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Abstract:  This paper presents the matrix representation for the hyperbolic polynomial B-spline basis and the algebraic hyper-
bolic Bézier basis in a recursive way, which are both generated over the space Q,=span{sinht, coshz, £73,...,t, 1} in which n is an
arbitrary integer larger than or equal to 3. The conversion matrix from the hyperbolic polynomial B-spline basis of arbitrary order
to the algebraic hyperbolic Bézier basis of the same order is also given by a recursive approach. As examples, the specific ex-
pressions of the matrix representation for the hyperbolic polynomial B-spline basis of order 4 and the algebraic hyperbolic Bézier
basis of order 4 are given, and we also construct the conversion matrix between the two bases of order 4 by the method proposed in
the paper. The results in this paper are useful for the evaluation and conversion of the curves and surfaces constructed by the two
bases.
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INTRODUCTION and surfaces by matrix representation having advan-

tages of efficient evaluation using Horner’s schema

The Bézier basis and B-spline basis are two
important bases over the space span{f’, "', ..., ¢, 1}
that are widely used to construct freeform curves and
surfaces. However, there still exist several limitations
of the NURBS model that are shown in (Mainar et al.,
2001). These limitations motivate the research of
several new spline curve and surface schemes for
geometric modelling in CAGD. Two new bases over
the space Q,=span{sinht, cosht, 7, ..., t, 1}, n>3
were proposed in (Lii ef al., 2002; Li and Wang, 2005)
respectively. The hyperbolic polynomial (HP)
B-spline basis (Lil er al., 2002) and the algebraic
hyperbolic (AH) Bézier basis (Li and Wang, 2005)
are both defined by the integral approach. In CAGD,
it is both convenient and practical to describe curves
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and easy conversion between different shape repre-
sentations as shown in (Grabowski and Li, 1992). In
this paper, we will present the matrix representation
for the two bases and the conversion matrix from the
HP B-spline basis to the AH Bézier basis.

MATRIX REPRESENTATION FOR THE AH BE-
ZIER BASIS

In (Li and Wang, 2005) the AH Bézier basis
functions are constructed in a recursive way, starting
with the two initial functions:

sinh(a — 1) B (1) sinh ¢
— s Dy

B, . (H)=
0’1( ) sinh & sinh

, 1€[0,a], a<[0,0].

For n>1, the AH Bézier basis functions {By(?),
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Bl,,,(l‘), ey
cosht, "2,

B,..(t)} of the space Q,.,=span{sinht,
., t, 1} are defined recursively by:

Bo,n »=1- _[0 50,n—lBO,n—l (s)ds,

an(t) I (6, Ln— 1B Ln— (s)— 1n 1 z,n-l(s))dsa

Bnn(t) I 1,01 n—l,n—l(s)ds’

where o, , = 1/ I: B, ,()dt, 0<i<n. So the definition of

the AH Bézier basis can be described as follows:
Definition 1 The AH Bézier basis over the space
Q,1=span{sinhz, cosht, 72, ..., t, 1} is given by the
above functions {By,(¢), B1.4(?), ..., Bua(0)}.

From the recursive definition of the AH Bézier
basis, we can easily obtain two properties of the basis:

(t)_ 0,n-1 O,nfl(t)’
B’ (t) 51r11 zlnl(t) znl z,n—l(t)’lgign_l

Bl;n(t) 5 -1,n-1 nlnl(t)
)
(B,,(0),8,,(0), ...B,,00)=(10, .., 0. (2)
From the definition of the AH Bézier basis and
the two above properties, we can obtain the matrix
representation of this basis. Now supposing that we

have got the matrix (e/,;),., representing the AH

nxn
Bézier basis over the space Q,, we will derive the

n+l

matrix (€ ), 1. that is the matrix representation

of the AH Bézier basis over the space Q,+; on the
basis of (e/;),.,,» which can be described by the fol-

lowing theorem:
Theorem 1  Suppose (Bo(t), Bin(0), ...,
(sinht, cosht, 72,

nxn?

Ba(0)=

L4 1) (el.’fj.' )onsiy(nsry @0d the matrix

0 .
(€,),x, is known, then

(p; J ))zx(n+l)j 3)

(w/' )lx(n+1)

1
( " )(n+1)><(n+1) (

where

(pi,j)nx(;ﬁ—]) Mnxn (e )nxn nx(n+1)2

1 0 0
1 0 0 0 0
0 0 ! o -0
_ n—-2
nxn 1 s
00 O 0
n-3
: 0
00 O 0 1
_50,n—l 60,n—l 0 o 0
0 _é‘l,nfl 51.n71
1:1x(n+1) = " . 0
0 O _5n—l,nfl 5n71,n*1

nx(n+l)

W)y == Dy =Prssees= Do) (4)

Proof Considering the derivatives of the AH Bézier
basis functions, we can easily get the following result:

(B, (1), B/, (0),.... B, , (1))

= (coshz,sinhz,(n = 2)t",..,1,0)(€"7") (tpeqneny

= (COSh t’ Sinh t’ tn I)Unxn (p[,j )nx(n+])’
where
0 0 0
0 1 0 0 0
0 0 ! 0 0
U - n—2
0 0 0 ! 0
n-3
: 0
0 0 0 0 1
And from Eq.(1), we can derive
(B,,®), B, (1),.... B, (1))
= (_50,%130,;171 (@), 50,;1—1B0,n—1 Ok 51,;17131,”71 (@),

o 5n71,nlenfl,n—l (t))
= (BO,nfl (t)7 Bl,nfl (t)’ R

= (sinh¢,cosht,t" 7, ...

anl.nfl (t))T'nx(nJrl)
t 1)(61 /)nxn nx(n+1)

= (coshz,sinhz,2",...Dn,, (€] ), Ty
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where
010 0
1 00
How=|0 0 1
0 1

nxn

Comparing the above two equation, Eq.(3) is
obvious.

In order to prove Eq.(4), we let =0 in the sup-
position and have

(BO,n (0)5 Bl,n (0)3 R Bn,n (0)) = (09 19 sy 05 1)(6::-] )(n+])x(n+]) .

Applying Eq.(2), we can get
(1,0,..,0) =(Py; + Wi Dyy + Wasees Dy iy T W,00)-

Hence Eq.(4) holds.
This proves the theorem.
Since Theorem 1 only establishes the relation-

and (e}

ship between (e} ,),,, Vs iyensty» 1T WE want to

n+l

obtain the specific expression of (&), 11> W

still have to know the matrix representation of the AH
Bézier basis of the lowest order which is 3. From the
definition of the AH Bézier basis, we can easily get
the matrix representation formula for the AH Bézier
basis of order 3:

Proposition 1  The matrix representation formula
for the AH Bézier basis of order 3 is:

(B, ,(1).B,,(1), B, (1)) = (sinht,coshz,1)
' ' ' cosha —1

—sinha sinh o 0
cosha —(cosha+1) 1
-1 cosha+1 -1

Now, we can get the matrix representation of the
AH Bézier basis of arbitrary order by applying
Theorem 1 and Proposition 1 recursively. As an in-
stance, let us construct the matrix representation for
the AH Bézier basis of order 4:
Proposition 2  The matrix representation formula
for the AH Bézier basis of order 4 is:

(Bo,3 (t), Bl,3 (t)» B2,3 (t), B3,3 (t)) =

sinha —a
—cosha J+cosha—-1 —-J 1
sinh o J(G - JG 0
«(sinht,cosht,t,1) ' (G-a) ,
-J J -1
-a J(a-G) -JG O
(5)
where J = sinha(cosha —1) _sinha -«
acosha +a—2sinha’ cosha—1"

Proof From Proposition 1 and the definition of d;,,
we can get:

-4 ¢ 0 0
L,=|0 -9 ¢ 0],
0 0 -9 ¢
where § = c.osha—l’ _ cosha —1 . .
sinha —«a acosha +a—2sinha

And we have

M, =

(= =
oS o =
- o O

Then, employing Theorem 1, Eq.(5) holds.
This proves the proposition.

MATRIX REPRESENTATION FOR THE HY-
PERBOLIC POLYNOMIAL (HP) B-SPLINE BASIS

The HP B-spline basis functions are well-
defined for arbitrary real numbers as shown in (Lii et
al., 2002). But in order to conveniently acquire the
matrix representation of the HP B-spline basis we just
consider an interval (0, «). And through the local
support property of the HP B-spline basis proposed in
(Li et al., 2002), we know that the nonzero HP
B-spline functions of order n+1 on the interval (0, @)
are N ,11(), Ni—pp1(9), ..., Non1(f). Now let us in-
troduce how the HP B-spline is defined recursively in
(Li et al., 2002). Beginning with the following func-
tions:
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— % sinhy, 0<t<a,
2(cosha —1)
NooO=9_ 2 Ghoa—1), a<i<2a,
2(cosha —1)
0, elsewhere,
and

N,(O)=N,,(t—ia), (=0, £1, £2, ...).

For n>3 let
N (6=t [* N, (9)ds, (=0, %1, £2, ).
ot ’

Hence the definition of the HP B-spline basis is:
Definition 2  The hyperbolic polynomial B-spline
basis of order n is N;,1(f) (=0, £1, £2, ...).

Two basic and useful properties of the HP
B-spline basis that will be used later are listed below:

(1) N, () =§(M,n,l ()= N,y s (),

(2) (N*n,nﬂ(o)a Nl*n,nﬂ(o)a ceey NO,n+1(O)):( 017,1’,,,

O2-nps -5 O0ns 0)9

(s)ds.

in

where o, , =lIaN.
= do

We also construct the matrix representation of
the HP B-spline basis through a recursive approach,
and now present a theorem describing the relationship
between matrix representation of the HP B-spline
basis of the higher order and that of the lower order.
Theorem 2  Suppose (N-,,+1(2), Nippi(®), ...,

No1(£)=(sinht, cosht, 72, ..., £, 1) (") ytyequery a0

the matrix representation (f;",),,, for the HP B-spline

nxn

basis of order n is known, then

(f,H_l) _ (hi,l/)nx(nﬂ)
i,j (n+1)x(n+1) (rj)lx(,”l) ’

Where (hi,j) = Mnxn (ﬁ:’j)mm Yl1><(n+l) b M”X” iS the

nx(n+1)

matrix shown in Theorem 1, and

-1 1 0 0
110 -1 1
rwn =gl o]
0 0 -1

nx(n+1)

(rj )1><(n+1) :(Glfn,n - hZ,l > 62*}1,)1 - h2,2 LR 00,;1 - h2,n H _h2,n+1 )

Proof The process of the proof'is the same as that in
Theorem 1. So we omit the details.

This proves the theorem.

To determine the definitive expression of the
matrix representation formula for the HP B-spline
basis of the arbitrary order, we must know the matrix
representation of the HP B-spline basis of the initial
order that is 3. Through simple calculation with the
definition of the basis, we can get the matrix repre-
sentation formula for the HP B-spline basis of order 3:
Proposition 3 The matrix representation for the HP
B-spline basis of order 3 is

(N72,3 (t), N71,3(t)’ N0,3(t)) =

2(cosha —1)
—sinh sinh 0
-(sinht,cosht,1)| cosha —(cosha+1) 1
-1 2cosha -1

Now the matrix representation of the HP
B-spline basis of arbitrary order can be obtained
through a recursive application of Theorem 2 and
Proposition 3. The following proposition can serve as
an example for Theorem 2.

Proposition 4 The matrix representation for the HP
B-spline basis of order 4 is

1

(N4 (1),N_, ,(),N_, (1), Ny (1)) = 2a(coshar—1)

-(sinh¢,coshzt,¢,1)

—cosha 1+2cosha —(2+cosha) 1
sinh —2sinh« sinh« 0
1 —(1+2coshar) 14+2cosha —1|
- 2acosha - 0
(6)
Proof Employing the proposition 3, we can get
(0'72’3,071’3, 00,3)
_[ sinha—a acosha—sinha sinha -«
2a(cosha—1)" a(cosha —1) “2a(cosha —1) )

And we also have
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3x3

Applying 0-33, 013, 003, M3x3, Y314 in Theorem
2, we can obtain the ( f )a.s as shown in Eq.(6).

This proves the proposition.

CONVERSION MATRIX FROM THE HP B-
SPLINE BASIS TO THE AH BEZIER BASIS

As two different bases over the same space, we
spontaneously want to know the relationship between
the two bases which could be useful for exploring the
properties of the curves and surfaces constructed by
the two bases. From what has been discussed above,
we can find that the conversion matrix between the
AH basis and the HP basis could be easily obtained by
some matrix computation. Now we will construct the
conversion matrix from the HP B-spline basis to the
AH Bézier basis in a recursive way. If we know the

of order n, the following

nxn

conversion matrix (a;';)
theorem shows the way in which we can derive the
conversion matrix (al.’fj.' )instyininy OF Order (n +1).
Theorem 3 Suppose (N—1(8), Ni—pur1(0),
Nowi1(0)=(Bou(1), Bia(D), ..., B, (f))(a"”)w)x(m) d

the conversion matrix from the HP B-spline basis of

order n to the AH Bézier basis (a/),,, is known,
then
n+l n+1 _ .
=0, a'; =0,,,,1<j<n, @)
n+l __n+l ainfl,l 2< P < +1 8
4y =4, 5 , £=>1xn+l, (8
a i-2,n—1
an
n+l  _ _n+l i-1,n .
ai,n+1 az 1,n+1 + 5 > 2 g 1 S n+ 1» (9)
a i-2,n—-1
n n
iy j1 ~ G . .
a;’j.' = ,.“j]‘j — ) 2<i<n+], 2<j<n,
aé‘i*Z,ﬂ*l
(10)
where

1
w=—| N, (s)ds, S, =
G =, N ()ds, 8, jB o

Proof Differentiating the HP B-spline basis directly,
we have

(Nin,nﬂ (t)’ Nl,fn,nJrl (t)’ s N(;,nJrl (t))

= (len,n (t)’ N2—n,n (t)”N (t))llnx(nﬂ)

= (BO,n—l (t)’ Bl,n—l (t)’ n—1,n-1 (t))(az . )nxn nx(n+1)*
(11)

The derivative of the HP B-spline basis can also
be expressed as

( —n,n+l1 (t) Nl n,n+1 (t) 0 n+l (t))
1
= (B(;,n (), Bi,,n (), B;: n (t))(a}H )(n+1)><(n+1)
1
= (BO,n—l (t)’Bl,n—l (0, B n—ln—1 (t)) n+1)(an+ )()Hl)x (n+1)*
(12)
Comparing Eqs.(11) and (12), we have
1
Tnx(n+1)( " )(n+1)><(n+l) (ai’fj ) e Ynx(;m)a
that is,
1 1 1 1
(a3, —a) )0, (@)1 = 0100 1
1 1 1 1
(a;jlr _a;jlr )5],;171 (a;,tlﬂ ;;H)g] n—1
1 1 1 1
(a:jrrl,] - "* )6 —1,n—1 : (a:j:l n+l r’:txﬂ n—1,n-1 nx(n+1)
_al’fl aln,l - alrfz alyin—l _al’tn alrfn
:l _a;,l a;,l - a;,z a;,n—l _a;,n a;,n
p .
_a:,l a:,l - a:,Z o a:,n—l - a:,n :,n nx(n+1)
(13)

Now we let =0 in the two bases, then we have

(N_y 1 (0), N, .1 (0),...
=(8,,(0),B,, (0),...,
that is,

(O-lfn,n s O-an,n 200>

Ny,.1(0))
Bn,)z (0))(02;1 )(n+1)><(n+1) 5

Oy ,0)=(1,0,... 0)(‘1’”1 )(n+l)><(n+1)

Hence Eq.(7) holds.

And equalling corresponding components of the
two matrices in Eq.(13) , we can easily figure out that
Eqgs.(8), (9) and (10) hold.

This proves the theorem.
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n+l
i,j Z(n+1)x(n+1)

The specific expression of (a is de-
terminated by the initial conversion matrix indicating
the relation between the HP B-spline basis of order 3
and the AH Bézier basis of the same order. Through
Proposition 1 and Proposition 3, we can get the initial
conversion matrix as shown in the following propo-
sition.

Proposition 5 The conversion formula from the HP
B-spline basis of order 3 to the AH Bézier basis of the

same order is

(N_p5(0),N_5(1), Ny 5(1))

1,

2 2
:(Bo,z(t)aBl,z(t)aBz,z(t)) 0 1 0
o L 1
2 2

Now the conversion matrix from the HP
B-spline basis of the arbitrary order to the AH Bézier
basis can be derived by recursively applying Theorem
3 and Proposition 5. As an application of Theorem 3,
the conversion matrix from the HP B-spline basis of
order 4 to the AH Bézier basis is presented as follows:
Proposition 6 The conversion formula from the HP
B-spline basis of order 3 to the AH Bézier basis of the
same order is

(N340, N5 40, N, 4 (1), N, 4 (1))

L Z L 0
=(BO3(t),B]3(t),Bz3(t),B33(t)) 0z 2L0 , (14)

’ ’ ’ ’ 02L Z O

0 L Z L

where
sinha —«a

_acosha —sinha
2a(cosha —1)’

a(cosha —1)
Proof From the definitions of J;, and g, ,, we can get

(602501250,)

_(cosha—l cosha —1 cosha—lj

. b . b .
sinha—a acosha+a-2sinha sinha —a

(072,3 50135 00,3)
[ sinha—a acosha—sinha sinha-a
2a(cosha—1)" a(cosha—1) “2a(cosha—1) )

and we have

1/2 1/2 0
@)= 0 1 0
0 1/2 1/2

Employing Theorem 3, we can easily find that
Eq.(14) holds.
This proves the proposition.

CONCLUSION

In this paper, we present the matrix representa-
tion for the hyperbolic polynomial B-spline basis and
the algebraic hyperbolic Bézier basis over the space
Q,=span{sinh, coshz, 7' ,..., ¢, 1} (n>3) and give the
explicit expressions of the matrix representation for
the two bases of order 4. We also present the conver-
sion matrix from the HP B-spline basis to the AH
Bézier basis and show an example of order 4. The
matrix forms for curves and surfaces are largely
promoted in CAD. So we expect the results can be
employed in the CAD/CAM systems.
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