal that our distributed algorithm running on eight nodes is up to five times faster than that of the stand-alone
parallel SBA. Furthermore, the speedup of the proposed algorithm (running on eight nodes with 48 cores) is up to
41 times that of the serial SBA (running on a single node).
Key words: Sparse bundle adjustment; Parallel; Distributed sparse bundle adjustment; Three-dimensional
reconstruction; Asynchronous
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1 Introduction
Recently, using the structure from motion
(SfM) method to solve large-scale three-dimensional
(3D) reconstruction problems has received considerable attention in the computer vision community (Snavely et al., 2006, 2008; Li et al., 2008; Agar‡
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wal et al., 2011; Zheng and Wu, 2015). SfM has been
widely used in surveying and mapping, military reconnaissance, city-scale 3D reconstruction, etc. The
SfM pipeline has several steps. The joint optimization of camera positions and point coordinates using
the bundle adjustment (BA) algorithm is the last
step. The BA process is the primary bottleneck in
SfM. It consumes about half of the total computation time (Choudhary et al., 2010) and a great deal of
memory. As the scale of a 3D reconstruction problem
grows, the scalability of the BA algorithm becomes
a critical issue. Speeding up the BA through parallelism can considerably improve the performance of
SfM.
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Over the last decade, large-scale 3D reconstruction problems have been extensively studied to improve the computational eﬃciency and storage scalability. Lourakis and Argyros (2009) made full use of
data sparsity in 3D reconstruction to reduce the time
and space complexity of the BA algorithm. Agarwal
et al. (2011) proposed a cluster-based distributed 3D
reconstruction system. However, the BA algorithm
in their system was operated on individual nodes.
Ni et al. (2007) decomposed the original problem
into several sub-maps and iteratively applied the BA
algorithm to each sub-map and then to the global
problem. However, due to the dependence upon the
inherent relations among the input parameters, this
method could solve only a few BA problems eﬃciently. Wu et al. (2011) improved two of Agarwal’s PCG-based BA algorithms and implemented
them on a multi-core and a single GPU, respectively.
Frahm et al. (2010) proposed a multiple GPU based
fast SfM system, where the BA algorithm was operated with an individual CPU thread without any
GPU/CPU parallel acceleration. Choudhary et al.
(2010) proposed a hybrid BA algorithm, where the
Hessian matrix and Schur complements were generated in the GPU and others were computed using
the CPU. Hänsch et al. (2016) improved the accuracy
and the speed of three state-of-the-art BA algorithms
by introducing numerical methods and GPU-based
implementations. The scalability of the algorithms
mentioned above (Choudhary et al., 2010; Frahm
et al., 2010; Wu et al., 2011; Hänsch et al., 2016)
was restricted by the memory space of the GPU. Liu
et al. (2012) proposed a distributed BA algorithm
to improve the eﬃciency and scalability, but their
method was applicable mainly to the massive-point
bundle adjustment (MPBA) problem. Eriksson et al.
(2016) and Ramamurthy et al. (2017) proposed an
optimization-based distributed BA. Although they
distributed the camera parameters, the scalability of
the algorithm would be limited by the number of 3D
points, which was usually 2–4 orders of magnitude
higher than the number of cameras.
The scalability and real-time issues in the BA
algorithm are investigated in this study, and the contributions are summarized as follows:
1. A 3D point set partition algorithm, namely
distributed sparse bundle adjustment (DSBA), is
proposed to improve the scalability by eliminating
data correlation within the BA problem.
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2. A circulant matrix based asynchronously
distributed algorithm, namely asynchronously distributed sparse bundle adjustment (A-DSBA), is
proposed to solve the equation set. A-DSBA develops an asynchronous communication protocol to
reduce the Schur complement S (Lourakis and Argyros, 2009) during the equation solving process.

2 Background
In this section, we ﬁrst introduce the 3D reconstruction model based on multiple views. Then, we
brieﬂy describe the BA algorithm used in the last
step of the reconstruction.s
2.1 Three-dimensional reconstruction model
based on multiple views
The principles of multiple view 3D reconstruction are similar to the observation of the world
through human eyes. According to the principle
of multiple view geometry (Hartley and Zisserman,
2000), if several images of a static scene are captured
from several views and these images have content in
common, it is theoretically possible to automatically
restore the internal and external parameters of the
camera, as well as the 3D information of the scene.
For simplicity, assume that all points can be seen by
every camera. Fig. 1a shows a simple network model
for a multiple view 3D reconstruction, where the circle Cj at the top layer represents the j th camera, and
the circle Pi at the bottom layer represents the ith
3D point. The straight line connecting a camera and
a 3D point in the network model denotes a projection
point and xij depicts the projection point of the ith
3D point on the j th camera. All the connecting lines,
i.e., projection points, corresponding to the camera
Cj , constitute an image. Fig. 1b shows the abstract
data model.
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Fig. 1 A multiple view network model: (a) simple
3D reconstruction network model; (b) abstract data
model
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To facilitate the discussion below, the notations
for the camera imaging model and the multiple view
geometrical model are deﬁned in Table 1. aj and bi
denote the parameter vectors of the camera Cj and
ij denote the
the 3D point Pi , respectively. xij and x
measurement and measured vectors of the projection
point xij , respectively.

min

ai ,bi

n 
m


d (Q (aj , bi ) , xij ),

(1)

i=1 j=1

where Q(aj , bi ) is the predicted projection point
ij =
of the ith point on the j th camera (where x
Q(aj , bi ), i=1, 2, · · · , n, j=1, 2, · · · , m), and d(x, y)
denotes the Euclidean distance between the inhomogeneous image points represented by x and y.
The BA algorithm speciﬁcally minimizes the reprojection error with respect to all parameters of
the 3D points and the cameras.
This optimization problem is usually formulated
as a non-linear least squares problem, where the error
is the squared L2 norm of the diﬀerence between the
observed feature location and the projection point
of the corresponding 3D point on the image plane
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of the camera. The BA algorithm typically works
iteratively, forming a linear sub-problem around the
current solution, solving it, and repeating until it
converges.
The BA algorithm keeps updating the parameter p by iteratively solving the following augmented
normal equation:

 T −1
J Σx J + μI δp = J T Σx−1 ,

2.2 Principles of sparse bundle adjustment using the Levenberg-Marquardt algorithm
The BA algorithm and the sparse bundle
adjustment (SBA) algorithm are brieﬂy described here. More details are available in Triggs
et al. (1999) and Lourakis and Argyros (2009).
Given a set of measured image feature locations xij and the initial parameter vector p, i.e.,
T
T
T
T
T
p= (aT , bT ) = (aT
1 , a2 , · · · , am , b1 , b2 , · · · , bm ),
the goal of the BA algorithm is to ﬁnd the 3D point
positions bi and the camera parameters aj that
minimize the re-projection error (Triggs et al.,
1999), which is denoted as
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(2)

X̂
is the Jacobian of Q, and Σx−1 is the
where J = ∂∂P
covariance matrix expressing the uncertainty of the
measured vector x. δp is the sought update of the
parameter vector p, and  = x − x̂ over p.
As there are a number of parameters involved,
the BA algorithm incurs a high computation and
memory cost. However, the lack of interaction
among certain subgroups of the parameters makes
the corresponding Jacobian sparse. Exploiting this
features, SBA achieves considerable computational
savings. Algorithm 1 shows the complete SBA
algorithm.
From the steps given in Algorithm 1, it can be
seen that SBA consists of the following stages. The
ﬁrst step is the initialization, which is followed by
the computation of the Jacobian matrix. Then the
computation of J T Σx−1 J + μI and J T Σx−1  is performed. They are followed by the computation of S
and ea . Subsequently, the linear equation Sδa = ea
is evaluated. Finally, the other computations are
done. Considering a 3D model with 1936 cameras,
Fig. 2 shows a distribution of the time consumption
for each stage of SBA.
Fig. 2 indicates that the time consumption of
the serial SBA algorithm is concentrated in the calculation of the Jacobian matrix, the calculation of S
and ea , and the solving of the equation set. The time
complexities of these steps are O(m2 + n2 + m × n),

Table 1 Variable deﬁnitions of the serial SBA algorithm
Variable

Deﬁnition

Variable

Deﬁnition

m
n
cnp

Number of cameras
Number of 3D points
Number of parameters deﬁning a single
camera
Number of parameters deﬁning a single
3D point
Measured vector of xij
The j th camera
The ith 3D point

r
l
mnp

Number of nodes
The lth node
Number of parameters deﬁning an image point
(typically two)
Projection of the ith 3D point
on the j th camera
Measurement vector of xij
Parameter vectors of the j th camera
Parameter vectors of the ith 3D point

pnp
xij
Cj
Pj

xij
ij
x
aj
bi
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Fig. 2 Distribution of time consumption for each
stage of sparse bundle adjustment

Algorithm 1 Serial SBA algorithm
Input:
vector of m initial camera parameters a0 ,
n initial 3D point parameter vectors b0 ,
function Q employing a j and b i to compute
 ij , measured
the predicted projection x
projection xij damping term µ.
Output:
optimized camera parameter and 3D point
parameter vectors p+ =pk−1 + δk .
measured value x, 0 = x − f (p0 ),
p0 ={a01 , a02 , · · · , a0m , b01 , b02 , · · · , b0m }
and
other threshold value
2: Compute the Jacobian matrix J=[A, B], where
∂Q(aj ,bi )
∂Q(aj ,bi )
∂x̂
∂x̂
Aij = ∂aijj = ∂aj , Bij = ∂bijj = ∂bj
3: Compute


U∗ W
T
−1
J Σx J + µI=
, J T Σx−1 =(a , b ).
WT V ∗
Compute the following auxiliary variables:
n
m


−1
T
Uj :=
AT
Bij
Σx−1
Bij ,
ij Σxij Aij , Vi :=
ij
1: Initialize

i=1

aj :=
4:
5:
6:
7:

n,m


i=1,j=1
n

i=1

O(m × n × (m + n)), and O(m3 ), respectively. A
distributed SBA (DSBA) algorithm is proposed in
this study to improve the computational and storage
eﬃciency of the SBA algorithm.

Solving equations

0.8

Wij :=
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DSBA is composed mainly of distributed parameters of the 3D point and camera and distribution of both the point and camera parameters.
In their research work, Ramamurthy et al. (2017)
distributed both 3D points and camera parameters,
while Eriksson et al. (2016) distributed only camera
parameters. Our 3D point-based DSBA uses a 3D
point-based segmentation scheme, which is simple,
yet load balanced, and independent of the inherent
relationships among the input parameters. Only a
small amount of communication is required between
each node in DSBA during the following steps: initialization, computation of J T Σx−1 J +μI, J T Σx−1 e,
S, ea , and a few others. Since the communication in the process of solving equations in DSBA is
(m×cnp)2 ×(r−1), it has an exceptional time cost for
a real-time system. This study proposes an A-DSBA
which overlaps the communication and the solving of
the equations when compared with the synchronous
DSBA (S-DSBA). Some of the notations in Section
2 are improved to facilitate the representation of the
data distribution in diﬀerent nodes. Speciﬁcally, the
superscript l denotes the data in the lth node. Table 2
shows the new notations. The theoretical derivation
regarding the data distribution and communication
in DSBA is then discussed in detail.

4 Distributed scheme for SBA
4.1 Selection of the
method for D-SBA

distributed

storage

j=1

−1
AT
ij Σxij Bij , ij =xij −x̂ij ,

Aij T Σx−1
 , εbi :=
ij ij

m

j=1

T
Bij
Σx−1
 ,
ij ij

Uj∗ ← Uj + µI, Vi∗ ← Vi + µI
Compute S and ea :
S=U ∗ − W (V ∗ )−1 W T , ea =a − W (V ∗ )−1 b
Solve the linear equation Sδa =ea
Obtain δb from V δb =b − W T δa
If the termination condition is satisfied, update p
with p + δ, or jump to step 2

Each camera in the 3D reconstruction model can
see only some of the 3D points in its visual ﬁeld. For
simplicity, Fig. 3a shows a 3D reconstruction model
with four cameras and six points. In Fig. 3a, each
camera Cj can see the points Pi , Pi+1 , and Pi+2
forming a sparse structured graph. DSBA will ﬁrst
divide this graph up into r parts and assign the parts
to r distributed nodes in the cluster. Suppose that
there are two nodes (r = 2) (Figs. 3b–3d). Then this
graph can be distributed in three diﬀerent methods.
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Table 2 Deﬁnition of major parameters in the DSBA algorithm
Parameter

Deﬁnition

Parameter

Deﬁnition

l
m
n
xij

Serial number of the subnodes, l ∈ [1, r]
Total number of cameras
Total number of 3D points
Projection of the ith 3D point
in the j th camera
Measured vector of the projection
point xij
Measurement vector of the projection
point xij
The ith 3D point
Parameter vector of the ith 3D point
The j th camera
Parameter vector of the j th camera

nl
ml
nl
xlij

The starting index of the 3D point in node l
Number of cameras in node l
Number of 3D points in node l, and nl = nl+1 − nl
Projection of xij in node l

xlij

Measured vector of the projection xlij
in node l
Measurement vector of the projection xlij
in node l
The ith 3D point in node l
Parameter vector of the ith 3D point in node l
The j th camera in node l
Parameter vector of the j th camera in node l

xij
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x
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Fig. 3 Data/Task distribution methods for DSBA:
(a) 3D reconstruction model; (b) the ﬁrst distributed
method; (c) the second distributed method; (d) the
third distributed method

data dependence, and considerably higher computational overhead. For the third method, the number
of 3D points is 2–4 orders of magnitude higher than
the number of cameras. Compared with the second method, the increases in the memory space and
communication overhead of the third method are relatively ﬁxed and small, because they are mostly dependent on the number of camera parameters, which
is much lower than the number of 3D points and projection points. In addition, the third method is easy
to implement and it is independent of any speciﬁc
BA problem.
Therefore, we adopt the third method for 3D
point-based distributed storage in this study.
4.2 Data partition in DSBA

In Fig. 3b, each node has non-overlapping data.
The projection points (shown as the lines C2 −P4
and C3 −P3 ) across the boundary are abandoned. In
Fig. 3c, the parameters for the cameras (C2 , C3 ),
3D points (P3 , P4 ), and projection points corresponding to the boundary are copied to each of the
relevant nodes. In Fig. 3d, each node has complete camera parameters, but the 3D points are uniformly assigned to two nodes, and the relevant projection points are distributed to the corresponding
nodes. The ﬁrst method could result in an incomplete model, because the data for some projection
points is abandoned. The second method occasionally requires model alignment guarantee the consistency of the boundary data in each node. The
amount of boundary data rapidly increases with the
increase of the number of nodes. Thus, more storage
space is needed for the duplicated boundary data,
resulting in higher model complexity, more complex

For a 3D model with n 3D points
and m cameras, deﬁne a 3D point set
an actual projection
Dp ={b1 , b2 , · · · , bn },
point (true value) set X= {x11 , x12 , · · · , x1m ,
x21 , x22 , · · · , x2m ,· · · , xn1 , xn2 , · · · , xnm }, and a
camera parameter set Dc ={a1 , a2 , · · · , an }. According to the distributed method in Fig. 3d, the 3D
point set is partitioned into r non-empty disjoint subsets Dp1 , Dp2 , · · · , Dpr , where Dpr ={bli |i=1, 2, · · · , nl }.
Similarly, the projection point set X is partitioned
into r subsets X 1 , X 2 , · · · , X r . Let Dcl denote
the set of camera data in the lth node. From the
distributed method depicted in Fig. 3d, it can be
seen that all sets satisfy the following Eq. (3).
As the camera parameters are not partitioned,
each node is set up with the same set of camera parameters. However, diﬀerent nodes will obtain diﬀerent camera parameter values during the subsequent
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calculation; the superscript l is still used to distinguish the data on the diﬀerent nodes.
Number of cameras:
m1 = m2 = · · · = mr = m.
Number of 3D points:
n1 + n2 + · · · + nr = n,
nl+1 − nl = nl , l ∈ [1, r − 1],
n1 = 1.
Data set of 3D points:

(3)

Dp1 ∪ Dp2 ∪ · · · ∪ Dpr = Dp ,
Dp1 ∩ Dp2 ∩ · · · ∩ Dpr = ∅.
Data set of cameras:

2018 19(7):889-904

of the projection point corresponding to the ith 3D
point in the lth node with respect to the camera
parameters, where i=nl , nl + 1, · · · , nl + nl − 1. De⎛
⎞
l
0 Bi1
0
l
⎜ 0 Bi2
0 ⎟
⎜
⎟
ﬁne Bil = ⎜ .
..
.. ⎟ as the Jacobian ma⎝ ..
.
. ⎠
l
0 Bim
0
trix of the estimated value of the projection point
corresponding to the ith 3D point in the lth node
with respect to the 3D point parameters, where
i=nl , nl + 1, · · · , nl + nl − 1, j = 1, 2, · · · , nl . Based
on the matrix sparsity (Lourakis and Argyros, 2009)
of the SBA algorithm, the Jacobian matrix J can be
written as

Dc1 = Dc2 = · · · = Dcr = Dc .

⎛ ⎛

Data set of projections:
X 1 ∪ X 2 ∪ · · · ∪ X r = X,
X 1 ∩ X 2 ∩ · · · ∩ X r = ∅.

5 Data distribution and communication during the key steps in DSBA
5.1 Initialization
Initializing DSBA involves two major steps.
First, the master node reads the initial data from
the 3D point parameters, camera parameters, projection point parameters, and the number of nodes.
Eq. (3) is used to partition the dataset into r subsets, which are then distributed to each of the child
nodes. Second, each of the child nodes is initialized
after receiving the subsets.
After initialization, the initial data of node l includes the 3D point parameter vector bli , the initial
value of the measured vector xlij , the camera parameter vector alj , the number of cameras ml , the
number of 3D points nl , and the number of nodes r.
5.2 Computation of Jacobian matrix J
Let Alij =

∂ x̂lij
∂pal

denote the partial derivative

j

of the (ij)th projection point in the lth node with
l
respect to the j th camera, and Bij
=
th

∂ x̂lij

∂pbl

i

de-

note the partial derivative of the (ij) projection
point in the lth node with respect to the ith 3D


point. Also, let Ali = diag Ali1 , Ali2 , · · · , Alin
denote the Jacobian matrix of the estimated value

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
∂ X̂
J=
=⎜
⎜
∂P
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎜
⎜
⎜
⎝
⎛
⎜
⎜
⎜
⎝

⎛
⎜
⎜
⎜
⎝

⎞ ⎞

B11
B21
..
.

A11
A12
..
.

Bn1 1 +n1 −1
Bn2 2
Bn2 2 +1
..
.
Bn2 2 +n2 −1

A1n1 +n1 −1
A2n2
A2n2 +1
..
.
A2n2 +n2 −1

..
.

⎟
⎟
⎟
⎠

Bnr r
Bnr r +1
..
.

Arnr
Arnr +1
..
.

Bnr r +nr −1

Arnr +nr −1

⎞
⎟
⎟
⎟
⎠

⎞
⎟
⎟
⎟
⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟.
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠
(4)

⎛

Let

⎜
⎜
A =⎜
⎜
⎝
l

l

J =



B

l

Alnl
Alnl +1
..
.

⎞

⎛

⎟
⎜
⎟
⎜
⎟, B l = ⎜
⎟
⎜
⎠
⎝

Bnl l
Bnl l +1
..
.

⎞
⎟
⎟
⎟,
⎟
⎠

Alnl +nl −1
Bnl l +nl −1

l . Then Eq. (4) can be simpliﬁed as
A

J = (J 1 T , J 2 T , · · · , J r T )T .

(5)

In Eqs. (4) and (5), the Jacobian matrix J is
divided into r block matrices. The term in the
ﬁrst bracket of Eq. (4) is the Jacobian matrix J l
of node l, which is the matrix that needs to be
computed. In Section 4.2, it can be seen that the
node l locally stores the data that is required to
compute J l , including the estimated value of the
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projection point xlij , the 3D point parameter vector bli , and the camera parameter vector alj , where
i ∈ [nl , nl + nl − 1], j ∈ [1, 2, · · · , m]. Therefore, J l can be computed without any data from any
other node, and there is no need to send any data to
the other nodes either.
5.3 Computations
J T Σx−1 

of

J T Σx−1 J + μJ

and

5.3.1 Computation of U
According to the data distribution scenario in
Section 4.2, the matrix Uj in Algorithm 1 can be
written as
n

−1
AT
ij Σxij Aij
i=1
r nl +nl −1
T
l
Alij Σx−1
l Aij .
ij
l=1 i=nl

:=
=

Let the matrix,

Ujl :=

nl +nl −1
i=nl

(6)

T

l
Alij Σx−1
l Aij ,
ij

(j=1, 2, · · · , m), denote the matrix U computed in
the lth node. There is no need for data communication as the data required to compute Ujl is locally
available on node l. Substituting Ujl into Eq. (6), we
have
r

Ujl .
(7)
Uj :=
l=1

Thus, the matrix Uj of the j th camera in the
serial algorithm amounts to the sum of Ujl in each
node. Hence, computing the matrix U involves computing the array sum of reduction of Ujl from all
child nodes. The data from every child node should
be transferred to the master node for summation.
5.3.2 Computations of V and W
Algorithm 1 indicates that the expansion of V
is

⎛
⎜
⎜
V =⎜
⎝

where Vi =

m
j=1
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Deﬁne V l as the matrix of node l. Thus, we
have
⎛
⎜
⎜
Vl=⎜
⎝

Vnl
0
..
.
0

0

···
···

Vnl+1
..
.
0

⎞

0
0
..
.

⎟
⎟
⎟.
⎠

(9)

· · · Vnl +nl −1

Substituting Eq. (9) into Eq. (8), we have

In Algorithm 1, the Jacobian matrices Al and
l
B computed in Section 4.2 for each child node are
the input for the computation, and they involve three
components, i.e., U ∗ , V ∗ , and W .

Uj
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V1
0
..
.

0
V2
..
.

···
···

0
0
..
.

0

0

· · · Vn

⎞
⎟
⎟
⎟,
⎠

T −1
Bij
Σxij Bij , i = 1, 2, · · · , n.

(8)

⎛
⎜
⎜
V =⎜
⎝

V1
0
..
.

0
V2
..
.

0

0

···
···

0
0
..
.

⎞
⎟
⎟
⎟.
⎠

(10)

··· V r

It can be seen from Section 4.2 that the computation of V l involves the Jacobian matrix Bij ,
j = 1, 2, · · · , m, i ∈ [nl , nl +nl −1], which is obtained
from node l. From Algorithm 1, it can be seen that
the block V l is not used in the other nodes. Therefore, the matrix V can be computed without data
from other nodes, and there is no need to transmit
data to any other node. In Eq. (10), the calculation
of matrix V is distributed to r nodes, each of which is
responsible for computing a part of the diagonal matrix V , thereby eliminating the data communication
during the calculation.
Similarly, it can be seen that the distribution
and the calculation of matrix W are the same for
the matrix V , as the local nodes suﬃce for the computation and there is no need for communication
among the nodes. The distribution and calculation
of matrix ea are the same those for matrix U ; node l
needs to perform partial summary operations on matrix ea and transmit the result to the master node,
where ea is computed by summation.
From what has been discussed above, the computations of matrices U and V can be illustrated
using Figs. 4a and 4c. In Figs. 4a and 4c, each of
the child nodes computes matrix U l , which has the
same size as U . Then the master node obtains matrix U by computing the array sum of reduction of
data from all the child nodes. For matrix V , each
of the child nodes is used to compute the matrix V l ,
and the matrix V is partitioned into r blocks which
are distributed among the child nodes. The distribution and calculation mechanism of matrix W are
the same as those of V . Note that the size of U is
determined by the number of cameras m, the size of
V is determined by the number of 3D points n, and
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the size of W is jointly determined by m and n. In
the 3D model, the value of n is usually 2–4 orders
of magnitude higher than the value of m. Therefore,
the size of U is much smaller than that of V and
W . In the proposed algorithm, the larger matrices
V and W are distributed to the diﬀerent nodes to
improve the spatial scalability and eﬃciency of the
algorithm.
5.4 Computations of S and ea
Since S=U − W V −1 W T , this computation process consists of two steps: computing
Y =W V −1 W T and computing U − Y .
5.4.1 Computation of Y
Let

Yjl

=

nl +nl −1
i=nl

−1

Wijl (Vil )

(Wijl )T , and we

Yj =

r
 l −1 T 
Wij Vi
Wij =
Yjl .

i=1

U1

U

...

Y

i=1,j=1

U

...

=
S=U−Y

Yr

=

2

Y1

−1
l
AT
ij Σxij Bij into Yj ,

Ur

...

...

(a)
U r−Y r
S

U1−Y1

...

=

(b)
V1

V2

...

T

l
(Alij ) Bij
(Vil )

−1

T

l
(Bij
) Alij .

(12)

i=nl

From the discussions in Sections 4.2 and 5.3,
l
, and
it can be seen that the matrices (Alij )T , Bij
l −1
l
(Vi ) , which are needed to compute Yj in Eq. (12),
have been obtained in node l. Hence, Yjl can be computed without any communication with the other
nodes.
Interestingly, the comparison of Eq. (11) with
Eq. (7) reveals that the calculation and distribution
mechanism of Y are the same as those of U . It is
required to compute the array sum of reduction of
data in all the child nodes.
5.4.2 Computation of S=U −Y

S =U −Y =

r


Ujl − Yjl .

(13)

Because the DSBA algorithm requires the original matrix S alone rather than the original matrices
U and Y , we can ﬁrst compute S l = U l − Y l using
the local data, and subsequently obtain the matrix
S by computing the sum of S l in all the child nodes
via Eq. (14):
r

S=
Sl.
(14)
l=1

Y

...
U2−Y2

=

l
nl +n
−1

l=1

n,m

2

Yjl

(11)

l=1

Substituting Wij :=

we have

According to S = U − Y , it can be seen that
the matrices S, U , and Y are of the same size.
According to Eqs. (7) and (11), we have

have
n
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Vr

V

(c)

Fig. 4 Data distribution of U and V : (a) computation of matrix U ; (b) computation of S = U − Y ; (c)
computation of matrix V

This process is illustrated in Fig. 4b.
Similarly, to compute the error matrix ea , the
array sum of reduction of the results from all child
nodes is required. The data calculation and distribution process of ea are identical to those of matrix
U.
In summary, there is no need for data communication to compute the matrices J, U , V , and W .
However, to compute matrices S and ea , it is necessary to compute the array sum of reduction of the
results from all the child nodes.
5.5 Computation of δa by solving Sδa = ea
The analyses in Section 5.4 indicate that prior
to reducing the matrices S and ea , each node has
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a submatrix of the same size. The array sum of reductions of the two matrices is required to solve the
augmented positive deﬁnite equation. There are two
reduction methods to solve the equation set: synchronous reduction and asynchronous blocked cyclicbased reduction (Husbands and Yelick, 2007) .
Now we introduce how to solve the equation set
using the synchronous reduction method.
After the child node obtains S l and ela , each
node will be synchronized, and the array sum of reduction of matrices S and ea will be computed to
solve the equation set.
The DSBA algorithm that solves the equation
set using the synchronous reduction method is known
as the synchronous DSBA (S-DSBA) method. In SDSBA, reducing S and ea involves the transmission
of double typed (m × cnp)2 × (r − 1) and m × cnp,
respectively, at each iteration. As matrix ea can
be regarded as a vector of matrix S, our attention
is focused on the reduction of S instead. Consider
an example of a 3D model, where m = 500 and
cnp = 10. If there are six nodes in the cluster, then
each round of reduction involves the transmisstion of
1 GB data. In Fig. 5, the amount of traﬃc increases
with the increase of the scale of the problem and the
number of nodes. The overhead for the communication to obtain the sum of reduction is proportional
to the square of the number of cameras m and the
number of nodes r. This communication overhead
and time cost are too high to meet the real-time requirement of the system. Regarding this problem,
in Section 6, a blocked cyclic based asynchronous reduction method is proposed to solve the equation set,
and the corresponding DSBA is called ‘asynchronous
DSBA’ (A-DSBA).

6 Asynchronously distributed sparse
bundle adjustment algorithm
The distributed method in Section 5 improves
the speed and scalability of SBA. However, the analysis in Section 5.5 reveals that each iteration in SDSBA involves reducing the matrix S. With increases in the scale of the problem and the number
of nodes, the communication and storage overheads
become extensive. To solve this problem, A-DSBA
is proposed. A-DSBA can be described in t iterations. Each of the iterations has two stages: matrix
block reduction and calculation task. First, we in-
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Fig. 5 Variation in the amount of traﬃc associated
with the reduction of S: (a) r=4 and cnp=10; (b)
m=1000 and cnp=10

troduce the general blocked cyclic based distribution
method which A-DSBA adopts to solve the equation
set. Second, we discuss the two stages of A-DSBA,
and how to make asynchronous the reduction of matrices S and ea , and also the solving of the equation
set.
Before describing A-DSBA, the notations involved are deﬁned in Table 3.
Table 3 Notation for A-DSBA
Notation
Goal
r
N
NB
Pn
Qn
Sij
l
Sij


Deﬁnition
Solve equations Sδ=ea
Number of cluster nodes
Size of matrix S
Size of the blocks
Number of rows of the processor grid
Number of columns of the processor grid
The block of S in the ith row and j th
column
The block of Sij in node l
Rounding up

6.1 Solving the equation set using the blocked
cyclic based distributed method
The blocked cyclic based distributed method is
an iterative algorithm which divides the matrix S
into several blocks of the same size. The blocks are
then cyclically distributed to the grid of the processor. Then the distributed LU decomposition is
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iteratively performed on these blocks. Finally, the
solution to the equation set is obtained through two
rounds of back substitution (Husbands and Yelick,
2007; Heinecke et al., 2013; Jo et al., 2015).
The partitioning and distribution of matrix S
to the grid of the processor are as follows: the N ×
N matrix S is partitioned into N/NB × N/NB
blocks, each of which is NB × NB in size (Fig. 6).
Let t = N/NB. The t × t blocks are cyclically
distributed to the Pn × Qn grid of the processor. For
simplicity, a 2 × 2 processor grid (i.e., Pn = Qn = 2)
is taken as an example here.
In Fig. 6, diﬀerent colors and background patterns are used to distinguish diﬀerent nodes. After
matrix S is partitioned into t × t blocks, the 2 × 2
block matrices in the upper left corner are used to
cyclically distribute S into the 2 × 2 processor grid.
N
NB
NB

S11

S12

Si1

S1t

Node 1

S21

S22

S2i

S2t

Node 2

Node 3

N

Si1

Si2

St1

St2

Sii

Sti

Sit

Node 4
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Sii , Si(i+1) , · · · , Sit , S(i+1)i , · · · , Sti from other
nodes. Deﬁne the process as the matrix block reduction stage. Then the node performs the calculation task, which computes mainly the LU decomposition of the reduced result obtained in the ﬁrst stage.
In the mean time of the decomposition, the matrix
block reduction of the (i + 1)th iteration is produced
on the corresponding node. Consequently, the reduced communication overlaps with the calculation
so that the time consumption is reduced compared
with that of S-DSBA.
Inspired by the blocked cyclic based distribution method, we assign reduction tasks to each node.
Fig. 7 shows the Sii reduction tasks distribution of
the 9 × 9 block in the 2 × 2 processor grid, i.e., t = 9
and Pn = Qn = 2. In Fig. 7, node 1 is responsible
only for the reduction of the blocks whose row and
column numbers are odd (i.e., S11 , S13 , etc.). Similarly, node 2 is responsible only for the blocks whose
row numbers are odd and column numbers are even
(i.e., S12 , S34 , etc.); node 3 is responsible only for
the blocks whose row numbers are even and column
numbers are odd (i.e., S21 , S43 , etc.); node 4 is responsible only for the blocks whose row and column
numbers are even (i.e., S22 , S24 , etc.).

Stt

Fig. 6 The blocked cyclic based distributed method
for solving the equation set

An analysis of the process in the blocked cyclic
based method indicates that the ith iteration involves
only Sii , the right matrices from Si(i+1) to Sit , and
the lower matrices from S(i+1)i to Sti , while all the
other matrices do not need to be reduced. This inspired us to propose the blocked cyclic based asynchronous reduction DSBA algorithm (A-DSBA) to
solve the equation set. In the subsequent section, we
describe A-DSBA in detail.
6.2 Data distribution and communication between nodes in A-DSBA
In A-DSBA, the reduction operation is asynchronous with the calculation of the lower-upper
(LU) triangular matrices.
According to Section 6.1, matrix S is separately reduced t
times on diﬀerent nodes.
In ith iteration,
the corresponding nodes gather the matrices of

Fig. 7 Task allocation to diﬀerent nodes during the
reduction of matrix S

In A-DSBA, the matrix S is divided into different parts allocated in the diﬀerent nodes. Fig. 8
shows that each of the four nodes holds a part of mal
, where l represents the index
trix Sij labeled as Sij
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S111

S112

S211

2
S12

S121

S122

S221

S222
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communication task during time ti . The block with
the blank background in time ti denotes the process
of the matrix block reduction of the ith iteration,
while the block with the gray background represents
the calculation task of the (i − 1)th iteration needed
to solve the equation set.

Node 2

Node 1

t10 SE
S311

S312

S411

S412

S321

S322

S421

S422

Node 3
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Node 4

Fig. 8 Communication between nodes during the reduction of matrix S
The arrowed dash line represents the direction of data transmission, the end of the line denotes the sender, and the arrow
points to the receiver

of the node. Thus, before the reduction, all parts of
Sij need to be transferred to the node for the reduction task of Sij . The arrowed dash line represents
the direction of data transmission, the end of the
line denotes the sender, and the arrow points to the
receiver. For instance, as the block S21 , which is at
the second row and ﬁrst column of S, is reduced at
node 3, nodes 1, 2, and 4 need to send their corre1
2
4
sponding blocks S21
, S21
, and S21
to node 3. After
obtaining all the partial blocks, node 3 performs the
array sum of reduction of S21 . Note that each node
is responsible for the reduction of a diﬀerent matrix
block from S11 to S22 .
From Figs. 7 and 8, we can see that the reduction tasks of Sii are asynchronous and load-balanced.
Furthermore, before the (i + 1)th LU decomposition,
all the reduction results of the needed matrices are
computed and transferred, at which time the ith LU
decomposition is being performed. Thus, the time
spent on waiting for reduction is reduced by nearly
50%.
6.3 Sequential chart of asynchronous reduction in A-DSBA
In Fig. 9, the distribution of data in Fig. 7 is
taken as an example to illustrate the relationship
between reducing S and solving the equation set.
Due to the lack of space, the node index l for
l
the notation Sij
in Fig. 9 is omitted. The notation
‘/’ indicates that the node has no calculation or

t9 SE
RE
t8 SE
RE
t7 SE
RE
t6 SE
RE
t5 SE
RE

S99
/
S99

S98

S89

S88

S77 S79 S97
/

S78
S98

S87
S89

/
S88

/
S77 S79 S97

S76 S96

S67 S69

S78

S87

S66 S68 S86
/

S55 S57 S59 S75 S95
/

S56 S58
S76 S96

S65 S85
S67 S69

/
S66 S68 S86

/
S55 S57 S59 S75 S95

S54 S74 S94
S56 S58

S45 S47 S49
S65 S85

S44 S46 S48 S64 S84
/

t4 SE
RE

S33 S35 S37 S39 S53 S73 S93
/

S34 S36 S38
S54 S74 S94

S43 S63 S83
S45 S47 S49

/
S44 S46 S48 S64 S84

t3 SE
RE
t2 SE
RE
t1 RE

/
S33 S35 S37 S39 S53 S73 S93

S32 S52 S72 S92
S34 S36 S38

S23 S25 S27 S29
S43 S63 S83

S22 S24 S26 S28 S42 S62 S82

S11 S13 S15 S17 S19 S31 S51 S71 S91

S12 S14 S16 S18

S21 S41 S61 S81

S32 S52 S72 S92

S23 S25 S27 S29

/
S22 S24 S26 S28 S42 S62 S82

S12 S14 S16 S18

S21 S41 S61 S81

Node 2

Node 3

/
S11 S13 S15 S17 S19 S31 S51 S71 S91

Node 1

/

/

Node 4

Fig. 9 Sequential chart showing how to solve the
equation set based on asynchronous reduction

In Fig. 9, the distributed solving of the equation
set based on asynchronous reduction has three characteristics: (1) The number of matrix blocks that
need to be processed during each iteration decreases
with time. Considering the example here, when the
numbers of iterations increases, the numbers of matrix blocks that need to be processed by the cluster
are 17, 15, 13, 11, 9, 7, 5, 3, and 1, respectively. This
indicates that when the iteration proceeds, the work
load associated with each iteration is decreased, until the size of the allocated block is smaller than the
pre-set threshold. (2) Each node reduces the matrix blocks needed for the ﬁrst iteration in the initial
stage at time t1 . From time t2 onward, each node
should ﬁrst initiate the reduction of matrix blocks
needed in the current iteration. During the reduction, the equation set for the last iteration is solved
at the same time. (3) It can be seen from the arrow
in Fig. 9 that the matrix block obtained from the ith
array sum of reduction at time ti will be used as the
input to solve the (i + 1)th equation set during the
next time ti+1 .
6.4 Summary of A-DSBA
By reducing the matrix blocks in an asynchronous and time-sharing manner, A-DSBA hides

900

Shen et al. / Front Inform Technol Electron Eng

the communication time needed by DSBA to reduce
the matrix S, resulting in improved time performance. The algorithm steps are in Algorithm 2.
In Algorithm 2, the left part denotes the task of
the master node, and the right part denotes the task
of the child node. The dotted line represents the major procedures of communication and the arrow direction points to the receiver. In the ﬁrst round of the
communication, the parameters of the cameras, the
3D points, and the projection points are sent to each
of the child nodes. This communication procedure is
required only once during the initialization. While
reducing matrix S, each node in A-DSBA cyclically
reduces their respective block matrices, and mutual
communication between the nodes is needed. During
the process of solving the equation set, data communication between the nodes is also necessary for
broadcasting a small amount of data from the pivot
element. After the equation set is solved, the δa
should be broadcasted to all child nodes so that they
can compute the increment for the 3D point parameter vector δb l . Finally, while checking the termination conditions, each of the child nodes needs to send
the intermediate variables (i.e., several double-type
variables) to the master node.
Algorithm 2 Serial SBA algorithm
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7 Experimental results
7.1 Experimental environment
To verify the performance of DSBA, experiments were performed using a cluster of eight nodes,
R
each of which was equipped with a six-core Intel
R

Xeon CPU E5-2640 0 @2.5 GHz, with 48 GB memory and Ubuntu 14.04 operating system (OS).
Five datasets in diﬀerent scales in Table 4 were
selected from the University of Washington GRAIL
Lab (http://grail.cs.washington.edu/projects/bal/)
to evaluate the eﬃciency and the scalability of the
proposed algorithm.
Table 4 Dataset used in the experiment
Dataset
1
2
3
4
5

m
50
1031
1936
4585
13 682

n
20
110
649
1 324
4 456

431
968
673
582
117

nproj
73
500
5 213
9 125
28 987

967
265
733
125
644

7.2 Experimental method and results analysis
We performed experiments to evaluate the
memory consumption and the load balance of DSBA
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7.2.2 Load balance
The number of the projection points corresponding to each 3D point signiﬁcantly diﬀers during the 3D reconstruction process. Although the 3D
points are evenly allocated to all nodes in sequence,
the distribution of the projection points corresponding to the 3D points within each node is likely to
cause a severe imbalance. To address the problem,
the 3D points are allocated using a homogeneous and
random distribution in practice. It is a very simple
but eﬀective approach for solving the load imbalance
problem due to sequence allocation. Table 5 shows
the number of projection points in each node using
random uniform allocation and sequence allocation
strategies, given a 3D model with r = 4, m = 1936,
n = 649 673, and nproj = 521 373. It can be observed that for the case of sequence allocation, the
number of projection points in node 1 is 1.7 times
that in node 4, resulting in a serious load imbalance.
However, the number of projection points shows no
signiﬁcant variation with the number of child nodes

Number of projections (×107)

7.2.1 Memory consumption

4.5
4.0
3.5
3.0
2.5
2.0
1.5
1.0
0.5
0

50 cam
1031 cam
1936 cam
4585 cam
13 682 cam

(a)
1

2

3
4
Number of nodes

8

3.0
50 cam
1031 cam
1936 cam
4585 cam
13 682 cam

2.5
2.0
1.5
1.0

(b)

0.5
0

1

2

3
4
Number of nodes

6
Memory of J (×103 MB)

The DSBA algorithm considerably reduces the
memory consumption and improves the scalability
by distributing the 3D reconstruction model’s parameters to diﬀerent nodes. Fig. 10 shows the variation in the memory consumption of the 3D model
in diﬀerent scales running on diﬀerent numbers of
nodes. Fig. 10a shows the variation in the number
of 3D points in an individual node with the number
of nodes. Fig. 10b shows the variation in the number of projection points in an individual node. For
the 3D model in diﬀerent scales in the DSBA algorithm, Fig. 10c presents the variation in the memory
consumption of the Jacobian matrix with the number of nodes. Fig. 10 shows that the numbers of 3D
points and projection points in an individual node
decrease with an increase in the number of nodes.
The memory consumption of the Jacobian matrix in
an individual node also decreases linearly with the increase in the number of nodes. Therefore, the DSBA
algorithm reduces the consumption of storage space
for the SBA method and improves the scalability of
SBA.
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when using random allocation.
Number of 3D points (×106)

under diﬀerent 3D models and computer clusters of
various scales.
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8
50 cam
1031 cam
1936 cam
4585 cam
13 682 cam

5
4
3
2

(c)
1
0

1

2

3
4
Number of nodes

8

Fig. 10 Memory consumption of the DSBA algorithm: (a) variation in the number of 3D points; (b)
variation in the number of projection points; (c) variation in the memory consumption of the Jacobian
matrix

Table 5 Task allocation via serial or random strategies
Node ID
1
2
3
4

nl

m
1936
1936
1936
1936

162
162
162
162

419
418
418
418

nproj
(sequence)
1
1
1
1

707
323
138
043

806
800
712
415

nproj
(random)
1
1
1
1

315
291
281
325

597
270
072
794

7.2.3 Performance analysis
1. Performance of the blocked cyclic based distributed method for solving the equation set
Table 6 shows the inﬂuence of the number of
nodes on the time spent on solving the equation set
in diﬀerent scales. r = 1 indicates that there is one
individual node for solving the equation set in a parallel manner. Fig. 11 shows the block diagram of

Shen et al. / Front Inform Technol Electron Eng

the three datasets in Table 6. Table 6 shows that
the greater the number of nodes, the larger the margin by which the speedup ratio increases (compared
with the single six-core node case, the same below).
Considering the scenario with 1936 cameras, when
the numbers of nodes are 2, 3, 4, and 8, the speedup
ratios are 1.8x, 2.5x, 3.2x, and 6.1x, respectively. If
there are 4548 cameras, the corresponding speedup
ratios are 1.9x, 2.8x, 3.6x, and 7.09x, respectively.
Table 6 also shows that if m = 13 682 and cnp = 10,
the memory consumption for solving the equation set
is (m × cnp)2 × 4/109 ≈ 75 GB. This means that the
equation set cannot be solved in a 48 GB-memory
node. However, by switching to a cluster of two or
more nodes, the equations can be successfully solved
and the speedup ratio is increased with the increase
of the number of nodes.
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close to the value of Qn and when Pn is less than Qn .
The speedup ratio is optimal when 80% of the cluster
memory is consumed. It is pertinent to mention that
system performance begins to decrease if more memory is required. Consider a cluster with eight nodes,
each of which is equipped with 48 GB memory and
64-bit OS. It is able to handle an equation set with
a scale of up to 8 × 48 × 80% × 109 /8 = 3.84 × 1010 ,
compared with the processing ability of 4.8 × 1010
for a single node.

Time (×103 s)
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4.5
4.0
3.5
3.0
2.5
2.0
1.5

2
3
4
5

1.0
0.5
0
16

Table 6 Time consumption for solving the equation
set with a varying number of nodes
r

m
1
2
3
4
8

50

1031

1936

0.15
0.08
0.06
0.04
0.03

12.65
10.08
7.05
4.18
3.29

64.59
35.51
26.22
20.01
10.62

4585
1360.53
445.87
302.90
238.90
131.00

nodes
nodes
nodes
nodes

32

64
128
Block size NB

256

512

Fig. 12 Inﬂuence of block size on time consumption
for solving the equation set

13 682
–
50 421.06
11 290.37
7 317.13
3 322.82

‘–’ indicates that the case is not executable, m denotes the
number of cameras, and r represents the number of nodes
in the cluster

Fig. 11 Time consumption for solving the equation
set

Fig. 12 shows the inﬂuence of the block size NB
on the time spent on solving the equation set with
40 000 dimensions. It can be seen that the time consumption for solving the equation set is minimized
and reaches the optimal when the block size is 128
or 256. Modular testing on the proposed algorithm
indicates that the obtained speedup ratio is the most
desirable when the number of processor grids Pn is

2. Performance analysis of key steps in the
DSBA algorithm
Fig. 13 shows the variation in the DSBA key
steps (calculation of J, J T J, S, and ea ) with the
number of nodes in a 3D model of 1936 cameras. It
can be observed that the speedup ratio for the three
time-consuming steps in the serial algorithm linearly
increases with the increase of the number of nodes.
This is because matrices J and J T J can be computed without communication among nodes. Yet,
the calculaton of S and ea requires communication
so that the speedup ratio is smaller than those in
the other two steps. Compared with the single-node
SBA algorithm, compution of J, J T J, S, and ea
achieves speedup ratios of 6.9x, 6.48x, 5.92x, and
5.8x, respectively, in the case of eight nodes.
3. Analysis of the general performance of the
DSBA algorithm
Fig. 14 depicts the variation in the speedup ratio using synchronous or asynchronous DSBA methods, when the 3D model has 1936 or 4585 cameras.
Consider the model with 1936 cameras and 2/3/4/8
nodes, the speedup ratios of S-DSBA are 1.3x, 1.7x,
2.2x, and 4.4x, while the speedup ratios of A-DSBA
are 1.7x, 2.4x, 3.2x, and 6.4x. Hence, A-DSBA is
faster than S-DSBA by 31%, 40%, 43%, and 46%,
respectively. Compared with the serial single-core
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SBA algorithm, the speedup ratios of A-DSBA are
10.3x, 14.9x, 19.2x, and 41.3x, respectively, given 2,
3, 4, and 8 nodes, respectively, each of which has six
cores.
8
Computation of J
Computation of JTJ
Computations of S & ea

Speedup ratio

7
6
5
4
3
2
1

2

3

4
5
6
Number of nodes

7

8

Fig. 13 Speedup ratio of the DSBA key steps

7
S-DSBA (1936)
A-DSBA (1936)
S-DSBA (4585)
A-DSBA (4585)

Speedup ratio

6
5
4
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algorithms are slow and cannot address the problems incurred regarding scalability. Moreover, the
performance of the algorithm is constrained by the
scalability and heavily depends on the memory of individual nodes. In this regard, a distributed SBA algorithm, which is simple and easy to implement and
independent of BA problems, is proposed in this paper. Compared with the serial SBA method, the proposed algorithm achieves remarkable speedup ratios
without compromising on accuracy. What is more, a
blocked cyclic based DSBA algorithm is proposed to
improve the speed of serial SBA and the scalability
of SBA. By adopting the blocked cyclic based asynchronous reduced DSBA algorithm (A-DSBA), the
communication time associated with the reduction
of S overlaps with the time taken to solve the equation set. Consequently, the calculation time of the ADSBA algorithm is approximately 46% shorter than
that of the S-DSBA algorithm. Memory consumption of A-DSBA is in proportion to the square of the
number of cameras. As a future work, it is worth
investigating how to further reduce the algorthm’s
spatial complexity by exploiting the characteristics
of blocked cyclic.
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Modular analysis of the solving of the equation
set reveals that the performance reaches the optimal
when 80% of the memory in the entire cluster is
consumed. However, if the method in Section 5.4
for solving the equation set is applied to the DSBA
algorithm, a considerable amount of memory will be
consumed by not only matrix S, but also the 3D
point parameters, the projection point parameters,
and the Jacobian matrix. A statistical experiment
indicates that the performance of DSBA reaches its
optimal when 65% to 70% of the memory in the
entire cluster is used to solve the equation set.

8 Conclusions and future work
Fortunately, in the present age we can easily create a small-scale cluster of computers due to drastic
decrease in hardware cost. However, existing BA
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