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Abstract: Swept volume solid modeling has been applied to many areas such as NC machining simulation and verification, robot
workspace analysis, collision detection, and CAD. But self-intersections continue to be a challenging problem in the boundary
representation of swept volume solids. A novel algorithm is presented in this paper to trim self-intersection regions in swept
volume solids modeling. This trimming algorithm consists of two major steps: (1) roughly detecting self-intersection regions by
checking intersections or overlapping of the envelop profiles; (2) splitting the whole envelop surfaces of the swept volume solid
into separate non-self-intersecting patches to trim global self-intersections, and to trim local self-intersections, dividing local
self-intersecting regions into patches and replacing self-intersecting patches with non-self-intersecting ones. Examples show that
our algorithm is efficient and robust.
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INTRODUCTION
Swept volume (SV) is defined as the space occupied by sweeping a solid or a collection of surfaces
along an arbitrary trajectory (Kim et al., 2004), and it
has been applied to many areas such as geometric
modeling, NC machining simulation and verification,
robot workspace, and collision detection (Blackmore
et al., 1997b; Abdel-Malek et al., 2006).
The problem of SV is developed with many disciplines including envelop theory (Wang and Wang,
1986; Martin and Stephenson, 1990; Weld and Leu,
1990; Pottmann and Peternell, 2000), sweep differential equations (SDE) (Blackmore and Leu, 1992;
Blackmore et al., 1997a) and Jacobian rankdeficiency method (Abdel-Malek and Yeh, 1997).
Envelop theory is one of the most fundamental for‡
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mulations for SV problems, and states that the SV of a
compact n-manifold in ún is generated by combining
the SVs of the boundaries of this manifold at each
location in the sweep. The SV problem is also developed in parallel with many solid modeling techniques
such as boundary representation (B-Rep), spatial partitioning and constructive solid geometry (Requicha
and Voelcker, 1982). B-Rep is one of the most widely
used modeling techniques, because it supports a variety of mathematical surfaces including Bezier, spline
and NURBS. Based on both envelop theory and B-rep
method, the envelop of the space occupied by the SV
can be identified as a solid, called “SV solid”.
However, one challenging problem may often
arise during the SV solid modeling, which is that the
SV envelop surfaces may self-intersect. It will result
in non-manifold boundary surfaces of SV solids and
is one of the most difficult aspects for analyzing and
representing SVs. The problem of self-intersections
in SV solid modeling has been largely overlooked in
literature due to its difficulty, but it is still very desirable to remove all unwanted inner pieces of the
envelop surfaces inside the SV, especially in the
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context of a boundary modeler which demands all
handled objects be manifolds (Blackmore et al., 1999;
Rossignac et al., 2007).
In this paper, a novel algorithm is proposed for
trimming self-intersections in SV solid modeling of
revolutions. In Section 2, we will briefly introduce the
definition of SV problems and the procedures of
modeling an SV solid. The new detection-andtrimming method of self-intersections in SV solid
modeling will be presented in detail with examples in
Sections 3 and 4. A conclusion will be given in Section 5.

SV SOLID MODELING
NC machining tools are or can be approximated
by revolved solids in machining simulation and verification, and geometric modeling applications. So, in
this paper we focus on the self-intersection-trimming
of SVs generated by revolved solids along curved
swept trajectories.
Let M⊂ú3 be the revolution generator solid to be
swept in ú3. Let τ(t) be a composite curve as the
sweeping trajectory curve in ú3, and R(t) be a
time-varying matrix from τ(t) which presents the
transformation from the start reference frame to the
reference frame at time t, where t is the single time
variable normalized to vary in [0, 1]. Here, R(0) corresponds to the identity matrix. The sweeping of the
generator solid M can be described by the following
formula:
M(t)=τ(t)+R(t)·M.

(1)

the start position of the motion; ∂+M(1) consists of the
egress surface patches of M at the end position of the
motion. The envelop profile ∂0M(t) of SV is extracted
from M(t) at time t (Yu and Wang, 2003). In this
paper, the envelop profile ∂0M(t) is considered as a
composite curve, which is named as C(t). As presented in the envelop theory, the SV envelop surface
is created through the envelop profile curve set {C(t)},
which means that the envelop surface and the intermediate generator solid M(t) tangentially touch at the
envelop profile curve C(t) at a given time t. So if a
point P lies on C(t), it must also both lie on the envelop surface and M(t), and its velocity vector at time
t must be in the tangent plane of the SV envelop surface at this point. That is to say,
VP·NP=0,

(4)

where VP is the instantaneous velocity vector of P; NP
is the normal vector of the SV envelop surface at P
and it can also be evaluated from the boundary surface of the moving generator solid M(t) at P (Blackmore et al., 1997a; Piegl and Tiller, 1997; Mann and
Bedi, 2002).
According to the above definitions of SV problems, the whole SV solid modeling can be presented
in the following steps:
Step 1: Discretize the trajectory curve into m
points according to the curvature variations, denote
those points as P0, P1, P2, …, Pm−1, and set up reference frames Fi (i=0, 1, 2, …, m−1) at each discrete
point Pi (Fig.1). In order to avoid a twisted or
self-intersecting SV solid at most, proper reference
frames are important. So the modified Frenet Frames
(Xu et al., 2007) are adopted in this paper.

The SV solid of M can be defined as
SV(M)={∪M(t)|t∈[0, 1]},

(2)
(a)

where ∪ represents the union of moving generators.
The envelop of the SV solid can be defined as
the union of all envelop profiles of the moving generator at each position over the entire time interval as
follows:
∂SV(M)=∂−M(0)∪∂+M(1)∪{∂0M(t): t∈[0, 1]}. (3)
∂−M(0) consists of the ingress surface patches of M at

(b)

Fig.1 Step 1: (a) Discrete points P0, P1, P2, …, Pm−1 on the
trajectory and corresponding reference frames on the
points; (b) Magnified end of the trajectory

Step 2: Transform the generator within those
reference frames. We use the following equation to
describe the transform:
Fi=Ai·F0,

(5)
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where F0 is the first frame set up at the start of the
trajectory, Fi is the local frame at the ith discrete position Pi, and Ai is the transform matrix from F0 to Fi
(Peternell et al., 2005).
Then calculate the velocity vectors of the generator at each discrete position. According to Eq.(5),
the sweeping of a point x on the generator M can be
presented as
xi=Ai·x,

(6)

where xi is the point on the moving generator Mi
transformed from the start position into the ith discrete position, and the motion of x can be taken as a
trajectory. So the velocity vector Vx,i of x at the ith
discrete position is just the tangent vector of this point
on the corresponding sweeping trajectory (Mann and
Bedi, 2002):

Vx , i = xi = Ai ⋅ x .

(7)

At last, extract and approximate the envelop
profile curve C(t). Firstly, we tessellate the rotation
axis Axi of the moving revolved generator Mi into n
points {Apj | j=0, 1, 2, …, n−1} at each local frame,
make a plane through the point Apj and with the
normal of Axi, intersect this plane with the boundary
surfaces of Mi to get a circle SCj, calculate the
Envelop profile
curve

velocity vector Vj at the center point of a sphere which
passes SCj, make a plane through the spherical center
point and with the normal of Vj, and then intersect this
plane with Vj to obtain the grazing points {Gk,j | j=0, 1,
2, …, n−1; k=0, 1, 2}. The envelop profile curve C(t)
is the approximation of B-spline curves through these
grazing points (Fig.2). The details refer to our earlier
paper (Xu et al., 2007).
Step 3: Suppose the extracted envelop profile C(t)
is a composite of B-spline curves, we can approximate a B-spline envelop surface S(u, v) (skinned surface) by lofting through the profile curve set {C(t)}
(Piegl and Tiller, 1997) (Fig.3a).
Based on B-splines, the definition of S(u, v) is as
follows.
It is known that S(u, v) touches the moving generator at the profile curve C(t) at any given time t, so
points on the profile curve C(t) must also lie on the
surface S(u, v). Suppose the composite profile curve
C(t) at time t can be represented as follows:
n

Ct (u ) = ∑ Ri , p (u ) Pi ,t .

(8)

i =0

The approximation of the envelop surface is a
process of blending the profile curves together to
create a surface. Let
Envelop surface

Grazing points

Trajectory

(a)
Envelop surface

(a)

Egress

Ingress

(b)

(b)

Fig.2 Step 2: (a) Grazing points and the approximated
envelop profile curve on the generator at the start position of the trajectory; (b) Envelop profile curves at each
position

Fig.3 Step 3: (a) Envelop surface created by lofting all
the profile curves; (b) The whole SV solid which combines the envelop surface with the ingress/egress surfaces
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n

m

S (u , v) = ∑∑ Ri , j , p , q (u , v) ⋅ Pi , j ,

(9)

i =0 j =0

where {Ri,j,p,q(u, v)} are the rational B-spline basis
functions (Piegl and Tiller, 1997).
Let S(u,v) be given by Ct(u):
S(u, vt)=Ct(u).

(10)

Here vt is a set of unknown variables. From Eq.(9), we
can get
n
⎛ m
⎞
S (u , v) = ∑ Ri , p ⎜ ∑ R j , q (v) Pi , j ⎟,
i =0
⎝ j =0
⎠

(11)

if
m

Qi (v) = ∑ R j , q (v) ⋅ Pi , j ,

(12)

Qi (v j ) = Pi , j , i = 0,1,… , n; j = 0,1,… , m.

(13)

j =0

and

Eqs.(8)~(13) are used to generate m+1 interpolations across the control points of the swept profile
curves, yielding the control points Qi, j of the envelope
surface. Then, the V direction interpolations through
Pi,t are carried out in four-dimensional space. Finally,
Eq.(11) can represent the approximated envelope
surface (Weinert et al., 2004).
Then the envelop surface is joined with the ingress and egress surfaces to form the SV solid.

ROUGH
TIONS

DETECTION

OF

SELF-INTERSEC-

One primary causation of self-intersections in
SV solid modeling is the intersection or overlapping
of the envelop profiles. So in this section a checking
method is presented to roughly detect self-intersection.
As mentioned in the previous section, the trajectory curve is tessellated into m points as P0, P1,
P2, …, Pm−1, and a moving reference frame Fi is set up
at the corresponding discrete position of Pi. Then all
envelop profiles are extracted at each reference frame,
and stored into the profile curve set C={Ci|i=0, 1,
2, …, m−1} in order. The worst case of the computational complexity for this checking method is O(m2).
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Let Fi be the ith frame and Fj the jth frame (j≠i).
Suppose the envelop profile curve Ci at frame Fi is
approximated through the grazing point set Gi=
{Gk,l,i|l=0, 1, …, n−1; k=0, 1, 2} (here n is the number
of tessellation points on the generator rotation axis),
and correspondingly the profile Cj at frame Fj is approximated through the grazing point set Gj={Gk,l,j|
l=0, 1, …, n−1; k=0, 1, 2}. If either of these two envelop profiles intersects itself, there must be
self-intersections in the SV envelop surfaces and this
profile curve is marked and put into a special subset
X={Ci|i=0, 1, 2, …} in the position order and X⊂C. If
neither of these two envelop profile curves intersects
itself, they should also be checked whether they intersect or overlap. There are three cases in this
checking:
Case 1 Both of the two envelop profile curves are
planar curves.
Case 2 One of the two envelop profile curves is a
planar curve, while the other is not.
Case 3 Neither of the two envelop profile curves is
a planar curve.
In Case 1, suppose the plane bounded by Ci is αi,
and the plane bounded by Cj is αj. If αi and αj have no
intersections, there must be no self-intersections between these two profiles. If the two planes intersect,
the intersection points between planes αi and αj are
denoted as Qi,j={Qk,i,j|k=0, 1, 2}, and the intersection
curves are denoted as Li,j={Lk,i,j|k=0, 1, 2, …}. If the
count of Qi,j is non-zero, or the count of Li,j is positive,
there must be self-intersections, as shown in Fig.4. If
there is confirmed intersection or overlapping, these
two profile curves are marked and put into the subset
X in the order of their positions in the set C.
In Case 2, suppose the plane bounded by Ci is αi,
then the intersection points between the non-planar
profile curve Cj and αi are marked as Qj={Qk,j|k=0, 1,
2}, and the intersection curves are marked as
Lj={Lk,j|k=0, 1, 2, …}. If either the count of Qj or the
count of Lj is larger than zero, there must be
self-intersections, as shown in Fig.5. These two profile curves are also marked and put into the subset X in
the order of their positions in the set C.
In Case 3, as it is difficult to judge whether two
non-planar curves intersect, a rough but fast method is
proposed for the rough intersection checking. As
introduced above, the envelop profile curve Ci is
approximated through the grazing points Gi. Hence
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under a given tolerance, Ci can be considered as a
polyline PLi and the polyline PLj is obtained from Cj
through the grazing points Gj. Two triangular facets
through two pairs of grazing points are created as the
intersection checking areas (Fig.6b). If those triangular facets from Ci have intersections with the polyline PLj, there must be self-intersections. If there is no
intersection, the intersections between triangular facets from Cj and the polyline PLi will also be checked.
If either intersection exists, both the envelop profile
curves Ci and Cj will be marked and put into the
subset X in order. The pseudo-code of checking intersections between Ci and PLj is shown in Algorithm
Planar envelop
profile curves

1. Intersections between Cj and PLi are checked in the
same way. If there are n′ points in PLj, the computational complexity of this algorithm is O(n·(n′−1)).
Almost all self-intersections can be detected by
checking above three cases. However, as envelop
profile curves are extracted at discrete frames with a
provided tolerance, even all of them have passed the
above checks, there might still be self-intersections in
the envelop surfaces. So after the envelop surfaces are
created by blending all the profile curves, a more
exact self-intersection detection, which is represented
particularly in (Andersson et al., 1998; Cohen and Ho,
2000), is performed on these surfaces.
Profile
curve Cj

Profile
curve Ci
Plane αi

Plane αj

Intersection
points Qi, j

Intersection
curves Li, j

Self-intersection
region

(a)

(b)

Fig.4 Case 1: (a) All the envelop profiles are planar and a self-intersection is detected; (b) A magnified
part of the self-intersection region. As detected, there are intersection points and an intersection curve

Envelop profile
curves

Plane αi

Nonplanar
profile
curve Cj

Planar profile
curve Ci
Intersection
points Qj

Intersection
curve Lj

Self-intersection
region

(a)

(b)

Fig.5 Case 2: (a) Self-intersection is detected by checking the intersection of two profile curves, one is
planar and the other is not; (b) A magnified part of the self-intersection region. As detected, there are
intersection points and an intersection curve
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Nonplanar
profile
curves

Profile curve Ci

Approximated
polyline of
profile curve
Cj

Plane β0
Plane β1

Intersection
point
Grazing
points Gi

Self-intersection region

(a)

(b)

Fig.6 Case 3: (a) Self-intersection is detected by checking the intersection of two profile curves; (b) A magnified
part of the self-intersection region. As detected, there are intersections between the triangular facets from Ci and
the polyline PLj
Algorithm 1 Fast check of intersections between Ci and
PLj (Intersections between Cj and PLi are checked in the
same way)
Input:
Gi: Grazing points of Ci, here Gi={Gk,j,i|k=0, 1, 2; j=0,
1, …, n−1};
PLj: Polyline from Cj.
Output:
iIntersected: A Boolean value, ‘true’ means the two profile curves intersect.
Begin
For j=0 to j=n−2
Set a subset Gj,i={Gk,j,i|k=0, 1, 2}, Gj,i⊂Gi;
If the count of Gj,i is 0
Continue;
End If
For t=j+1 to n−1
Set a subset Gt,i={Gk,t,i|k=0, 1, 2}, Gt,i⊂Gi;
If the count of Gt,i is 0
Continue;
End If
Create a pair of triangular facets β0 and β1 through
points Gj,i and Gt,i;
If β0 or β1 intersects with the polyline PLj
iIntersected=true;
Break;
EndIf
j=t;
Break;
End
If (iIntersected==true)
Break;
End
End

TRIMMING SELF-INTERSECTIONS
In the context of representing boundaries of SV
solids, the envelop surfaces can be considered as a
collection of properly-joined single-component
patches. So trimming self-intersections out in SV
solids can be taken as removing self-intersection
patches (Andersson et al., 1998).
After the envelop surface is created according to
Eq.(10), local and global self-intersection regions of
SV envelop surfaces are trimmed in separate ways
with a full utilization of the evaluated subset X. All
surfaces referred to in this paper are presented as
NURBS surfaces.
Global self-intersections
Global self-intersections in SV envelop surfaces
always result from the intersections or overlapping of
two discontinuous envelop profiles denoted as Xi and
Xj (Xi, Xj∈X) as shown in Fig.7.
Suppose the profile curve Xi is extracted at the
discrete position Pi and Xj is extracted at the position
Pj. Here Pi and Pj are not in the given parameter interval named as Δt of the trajectory. Two smallest
subsets Δi and Δj of the envelop profile curve set C are
calculated around Xi and Xj,

⎧ Δi = {Ck | k ∈ [i − α , i + β ], α , β > 0},
⎪
⎨ Δj = {Ck | k ∈ [ j − δ , j + η ], δ ,η > 0},
⎪
⎩ X i ∈ Δi ; X j ∈ Δj ; Δi , Δj ⊆ C.

(14)
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Profile
curves

Trajectory

S5,37

Interval Interval
end C37 end C5
X38

Interval
end C1

Profile curve Xj
Generator

Interval
end C44

S0,1
Profile curve Xi

Fig.7 Two discontinuous envelop profile curves Xi (i=2)
and Xj (j=38) intersect, which causes a global self-intersection in this sweeping

Here Ci−α and Ci+β, Cj−δ and Cj+η are the corresponding interval ends, while Ci−α and Ci+β have no
intersections or overlapping with any other profiles in
Δi, and vice versa for Cj−δ and Cj+η. If the envelop
surface denoted as Se without the ingress or egress
patches has global self-intersections only, according
to Eqs.(10)~(13), it can be split into five segments
S0,i−α, Si−α,i+β, Si+β,j−δ, Sj−δ,j+η and Sj+η,m−1 at the above
interval ends Ci−α and Ci+β, Cj−δ and Cj+η. We put the
indices i−α, i+β, j−δ, j+η into the set I in ascending
order, I={Ik|0<k<m−1}, which collects all the positional indices of these interval ends of profile curves
in the set C, then Se can be presented as a union of
segments after trimming (Fig.8):
Se = {Si , j | i, j ∈ I ∪ {0} ∪ {m − 1}, i < j},

X2

S1,5

S37,44

Fig.8 Representation of Se with the example in Fig.7. In
this example, Δ2={C1, C2, C3, C4, C5}, Δ38={C37, C38, …,
C43, C44}, and Se={S0,1, S1,5, S5,37, S37,44}

Xj
Xi

Generator

S I 2 , I3

S I1 ,I 2

S I0 ,I1
S I3 , I 4

(a)
Generator
Trajectory

Xi

(15)

here Si,j is the separated surface segment.
After the segmentation, each envelop surface
segment can create a corresponding solid segment
with solid modeling techniques and the entire SV
solid could be modeled by combining these conterminous solid segments. Fig.9 shows three more examples of the global self-intersection trimming.
Local self-intersections
Local self-intersections usually originate from
high curvatures of the trajectory. Suppose the SV
envelop surface denoted as Se without the ingress or
egress patches has a local intersection between two
envelop profiles Xi and Xj (i<j) (Fig.10), which are
extracted at the discrete positions Pi and Pj, respectively. Here Pi and Pj are in the same interval Δt of the
trajectory.

Xj

(b)
Xi
Generator

Xj

(c)
Fig.9 Examples of the global self-intersection trimming.
The trajectory is: (a) a 3D closed spline curve; (b) a 2D
closed composite curve; (c) a 3D closed curve on a cylindrical face. The self-intersection regions are split
according to the corresponding segmental intervals
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Generator

Trajectory

X32

X5

X8

Envelop profile curves

X19

Fig.10 Two continuous envelop profile curves Xi (i=5)
and Xj (j=8) intersect. So are Xi (i=19) and Xj (j=32).
These cause two local self-intersections in this sweeping

One ordered subsets Δi, j of the envelop profiles C
are calculated around Xi and Xj, and
⎧⎪Δi , j = {Ck | k ∈ [i − α , j + β ], α , β > 0},
(16)
⎨
⎪⎩ X i , X j ∈ Δi , j , Δi , j ⊆ C ,
where Ci−α and Cj+β are the closest pair of envelop
profiles around Xi and Xj, while they do not intersect
or overlap with any other profiles in Δi, j (Fig.11). The
whole envelop surface Se is firstly split in the same
way as in the global self-intersection trimming at the
profile curves Ci−α and Cj+β. Then all positional indices (such as i−α and j+β) of the interval end profiles
in C will be collected into the set I in ascending order,
I={Ik|0<k<m−1}, and Se is represented as

Se = {Si , j | i, j ∈ I ∪ {0} ∪ {m − 1}, i < j} ∪
{Si* , j* | i* , j * ∈ I ∪ {0} ∪ {m − 1}, i* < j * },

(17)

where the set {Si, j} contains surface segments without
self-intersections and the set {Si*, j*} are those with
self-intersections.
Suppose the local self-intersections in Se occur in
the surface segment Si*, j*, which can be considered as
a collection of surface patches. As well known, corresponding UV parameters of the self-intersection
positions can be evaluated by checking self-intersections in the B-spline surface (Andersson et al.,
1998; Cohen and Ho, 2000). Given the parameters of
self-intersection positions in Si*, j*, this surface segment is further partitioned into several patches. If
there is only one self-intersection position in Si*, j*
and let its UV parameter be Sp(u0, v0) in the unitary

parameter space of Si*, j*, the surface segment Si*, j*
can be split with an evaluated area around Sp(u0, v0),
as shown in Fig.12. If there are n self-intersection
positions in Si*, j* (Fig.13), suppose the U parameters
of self-intersection positions are ascending sorted as
u0, u1, u2, …, un−1. So are the V parameters, which are
named as v0, v1, v2, …, vn−1. The partition of Si*, j* is in
the same way as there is only one self-intersection
(Fig.13). After the partition, self-intersections only
exist in the surface patches with self-intersection
positions in.
S33,42

S0,4
Interval
end C4

X5

S4*,9*

Interval end C33

S18*,33*

Self-intersection
positions

X32

S9,18

X8
Interval end C18

Interval end C9

X19

Fig.11 Representation of Se with the example in Fig.10.
In this example, there are two local self-intersection
regions, Δ5,8={C4, C5, …, C8, C9}, Δ18,32={C18, C19, …, C32,
C33}, and Se={S0,4, S4*,9*, S9,18, S18*,33*, S33,42}
V
1.0

v2″

SX0

Sp(u0, v0)
v1″

0

u1 ′

u2 ′

1.0

U

Fig.12 Unitary parameter space of the surface Si*, j* is
split into patches around one self-intersection position
Sp(u0, v0) at u1′ , u2′ , v1′′, v′′2 . The surface patch with the
self-intersection position is denoted as SX0. Here
u1′ = k1′ ·u0, u2′ = k2′ ·(1−u0), v1′′ = k1′′ ·v0, v2′′ = k2′′ ·(1−v0), while
k1′ , k2′ , k1′′, k2′′ ∈[0, 1.0] and they are initialized as 0.5 but

kept changing until there are only self-intersections in
SX0
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V
1.0
vn′′−1

SX(n−1)

vn′′−2

(a)

(b)

(c)

(d)

(e)

(f)

v′′2
SX0

v′′1
0 u′1

u′2

un′ −2

un′ −1 1.0

U

Fig.13 If there are n self-intersection positions in Si*, j*
and the U and V parameters are ascending sorted while
they are denoted as u0, u1, u2, …, un−1 and v0, v1, v2, …,
vn−1, respectively. So the parameters of the partition can
be evaluated as: u1′ = k1′ ·u0, …, u′i = ki′ ·(ui−1−ui−2), …,
u′n −1 = kn′ −1 ·(1.0−un−1) (i=2, 3, …, n−2); v1′′ = k1′′ ·v0, …,

vj″=kj″·(vj−1−vj−2), …, vn′′−1 = kn′′−1 ·(1.0−vn−1) (j=2, 3, …,
n−2), while ki′, kj″∈[0, 1.0] (i, j= 0, 1, 2, …, n−1) and they
are initialized as 0.5 but kept changing until there are
only self-intersections in SXi, i=0, 1, 2, …

Among the surface patches, those local self-intersecting patches which contain the self-intersection
positions in Si*, j* are denoted as SXi, i=0, 1, 2, …, and
other non-self-intersecting patches in Si*, j* are denoted as SuXj, j=0, 1, 2, … (Fig.14).
So trimming local self-intersections can be taken
as recreating a new surface patch without self-intersections instead of SXi (Fig.15). The pseudo-code of
this recreation algorithm is listed in Algorithm 2, and
if the numbers of rows and columns of the control
points net of SXt are n and m respectively, the computational complexity of this algorithm is O(m·n).
SuX0
SX0

SuX1

SX2

SX1

Fig.14 Self-intersecting surface segment S18*,33* is partitioned into five surface patches, where three are selfintersecting and two are not

Fig.15 Three self-intersecting patches SX0 in (a), SX1 in
(b), SX2 in (c) in Fig.14 are recreated with Algorithm 2.
The newly created surface patches are (d)~(f), which
correspond to (a)~(c) one to one
Algorithm 2 Substitution of a self-intersecting surface
patch with a non-self-intersecting patch
Input:
SXt: A surface patch with local self-intersections.
Cpi, j: The control points net of SXt, i=0, 1, 2, …, n−1 and j=
0, 1, 2, …, m−1, here i and j correspond to the row and column
of the control points net, respectively.
Output:
SuXt*: A new surface patch without local self-intersections.
Begin
Create a new empty control point net of Cpi, j, marked as
Cpiu, j .

For i=1 to n−2
Set the control points of Cpiu, j as follows:
⎧Cpiu,0 = Cpi ,0 ,
⎪
⎪Cp u = Cp + Cp − Cp ⋅ km − k1 ,
( i,1 i,0 ) k − k
i ,0
⎪⎪ i ,1
4
1
(18)
⎨
k m + 2 − k3
u
⎪Cp
Cp
Cp
Cp
,
=
+
−
⋅
( i ,m −1 i, m − 2 ) k − k
i , m −1
⎪ i,m− 2
m+2
m −1
⎪ u
⎪⎩Cpi , m −1 = Cpi , m −1.
Here {k0, k1, k2, k3, km, km+1, km+2, km+3} is the knot list
whose values are from the corresponding knot values of Ki=
{Cpi, j|j=0, 1, 2, …, m−1};
Insert the left knots {k4, k5, …, km−2, km−1} from Ki back
into the new control point net Cpiu, j , so as to make Cpiu, j have
the same number of control points as Cpi, j;
End
Create a new copy control point net of Cpi, j, marked as
Cpiv, j ;
For j=1 to m−2
Set the control points of Cpiv, j as follows:
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⎧Cp0,v j = Cp0, j ,
⎪
⎪Cp v = Cp + Cp − Cp ⋅ kn − k1 ,
( 1, j 0, j ) k − k
0, j
⎪⎪ 1, j
4
1
(19)
⎨
k n + 2 − k3
⎪Cp v
,
= Cpn −1, j + ( Cpn −1, j − Cpn − 2, j ) ⋅
⎪ n − 2, j
kn + 2 − kn −1
⎪ v
⎪⎩Cpn −1, j = Cpn −1, j .

Egress

Local self-intersection region

Ingress

Here {k0, k1, k2, k3, kn, kn+1, kn+2, kn+3} is the knot list
whose values are from the corresponding knot values of Kj=
{Cpi, j|i=0, 1, 2, …, n−1};
Insert the left knots {k4, k5, …, kn−2, kn−1} from Kj into the
new control point net Cpiv, j , so as to make Cpiv, j have the same

Global self-intersection
region

number of control points as Cpi, j;
End
Create a new control point net Cpi*, j , let it be (see Fig.16):
Cpi*, j = (1 − ε − ϕ ) ⋅ Cpi , j + ε ⋅ Cpiu, j + ϕ ⋅ Cpiv, j ,

(20)

ε, φ∈[0, 1]; 0≤ε+φ≤1.
*
Make the new non-self-intersecting surface patch SuXt

(a)
Generator
Self-intersection
intervals

through the new control point net Cpi*, j ;

Trajectory

End
V

Cp2,2
Cp0,2

Global selfintersections

Cp1,2

Local selfintersections

(b)

u
Cp1,1
*
Cp1,1

Cp2,1

ε

Cp0,1
Cp1,1

φ
Generator
Trajectory

Cp2,0

Cp0,0
Cp1,0

U

Local selfintersections

Fig.16 Taking the resetting of Cp1,1 for example, the
control point net is reset according to Eq.(20)

After the trimming of local self-intersections, the
SV envelop surfaces Se can be presented as
Se = {Si , j | i, j ∈ I ∪ {0} ∪ {m − 1}, i < j} ∪
*
{SuXi
| i = 0, 1, 2, ...} ∪ {SuXj | j = 0, 1, 2, ...}. (21)

Sheets are created on non-self-intersecting surface segments and patches, then the entire SV solid
can be modeled from these sheets by the techniques of
solid modeling. Three trimming results of local
self-intersections are shown in Fig.17.

(c)
Fig.17 Three examples of the local self-intersection
trimming. The trajectory in each example is: (a) an open
3D composite curve; (b) a closed 2D composite curve; (c)
a closed 3D composite curve on a base surface. In (a) and
(b) there are both global and local self-intersections, while
in (c) there are local self-intersections only. The
self-intersection patches are reconstructed according to
Algorithms 1 and 2
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CONCLUSION
We have presented a novel and efficient algorithm for trimming self-intersections in the modeling
of swept volume (SV) solids. One of the most satisfying features of this algorithm is that no matter if
both local self-intersections, global self-intersections
only, or local and global self-intersections occur in
the SV envelop surfaces, our algorithm can perform
trimming well.
Next, we will improve the approximation errors
and the computational cost of the algorithm, and in
the future extend our algorithm to the general sweeps.
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