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INTRODUCTION
The flow of fiber suspensions has been very
popular in the industry as well as in theoretical research. Because the final product properties, such as
mechanical, thermal and electrical performance, are
highly sensitive to orientation distribution and spatial
configuration of fibers, which are related to flow state
in the industrial processing, some discussions on the
issue of the instability occurring in fiber suspension
flow between a pair of coaxial rotating cylinders have
been made. The contribution of the added fibers to the
bulk fluid can be macroscopically described by constitutive equations. So there are generally two main
directions in the stability research aspect corresponding to constitutive models so far: (1) Transversely isotropic fluid (TIF) models. These models
were variants of the continuum model originally derived by Ericksen (1960) and Hand (1962) and their
micro-structure origins were recognized by Doi and
Edwards (1978a; 1978b). Leslie (1964) explored
‡
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solution conditions under which there exist infinitesimal axially symmetric, stationary secondary flows
and claimed that there is a range of conditions within
which it is stable. Verma (1962) obtained an analytic
solution of the Couette flow problem using Ericksen’s
constitutive equations. Ericksen (1966) considered
stability with respect to arbitrary disturbances and
resolved the discrepancy of conclusions drawn by
Verma (1962) and Leslie (1964). Pilipenko et
al.(1981) investigated the stability of small-gap Taylor-Couette flow using the model of an anisotropic
Erichsen fluid, into which the values of the parameters entering are made specific in the case of weak
Brownian motion. Nsom (1994) reported the results
of the wide-gap Taylor-Couette configuration. The
non-axisymmetric instability was studied by Wan
et al.(2005) and the influences of the radii ratio of the
inner and outer cylinders were further discussed. (2)
Batchelor’s model. The constitutive model of Ericksen or Hand is not a sufficiently general formation
and only suited for some particular situations.
Batchelor (1971), Hinch and Leal (1975; 1976), and
Shaqfeh and Fredrickson (1990) developed a general
constitutive equation for suspensions of fibers at ar-
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bitrary concentrations. Based on this model, Gupta et
al.(2002) carried out an instability analysis, with
respect to axisymmetic disturbances, of semi-dilute
non-Brownian suspension in conjunction with a
quadratic and hybrid closure. We had known that, in a
simple Taylor-Couette flow, the regions of crossover
from Taylor vortices to spirals or between spirals of
different azimuthal wavenumbers may exhibit more
complex dynamics as a result of interaction of several
modes of flow. In the present paper, we continue the
previous work (Wan et al., 2007) and give a comprehensive quantitative view of the possibilities for a
wide range of cylinder radius ratios and for several
azimuthal wavenumbers in fiber suspensions Taylor-Couette flow.

THEORETICAL MODEL
Consider two infinitely long, concentric cylinders of radii R1 and R2 (0<R1<R2), respectively. The
flow occurred in the annulus between them. The cylindrical coordinate system (r, θ, z), with the z axis
chosen as the common axis of the two cylinders, is
used. The flow is driven by rotation of either one, or
both, of the inner and outer cylinders, with the angular
velocities Ω1 and Ω2. The flow problem is characterized by three geometric, one kinetic and two flow
dimensionless parameters: the ratio of the radii,
η=R1/R2; the dimensionless axial wavelength
L=2π/(kd) and the azimuthal wave angle θ, where
d=R2−R1 is the gap width, and k is the wavenumber
corresponding to the assumed periodicity in the axial
direction; the ratio of the angular velocities, Ω=Ω2/Ω1;
the Reynolds numbers associated with the inner and
outer cylinders are:
Re=R1Ω1d/υ, Re2=R2Ω2d/υ,

(1)

where υ is the kinematic viscosity. The governing
equations are brought into non-dimensional form by
rescaling the lengths by the gap width d, the velocity
u by the inner cylinder velocity R1Ω1, and time t by
the momentum diffusion time ρd2/µ across the gap
and the pressure p by the quantity ρR1Ω1υ/d. The
dimensionless equations are expressed as
∇·u=0,

(2)

∂u
+ Re(u ⋅ ∇u) = −∇p + ∇ ⋅τ ,
∂t
Re−1

(3)

∂a2
+ u ⋅ ∇a2 = −(ω ⋅ a2 − a2 ⋅ ω) / 2 + χ (γ ⋅ a2
∂t
+a2 ⋅ γ − 2a4 : γ ) / 2 + 2CI γ (δ − α a2 ), (4)
a4=G(a2),

(5)

where δ is the unit tensor and α is the dimension of
space, CI is the interaction coefficient, the tensor τ is
the state of stress in the fluid, a2, a4 are the secondand fourth-order orientation tensors, respectively; G
represents the closure approximation used to determine a4. So far, a number of closure models have been
put forth to approximate the fourth-order tensor by a
known second-order tensor. Popular closure approximations have been those of linear and quadratic
type (Hand, 1962), the composite closure derived by
Hinch and Leal (1975; 1976), hybrid closure (Advani
and Tucker III, 1987), orthotropic approximation
proposed by Cintra and Tucker (1995). Parsheh et al.
(2006) studied the performance of different closure
models in a planar contraction flow. Some models are
particularly well suited to 2D flow situations. Since
the Taylor-Couette instability leads to 3D secondary
flow, in this study we still adopt the Hinch-Leal closure approximation similar to our previous paper
(Wan et al., 2007), with the relationship between the
components of a4 and those of a2 being given by:
aijkl = [2(δ ij akl + aij δ kl ) − aij akl + 3(aik a jl + ail a jk )
− 2(δ ij akm aml + aim amjδ kl )]/ 5.

(6)

In Eq.(4), γ, ω are the rate of strain tensor and
the vorticity tensor respectively and are defined by
γ = ∇uT + ∇u , ω = ∇uT − ∇u ,

(7)

and χ is related to the aspect ratio by the following
expression:

χ = (ra 2 − 1) /(ra 2 + 1),

(8)

in which ra=L/d is the aspect ratio of the fiber. The
stress of fiber suspensions in Eq.(3) consists of two
parts: the contribution of the suspending fluid and that
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of the fibers. Details are given by Azaiez (2000) and
You et al.(2004).
Express the characteristic variables in the form
of the fundamental profile plus a small disturbance:
u(r, θ, z, t)=[u*(r, θ, z, t),V0(r) +v*(r, θ, z, t),
w*(r, θ, z, t)],
(9a)
(9b)
p(r, θ, z, t)=p0(r)+p*(r, θ, z, t),
a2 (r ,θ , z , t ) = a20 (r ) + a2* (r ,θ , z , t ) .
(9c)
The disturbance is expressed in the following
normal mode form:
u*(r, θ, z, t)=u(r)exp[λt+i(mθ +kz)],

(10)

where m is the wavenumber corresponding to the
assumed periodicity in the azimuthal direction.
The temporal stability is discussed here, so the
characteristic exponent λ(k, m) is in general complex
and can be expressed as:

λ=Reλ +iImλ=σ–iω,

(11)

where σ and ω can be explained as the growth rate and
the characteristic frequency of the disturbance with
the physical interpretation of azimuthal wave speed in
the k-m plain, respectively. Other variables such as the
pressure and orientation tensors can be expressed
similarly. Substitution of these variables into
Eqs.(2)~(4) and the linearization lead to a complex
generalized eigenvalue problem of the type
UX=λVX,

(12)

where the vector X=(u, p, a2). The zero-boundary
conditions of the disturbances are applied at the cylmN=0
mN=1
mf=0
mf=1
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The critical Reynolds number of the inner cylinder Rec is defined as the smallest value of Re for
which an unstable eigenmode exists. In the
non-axisymmetric disturbances, the wavenumbers in
the azimuthal direction of the critical disturbance are
generally different. Among them, the disturbance
wave with the smallest value of Rec determines the
instability of the flow. When the ratio of the angular
velocity of the outer cylinder to that of the inner cylinder is non-negative (Ω=Ω2/Ω1≥0), the numerical
results of fiber suspensions, analogous to the Newtonian flow, show that the most unstable mode always
corresponds to an axisymmetric disturbance irrespective of the changes of the other parameters.
However, this is not always correct for negative values of Ω.
The comparisons between the Newtonian flow
and fiber suspensions (aspect ratio ra=102, volume
fraction c=10−4) for different azimuthal wavenumber
m with η=0.675 are shown in Fig.1. The subscripts
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general: first, the differential equation is replaced by a
set of difference equations; second, the differentiation
matrix operators proposed by Weideman and Reddy
(2000) and Trefethen (2001) are applied to the differential equations. For every given value of fiber
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obtained further, from which all the flow variables
can be obtained.
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Fig.1 Comparisons between Newtonian flow and fiber suspensions. (a) Rec~Re2; (b) kc~Re2; (c) ω~Re2
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‘N’ and ‘f’ denote the Newtonian flow and fiber
suspensions, respectively. The relationship between
the critical inner Reynolds number Rec and the outer
Reynolds number Re2 is given in Fig.1a. It can be
found that in both the Newtonian flow and fiber suspensions, two modes of different azimuthal
wavenumbers become unstable simultaneously, given
a large negative value of Re2. Here, we refer to the
crossing points as bicritical points. It is also obvious
that the addition of fibers not only improves the value
of Rec signifying a stabilization effect for both axisymmetric and nonaxisymmetric disturbances, but
also makes the bicritical points moving towards left.
Fig.1b shows the critical axial wavenumber kc as a
function of Re2. As known, the value of kc increases
with the absolute value of Re2 for different disturbance mode m. However, the critical axial
wavenumber kc of fiber suspensions is larger than that
of the Newtonian flow for a fixed m. In Fig.1c we
have the azimuthal wave speed ω versus the outer
Reynolds number Re2. The wave speed ω has been
nondimensionized by mΩ1 in order to examine the
250

extent to which the waves are dispersionless with
respect to the azimuthal wavenumber. Thus, the wave
speeds stay within a confined range. It comes out that
the wave speed of the nonaxisymmetric disturbance
modes in fiber suspensions has similar variant characteristics to that of the Newtonian flow. However,
the wave speed of fiber suspensions is always smaller
than that of the Newtonian flow. It implies that the
resultant effect of fibers is to reduce the disturbances.
When the absolute value of Re2 is relatively small, the
wave speed changes significantly. Moreover, the influence of fibers on the wave speed is not evident. The
larger absolute value of Re2 leads to the greater attenuation of the fibers on ω and the smoother curve of
the variation of the wave speed.
If we regard the Reynolds number of the inner
cylinder Re as a continuous function of the outer
Reynolds number Re2 and the axial wavenumber k,
hence for a given Re2, there exists an axial
wavenumber k, where Re reaches its minimum. We
refer to this axial wavenumber k as a critical axial
wavenumber kc. Figs.2~4 provide the critical inner
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Fig.2 Relations between Rec and Re2. (a) η=0.750; (b) η=0.825; (c) η=0.900; (d) η=0.975
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Reynolds number Rec, the critical axial wavenumber
kc and the azimuthal disturbance wave speed ω as
functions of the outer cylinder Re2, respectively. In
each figure, the results of different radii ratio η and
azimuthal wavenumber m are listed. The fiber parameters ra=102 and c=10−4 are fixed to obtain these
results. As usual, the minimum of the critical Reynolds number of the inner cylinder Rec determined the
instability of the flow.
Fig.2 shows that, for a given outer Reynolds
number Re2, the difference of Rec of the neighboring
azimuthal disturbance modes becomes gradually
smaller with the increase of the radii radio η. It results
in the curves overlapping each other and there are no
evident cross points. Linking the lowest of the curves
in each figure, we can obtain the predicted critical
curve defined by the most unstable disturbance modes.
For a given radii ratio, all the critical curves vary
smoothly and there are no obvious jumps except that
the slopes at the bicritical points have small differences.

From Fig.3 in conjunction with Fig.2, it can be
seen that the critical axial wavenumber kc changes
discontinuously in the bicritical points where the
azimuthal wavenumber m changes. Furthermore, the
larger the azimuthal disturbance mode m is, the more
pronounced the size of the discontinuity is. While the
distance between two cylinders becomes very small,
the critical axial wavenumber kc corresponding to
each azimuthal mode m monotonously increases with
the rise of Re2. The curves for each value of azimuthal
wavenumber m get closer to one another and the
jumps become unobvious.
The variations of the wave speed of the
non-axisymmetric modes are shown in Fig.4. When
the Reynolds number of the outer cylinder Re2 is
relatively small, the wave speed of m mode is always
smaller than that of m+1 mode. Furthermore, the
differences of the wave speeds among different
non-axisymmetric modes are relatively small. But
these differences gradually increase as Re2 becomes
more negative and the wave speed of m mode gets
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Fig.3 Relations between kc and Re2. (a) η=0.750; (b) η=0.825; (c) η=0.900; (d) η=0.975
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Fig.4 Relations between ω and Re2. (a) η=0.750; (b) η=0.825; (c) η=0.900; (d) η=0.975

larger than that of m+1 mode. When the radii ratio
tends to 1 (i.e., narrow gap situation), the wave speed
of each mode is obviously smaller than that of wide
gaps.
For the fixed values of the fiber parameters ra
and c, we can calculate the values of critical inner
Reynolds number Rec (Re2, η) at different azimuthal
modes m. Thus, the stability curves in the
three-dimensional (Re, Re2, η) parameter space are
obtained. The predominant surfaces of the disturbances of instability modes are further obtained by the
projection from the (Re, Re2, η) space onto the two
parameters (Re2, η) and (Re, η) plane, respectively.
From these figures, we can find out the distribution of
the most unstable disturbance modes, which are to be
amplified and lead to the destabilization of the flow,
in the cases of different η, Rec and Re2.
Figs.5a and 5b show the comparisons of the most
unstable azimuthal modes in the flow of Newtonian
fluid and fiber suspensions (aspect ratio ra=102,
volume fraction c=10−4), respectively. From these

figures, it is found that for a given η, the critical
Reynolds numbers of the inner, outer cylinders Rec,
Re2 in fiber suspensions are always larger than that in
Newtonian flow. The region of the high order modes
in the fiber suspensions is obviously smaller than that
in the Newtonian flow, i.e., the addition of the fibers
attenuates the occurrence of the high order modes of
the instability disturbances.
The distribution of the critical instability with
aspect ratio ra=102 and volume fraction c=10−4 is
given in Figs.6a and 6b. The boundaries of the regions
are of special interest since it is in their vicinity that
different mode interaction might be expected. In addition, analogous to the analysis of Figs.3 and 4, close
to each curve, the wave speed, the axial and azimuthal
wavenumbers are not generally all the same. It can be
seen that all critical curves grow closer to one another
with the increase of the radii ratio η. When η tends to
1, these curves almost cross each other. So the competition of multiple modes may occur in narrow gap
cases. Keeping the radii ratio η, the value of the most
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unstable azimuthal wavenumber m monotonously
increases with the inner Reynolds number Re or the
absolute value of the outer Reynolds number Re2, and
their spans become wider. If the value of η is relatively small, the most unstable azimuthal modes m
change smoothly. The instability modes of the higher
order azimuthal wavenumber may occur in the region
where η is relatively large or Re, Re2 are higher.

CONCLUSION
We have presented the results of the
non-axisymmetric disturbances analysis of the Taylor-Couette flow of fiber suspensions. The constitutive model of the fiber orientation and the required
closure approximation is based on the approach developed by Hinch and Leal. The comprehensive survey of the primary transition is given over a wide
range of the parameters Re, Re2, η and fiber parame-

ters ra, c. Special attention has been focused on the
bicritical curves that separate the transition from
Couette flow to the flows with different azimuthal
wavenumbers m and m+1. We have found that:
(1) For a specific set of fiber parameters and
geometric, kinematic parameters of the flow system,
the variants of the curves of the critical Reynolds
number, critical axial wavenumber and wave speeds
in the fiber suspensions are analogous to those of the
Newtonian flow.
(2) In transition curves, the added fibers result in
a stabilization effect to the flow and make the bicritical points moving towards more negative values of
the outer cylinder Reynolds numbers Re2.
(3) For a fixed azimuthal mode, the critical axial
wavenumber increases with the volumic concentration and the aspect ratio of fibers.
(4) An increase of fiber parameters leads to a
lower value of the wave speed of the non-axisymmetric disturbance.
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(5) The presence of fibers may attenuate the
occurrences of higher-order instability harmonics.
This will provide the basis for further nonlinear
and experimental studies of multicritical phenomena
in the Taylor-Coutte flow of fiber suspensions.
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