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Abstract: Effects of the speed relaxation time on the optimal velocity car-following model (OVM) with delay time due to driver
reaction time proposed by Bando et al.(1995) were studied by numerical methods. Results showed that the OVM including the
delay is not physically sensitive to the speed relaxation times. A modified car-following model is proposed to overcome the
deficiency. Analyses of the linear stability of the modified model were conducted. It is shown that coexisting flows appear if the
initial homogeneous headway of the traffic flow is between critical values. In addition, phase transitions occur on varying the

initially homogeneous headway.
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INTRODUCTION

For the past few decades, many researchers have
made studies of modelling driver behavior to repro-
duce the observed features of traffic flow. Recently
Kerner and Rehborn (1997) observed that there are
three distinct dynamic phases on highways: free traf-
fic flow, coexisting traffic flow and traffic jams. The
occurrence of traffic jams without obvious reasons
had been explained in terms of the conventional phase
transition (Nagatani, 1998). Various traffic flow
models, such as car-following models and hydrody-
namic models had been studied analytically using the
linear stability theory and the nonlinear analysis
method to explain these phenomena (Jiang and Wu,
2003). The car-following traffic flow models study
movements of a vehicle and the interactions between
vehicle pairs in a queuing of traffic flow. In these
models, it is easy to consider the local dynamics of
cars.
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Generally the car-following models are formu-
lated based on the assumption that each driver of a car
responds to a stimulus coming from his front car in
some special fashion. Usually the response is de-
scribed in the form of acceleration of the cars. The
other factors, for example the stimuli, are described
by a function of the speed difference between two
consecutive cars, headway (the distance between
front bumper of the car ahead and front bumper of the
following car), and so on.

The optimal velocity car-following model
(OVM) proposed by Bando et al.(1995) is

X, () = a(V(Ax, (1)) - x,(1)) , (1)

where x,(7) denotes the position of the nth vehicle at
time ¢, n=1, ..., N. N is the total number of cars.
Ax,(£)=x,-1(£)—x,(?) is the headway of the nth car, « is
the reciprocal of the speed relaxation time 7. Gener-
ally, the values of T; are different for different traffic
flow (Treiber et al., 2000). V(Ax,(¢)) represents the
optimal velocity function of the nth car determined by
its headway. The optimal velocity function given by
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In fact, similar behaviors hold for 7=0.1 s or 0.2 s
with both 7,=2 s and 1 s and for 7=0.3 s or 0.4 s with
all three T;in the simulations.

Recently, several researchers (Helbing and Tilch,
1998; Davis, 2003) proposed that the effect of the
speed difference between two consecutive cars should
be considered in the OVM and OVMDT. We find that
the deficiency of the OVMDT aforementioned can be
modified if we add an adjusting term as follows:

X,(0)=aV(Ax,(t-7) - x,(t-7))

: ®)
+ BG(AX, (1 —7,), Ax, (1 = 7)),

where Ax (¢f)=x, ,(f)—x,(¢) is the speed difference
between the (n—1)th and nth cars. >0 is a constant
that denotes the force of the adjusting term. Further
study showed that § is related to 7 (to be discussed in
future work). G is a function of speed difference and
headway that is used to adjust the car acceleration at
time ¢. 7; denotes the time needed to adjust the car
acceleration. In this paper we let 7;=0.17. Eq.(5)
means that the driver acts at time ¢ by accelerating
according to both the stimuli at time #—7 and the ad-
justment at time #—7;. We can choose the function G
according to the following conditions:

(1) The sign of function G(x, y) is consistent with
that of x.

(2) G(x, y) is a monotonously increasing function
of x and y respectively.

In fact, the function G in Eq.(5) indicates that if
the speed of the front car is larger than that of the
following car at time ¢—7;, G is positive to achieve
larger acceleration or smaller deceleration at time ¢.
Moreover, for larger headway at time 7—7;, the G
value should be higher. On the contrary, if the speed
of the front car is smaller than that of the following
car at time ¢—7;, G is negative to achieve smaller ac-
celeration or larger deceleration at time ¢. Also, for
larger headway at time ¢—7;, the G value should be
higher.

According to these findings, we choose G as:

G(A’.Cn (t— 7 )ann (t— 4 )=
A%, (¢ = 7,)(1+ (tanh(Ax, (1 = 7,) = 25))"), A%, (¢ —7,) >0,
At (t—1,)(1—(tanh(Ax (¢ —7,)—25))"), A%, (t—17,)<O0.
(6)

In the following, we will carry out the same
simulation for the new model (Eq.(5)) with Eq.(6).
Let7=0.5s, 1.1 s (Treiber et al.,2004) and ;=10 s, 40
s (Treiber et al., 2000), which are closer to the real
traffic. Accordingly, we use the update time step
Ar=0.05 s and 0.11 s in the simulations and let 7 and 7;
be a multiple of Az.

Results showed that for both 7 and corresponding
T; (usually the larger = corresponds to a larger T;), the
collisions of cars are avoided and the oscillations of
the car speed are weakened. This can be seen clearly
in Fig.2. The speed profiles of the 10th, 100th and
500th cars with =0.5 s, f=1.5 s ' and 7,=10 s in
Fig.2aand =1.1s, f=3.5s ' and T,=40 s in Fig.2b are
shown. In Fig.2b, the car speed is in an acceptable
range even for a very enormous number N=500.
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Fig.2 Speed profile of the 10th, 100th and 500th cars with
=0.5 s, p=1.5 s!, and T,=10 s in (a) and =1.1 s, f=3.5 s,
and 7,=40 s in (b) for the modified OVMDT (Eq.(5), de-
noted “MOVMDT”)

Fig.3 compares the OVMDT and the MOVMDT.
The speed profiles of the 100th car with =1 s, f=3.5
s'and T, =10 s for these two models are shown. We
can see that the MOVMDT eliminates the serious
speed overshoot that occurs in the OVMDT.
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Fig.3 Comparison of speed of the 100th car with =1 s,
p=3.5 s”!, and T,=10 s for the OVMDT and the MOVMDT

ANALYSIS OF THE LINEAR STABILITY OF
THE MOVMDT

In this section we will discuss the linear stability
of the MOVMDT. Let x!(¢) =V (h)t — hn, n=1,2, ...,
N be a uniform solution of Eq.(5), #=L/N is the
homogeneous headway, L is the length of the road.

yu(H)=e"" is a small disturbance to this equilibrium
state, i.c.,

x,(0)=x,(1)+,(). (7

Substituting Eq.(7) into Eq.(5) and neglecting higher
order terms of y,, we have:

(z0)’ ™ Har—BFre" (e ) zr)—ar V' (h)(e *~1)=0,

)
1+ (tanh(0.0860(% —25)))*, h <25,
here F =
1— (tanh(0.0860(/ — 25)))*, h > 25.
The expansion of zr about ik~0 is:
(z1)=(z7)ik+(z0)2(ik)*+. .., here
() =V'(h),
aV'(hc/2—V'(h)Y t+ BFV'(h)
(z7), = (h) V() + BEV' (W) ©)

[

It is known that the equilibrium solutions are linear
stable when (z7),>0, i.e.,

o>2(V'(h)y—pF), (10)
or

VT>2(V'(h)—BF). (11)

This linear stable condition (Eq.(10)) indicates
that when a small disturbance is added into a homo-
geneous traffic, the instability of the initial homoge-
neous flow occurs in some interval of / that is decided
by a and f.

The stability condition also presents the jam-
ming transition curve among the free traffic, the co-
existing traffic and the traffic jams. Fig.4 shows the
phase diagrams for this curve with =1 s~ and f=1.4
s"'. The point A (B) means that for f=1s ' (8=1.4s"),
when the value of 1/7; is larger than that of 4 (B), the
traffic flow is always at the steady state; but that on
the contrary, below these values, the traffic flow is
unstable and will evolve in time into an inhomoge-
neous coexisting phase of both jammed and free states.
Under these situations, phase transitions occur if the
initial homogeneous headway varies. This will be
discussed in the next section.
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Fig.4 The phase diagrams in the space of 1/7, against &
with f=1s" and p=1.45""

PHASE TRANSITIONS OF THE MOVMDT

Phase transitions of the MOVMDT will be
studied with numerical simulations in this section.
Considering the periodic boundary condition, the
initial condition is given as follows:

x1(0)=2, x,(0)=—h(n—1),n=2, ..., N,

and
x,(00=0, forn=Il,...,N, (12)
with N=100, ~=L/N and L is changed to get various /.
In the simulations we let /=1 s ' and f=1.4 s re-
spectively. Generally traffic instabilities increase with
the reaction times of the drivers (This will be seen in
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Fig.7). For simplification we let 7=1 s and the updated
time step A=0.1 s.

As Fig.4 shows, if the value of 1/7; is larger than
A4=0.89 5! (B=0.09 s™"), the traffic flow is homoge-
neous and there is no jamming transition occurs. In
these situations, for any initial /%, the plots of speed
against headway for all cars are consistent with the
optimal velocity function, as shown in Fig.5.
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Fig.5 Plots of speed against headway for all cars at time
step 10000 with 7=1 s, f=1.4 s™', and T,=10 s. A single circle
represents the homogeneous traffic flow for an initial 4
and the line is the optimal velocity function (Eq.(2))

If1/T,<0.89 s ' (1/T,<0.095s ") for =15~ (f=1.4
s') and the initial homogeneous headway # is be-
tween two critical values depending on both f and T,
the traffic flow evolves in time to the inhomogeneous
flow with kink waves and only two distinct headways
stay. The high-headway region is associated with the
free traffic states and the low-headway region is as-
sociated with the jammed traffic states. Therefore, the
coexisting phase of both free and jammed states ap-
pears in the unstable region of Fig.4. Phase transitions
occur among the free traffic, the coexisting traffic and
the traffic jam on varying the initial homogeneous
headway / as shown in Fig.6. The plots of the head-
way Ax, for all the cars n with /=10 m, 25 m, 40 m for
=1s, f=1 s ' and T,=10 s at time step 10000 are
shown in Fig.6a and the corresponding plots of speed
X, against the headway Ax, for all cars are shown in

Fig.6b where the homogeneous traffic is represented
by a single circle and the inhomogeneous traffic is
represented by a loop.

Fig.7 shows the plots of the headway Ax, against
the car n for /=25 m for ==0.6 s, Ar=0.06 s and =1 s,
At=0.1 s with f=1 s ' and T,=10 s at time step 10000.
From this figure we can see that for given values of
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Fig.6 (a) Plots of the headway Ax, for all the cars n for
h=10 m, 25 m, 40 m with =1 s, =1 s 'and 7,=10 s at time
step 10000; (b) The corresponding plots of speed x,
against the headway Ax, for all cars. In (b), the homoge-
neous traffic is represented by a single circle and the in-

homogeneous traffic is represented by a loop. The lines in
(b) are the optimal velocity function (Eq.(2))
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Fig.7 Plots of the headway Ax, against the car » for 7=0.6

s, At=0.06 s and 7=1 s, Ar=0.1 s with =1 5L, T,=10 s at time

step 10000. #=25 m

and T, the amplitude of the oscillating inhomogene-
ous headway with larger 7 is greater than that with
smaller 7, which means the traffic instabilities in-
crease with 7.
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SUMMARY

In this work, we study the linear stability and
phase transitions of a new car-following traffic flow
model considering the delay time due to driver reac-
tion time by numerical methods with appropriate
relaxation times. If the initial homogeneous headway
of the traffic flow is between two critical values de-
pending on the model parameter f and the relaxation
time T}, the homogeneous traffic flow is unstable and
will evolve in time into an inhomogeneous coexisting
phase of both jammed and free states as Fig.6 shows.
Under these situations, phase transitions among the
free traffic, coexisting traffic and the traffic jams
occur when the initial headway varies.

References

Bando, M., Hasebe, K., Nakayama, A., Shibata, A., Sugiyama,
Y., 1995. Dynamic model of traffic congestion and nu-
merical simulation. Physical Reviews E, 51(2):1035-
1042.  [doi:10.1103/PhysRevE.51.1035]

Bando, M., Hasebe, K., Nakanishi, K., Nakayama, A., 1998.
Analysis of optimal velocity model with explicit delay.

SCIENCE A

Editors-in-Chief: Pan Yun-he
(ISSN 1009-3095, Monthly)

Journal of Zhejiang University

JZUS-A focuses on “Applied Physics & Engineering”

» Welcome Your Contributions to JZUS-A

Journal of Zhejiang University SCIENCE A warmly and sincerely welcomes scientists all over
the world to contribute to JZUS-A in the form of Review, Article and Science Letters focused on
Applied Physics & Engineering areas. Especially, Science Letters (3—4 pages) would be published
as soon as about 30 days (Note: detailed research articles can still be published in the professional
journals in the future after Science Letters is published by JZUS-A.

Physical Reviews E, 58(5):5429-5435.
PhysRevE.58.5429]

Davis, L.C., 2003. Modifications of the optimal velocity traffic
model to include delay due to driver reaction time.
Physica A, 319:557-567. [doi:10.1016/S0378-4371(02)
01457-7]

Helbing, D., Tilch, B., 1998. Generalized force model of traffic
dynamics. Physical Review E, 58(1):133-138. [doi:10.
1103/PhysReVvE.58.133]

Jiang, R., Wu, Q.S., 2003. First- and second-phase transitions
from free flow to synchronized flow. Physica A,
322:676-684. [doi:10.1016/S0378-4371(02)01802-2]

Kerner, B.S., Rehborn, H., 1997. Experimental properties of
phase transitions in traffic flow. Physical Review E,
79(20):4030-4033.

Nagatani, T., 1998. Thermodynamic theory for the jamming
transition in traffic flow. Physical Review E, 58(4):
4271-4276. [doi:10.1103/PhysRevE.58.4271]

Treiber, M., Henneche, A., Helbing, D., 2000. Congested
traffic states in empirical observations and microscopic
simulations. Physical Review E, 62(2):1805-1823.
[doi:10.1103/PhysRevE.62.1805]

Treiber, M., Kesting, A., Helbing, D., 2004. Multi-anticipative
Driving in Microscopic Traffic Models. Eprint arXiv:
cond-mat/0404736.

[doi:10.1103/

http://www.zju.edu.cn/jzus



