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Abstract: A method is proposed to monitor and control Hopf bifurcations in multi-machine power systems using the information
from wide area measurement systems (WAMSs). The power method (PM) is adopted to compute the pair of conjugate eigenvalues
with the algebraically largest real part and the corresponding eigenvectors of the Jacobian matrix of a power system. The distance
between the current equilibrium point and the Hopf bifurcation set can be monitored dynamically by computing the pair of conjugate eigenvalues. When the current equilibrium point is close to the Hopf bifurcation set, the approximate normal vector to the
Hopf bifurcation set is computed and used as a direction to regulate control parameters to avoid a Hopf bifurcation in the power
system described by differential algebraic equations (DAEs). The validity of the proposed method is demonstrated by regulating
the reactive power loads in a 14-bus power system.
Key words: Wide area measurement system (WAMS), Hopf bifurcations, Monitoring of bifurcations, Control of bifurcations
doi:10.1631/jzus.A0720006
Document code: A
CLC number: TM761; TN751.3

INTRODUCTION
Along with the continuous extension of the scale
of power systems, the dynamic characteristics of
power systems become more and more complicated.
Moreover, economic and environmental pressures are
causing power systems to be operated close to their
limits of stability. As a result, some nonlinear singularity phenomena are observed frequently in modern
power systems. One of the more prominent examples
is the 0.7 Hz sustained oscillation that arises in the
Western Systems Coordinating Council (WSCC)
following the loss of the AC or DC interties between
the Pacific Northwest and California (Mensour, 1990).
Sustained oscillations can also arise during the
‘normal’ steady-state operation (Jiang et al., 1997).
The mechanism of these equal amplitude oscillations
‡
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has been found associated with the Hopf bifurcation
which is featured with a pair of conjugate eigenvalues
of the Jacobian matrix of a system crossing the
imaginary axis and the trajectory of the system tending to a limit cycle (Ajjarapu and Lee, 1992; Wang et
al., 1996). Further studies are developed by Dobson et
al.(1992). In their paper, with loads being considered
as parameters in an ODEs (ordinary differential
equations) system, a method was presented to increase the loading margin according to the sensitivity
of the Hopf bifurcation under the condition that the
direction of the increasing loads is known, which will
postpone the Hopf bifurcation. In order to describe
the dynamical process of power systems in more
detail, Lerm et al. extended the above work to DAEs
(differential algebraic equations) systems (Lerm,
2001; 2002; Lerm and Silva, 2004).
The emerging of wide area measurement systems (WAMSs) offers new opportunities for the
monitoring and control of power systems. With
WAMS, most state variables and all the algebraic
variables of power systems can be obtained directly.
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As a result, the location of the current equilibrium
point in a power system can be obtained expediently.
This paper discusses the monitoring and control of
Hopf bifurcations in power systems using the information from WAMS. The current paper is organized
as follows. Section 2 presents some concepts about
Hopf bifurcations in ODEs systems. Section 3 discusses Hopf bifurcations in power systems based on
DAEs. It is discussed in Section 4 using the information from WAMS to monitor Hopf bifurcations in
power systems. In Section 5 a method to control Hopf
bifurcations in power systems is proposed. Then a
14-bus power system is studied as a case in Section 6.
Finally some main conclusions are drawn for this
study in Section 7.

HOPF BIFURCATIONS IN ODES SYSTEMS
This section introduces some basic concepts
about bifurcations of ODEs systems. The standard
bifurcation theory arises from the study of the stability of ODEs systems (Kuznetsov, 2004). In essence,
bifurcations are the changes of the topology of a
system caused by the changes of parameters of the
system. There are several types of bifurcations in
ODEs systems, such as saddle-node bifurcations and
Hopf bifurcations. This paper concentrates only on
the local bifurcations, especially the local Hopf bifurcations. In a supercritical local Hopf bifurcation,
the changes of parameters of the system cause a pair
of conjugate eigenvalues of the Jacobian matrix of the
system crossing the imaginary axis and the trajectory
of the system tending to a limit cycle.
Bifurcation set in multidimensional parameter
space
Consider a system modeled by smoothly parameterized ODEs:
x = f ( x , λ), x ∈ \ n , λ∈ \ m , m > 2.

(1)

Assume that when λ=λ0 and x=x0, the system Eq.(1) is
asymptotically stable at the point (x0, λ0). As λ varies
in the parameter space úm, x varies in the state space
ún. Suppose as λ varies along a certain direction in the
parameter space from λ=λ0 to λ=λ*, x varies from x=x0
to x=x* in the state space, and the system Eq.(1) can

keep asymptotically stable when the operating point
changes from (x0, λ0) to (x*, λ*). If λ continues to vary
along the direction, the system cannot remain asymptotically stable any more (may become oscillatory or lose stability suddenly) when λ passes across
the point λ*. Then (x*, λ*) is called a bifurcation point
of the system Eq.(1), and λ* is called a bifurcation
point in the parameter space. In parameter space, all
the bifurcation points constitute a set Σ, and λ*∈Σ. úm
is called a multidimensional parameter space when
m>2, and the set Σ⊂úm is typically in the form of
surfaces or hypersurfaces in úm and their intersections
(Dobson, 1992).
Normal vectors to Hopf bifurcation set
Lemma 1 (Dobson, 1993)
Suppose the system
Eq.(1) has a Hopf bifurcation at (x*, λ*) with Dxf (x*, λ*)
having a pair of conjugate eigenvalues ±jω*, ω*≠0 and
all other eigenvalues with nonzero real part and satisfying the transversality conditions Dλ(Re{μ(λ)})≠0
and c≠0, where c is a coefficient of cubic terms in the
flow reduced to the center manifold and is a complicated function of triple derivatives of the function f,
and μ is a smooth function defined in a neighborhood
of λ* with μ(λ*)=jω*. Write ΣHopf for the Hopf bifurcation set of the system Eq.(1) and d*, e* for the normalized left and right eigenvectors respectively corresponding to one of the pair of conjugate eigenvalues,
then there is an open set U (λ*∈U) such that
S=ΣHopf∩U is a smooth hypersurface and the normal
vector to S at λ* is
N ( λ* ) = Re {d*T ( f xx U λ + f xλ )e* } ,

(2)

where fxx is an n×n×n tensor, fxλ is an n×n×m tensor,
and Uλ is an n×m Jacobian matrix given by fxUλ=−fλ.
HOPF BIFURCATIONS IN POWER SYSTEMS
Modeling of power systems
The model to describe the electromechanical
stability of power systems is a DAEs set, in the form:
⎧ x = f ( x, y, λ),
⎨
⎩0 = g ( x , y, λ),

(3)

where x is a vector of state variables of a power sys-
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tem, y is a vector of algebraic variables of a power
system, and λ is a vector of parameter variables of a
power system, λ∈χ, where χ denotes the space of
parameter variables.
Hopf bifurcations in DAEs systems
The stability of DAEs systems is studied in detail
by Hill and Mareels (1990). The main idea is that if
Dyg(x, y, λ) is nonsingular along the system trajectories of interest, the dynamic behavior of the system
Eq.(3) along these trajectories is determined by the
local ODEs reduction:
x = f ( x , y −1 ( x , λ), λ),

(4)

where y=y−1(x, λ) is determined by applying the Implicit Function Theorem to the algebraic equations
0=g(x, y, λ) on the trajectories of interest. The Jacobian matrix of the system Eq.(4) is shown as follows:

A = Dx f − D y f ( D y g )−1 Dx g.

Normal vectors to Hopf bifurcation set of DAEs
systems
According to Lemma 1, the normal vector to the
Hopf bifurcation set of the system Eq.(3) at (x*, y*, λ*)
is

(6)

Notice that A in Eq.(5) contains the term (Dyg)−1, so it
is very difficult to determine Ax and Aλ in Eq.(6). In
order to avoid this problem, a method based on “extended” eigenvectors is proposed by Smed (1993).
The main idea about “extended” eigenvectors can be
stated as
⎡σ e1 ⎤ ⎡ Dx f
⎢ 0 ⎥ = ⎢D g
⎣
⎦ ⎣⎢ x

D y f ⎤ ⎡e1 ⎤
⎥ ⎢ ⎥,
D y g ⎦⎥ ⎣e2 ⎦

(8)

Conversely if σ, e1 and e2 satisfy Eq.(8), then Eq.(7)
can be obtained and the “extended” right eigenvector
of the system Eq.(3) can be determined. A similar
way can be used to determine the “extended” left
eigenvector d=[d1T d2T]T.
Using the above method, the normal vector to
the Hopf bifurcation set of the system Eq.(3) at (x*, y*,
λ*) can be written as
N ( λ∗ ) = Re {d*T ( FzzU λ + Fzλ )e* } ,

(9)

where F=[f, g]T and z=[x, y]T, the eigenvectors d* and
e* in Eq.(9) can be determined by solving Eq.(8) in
which σ can be any one of the pair of conjugate eigenvalues, Uλ can be obtained by solving FZUλ=−Fλ.

(5)

So according to the characteristics of Hopf bifurcations, if the system Eq.(3) has a Hopf bifurcation at
(x*, y*, λ*), then A in Eq.(5) must have a pair of conjugate eigenvalues crossing the imaginary axis.

N ( λ* ) = Re {d*T ( AxU λ + Aλ )e* } .

⎧⎪e2 = −[( D y g )−1 Dx g ]e1 ,
⎨
⎪⎩σ e1 = Ae1 .

(7)

where e=[e1T e2T]T is the “extended” right eigenvector
associated with the eigenvalue σ of A in Eq.(5). It is
implied in Eq.(7) that

MONITORING OF HOPF BIFURCATIONS WITH
INFORMATION FROM WAMS
According to Part 2 of Section 3, if there is a
Hopf bifurcation in the system Eq.(3), A in Eq.(5)
must have a pair of conjugate eigenvalues crossing
the imaginary axis. So the distance between the current equilibrium point and the Hopf bifurcation set
can be obtained by computing the eigenvalues of A. A
method using the information from WAMS to
monitor Hopf bifurcations in power systems is discussed thoroughly in this section.
Determining the location of the current equilibrium point
In power systems, most state variables and all
the algebraic variables in Eq.(3) can be obtained directly from WAMS except some state variables that
cannot be measured directly, such as Eq″ and Ed″. So
with WAMS, the location of the current equilibrium
point can be obtained by solving only the subset of
Eq.(10) corresponding to the state variables that cannot be measured directly.

⎧0 = f ( x, y, λ),
⎨
⎩0 = g ( x , y, λ).

(10)
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As a result, the number of the equations needed
to be solved to determine an equilibrium point decreases greatly. This means that with the information
from WAMS, the location of the current equilibrium
point can be obtained quickly and accurately and then
A can be obtained easily. Then by computing the
eigenvalues of A, the distance between the current
equilibrium point and the Hopf bifurcation set can be
monitored dynamically.
Monitoring of Hopf bifurcations
According to the distribution of the eigenvalues
of A, information about the Hopf bifurcation of the
system Eq.(3) can be obtained expediently. But it is
time-consuming to compute all the eigenvalues of A,
especially when the order of A is high. In order to
avoid computing all the eigenvalues, an algorithm is
adopted to compute only the pair of conjugate eigenvalues with the algebraically largest real part. The
algorithm can be stated as follows. Let

Z = ( A + I )( A − I )−1 ,

tails about the method are presented in the following
subsection.
Computing the largest module eigenvalues and the
corresponding eigenvectors
In power systems, Z is a real matrix. So for Z, the
pair of conjugate eigenvalues with the largest module
can be computed by the PM, which can be stated as
the iterative process shown in Eq.(13):

⎧u0 = v0 ,
⎪
⎪vk = Zuk −1 ,
⎨
⎪mk = max(| vki |), i = 0,1, 2," , n,
⎪uk = vk / mk ,
⎩

(13)

where v0 is a random n-dimensional real vector, mk is
the largest module of the components of the vector vk.
Write σZ1 and σZ2 for the pair of conjugate eigenvalues with the largest module, σZ1=(σZ2)*,
|σZ1|=|σZ2|. According to the PM, we have

(11)
Z k + 2 u0 + pZ k +1u0 + qZ k u0 → 0, (k → ∞), (14)

where I is an identity matrix, and I and A have the
same order. Write σA for a certain eigenvalue of A and
σZ for the corresponding eigenvalue of Z. Then it can
be known from Eq.(11) that σA and σZ have the same
eigenvector and the relationship between σA and σZ is

σ Z = (σ A + 1) /(σ A − 1).

(12)

In the complex plane, the imaginary axis for σA
is mapped into a unit circle for σZ by Eq.(11). Once
the Jacobian matrix A has a certain eigenvalue
crossing the imaginary axis, the matrix Z must have a
corresponding eigenvalue crossing the unit cycle
radially. As a result, if the spectral radius ρ(Z)<1, then
all the eigenvalues of A are at the left half plane and
the system is asymptotically stable; if ρ(Z)>1, A has a
corresponding eigenvalue at the right half plane and
the current equilibrium point is unstable; if ρ(Z)=1, A
has a corresponding eigenvalue on the imaginary axis
and the current equilibrium point is a bifurcation point.
For Hopf bifurcations, Z has a pair of conjugate eigenvalues crossing the unit circle. This paper adopts
the power method (PM) to compute the pair of conjugate eigenvalues with the largest module. The de-

where p=−(σZ1+σZ2) and q=σZ1σZ2. It follows from
Eqs.(13) and (14) that
mk +1mk + 2 uk + 2 + pmk +1uk +1 + quk → 0, (k → ∞). (15)
Using the least squares method to deal with the
over-determined Eq.(15), we can obtain p and q as
follows:
p k = − mk + 2 ( ukT+1uk + 2 ukT uk − ukT uk +1ukT uk + 2 )
−1

⋅ ⎡⎣ ukT+1uk +1ukT uk − (ukT uk +1 ) 2 ⎤⎦ ,
q k = −mk +1mk + 2 ( ukT+1uk +1ukT uk + 2 − ukT uk +1ukT+1uk + 2 )
−1

⋅ ⎡⎣ ukT+1uk +1ukT uk − (ukT uk +1 ) 2 ⎤⎦ .

When |pk−pk−1|<ε or |qk−qk−1|<ε (ε is a given tolerance),
the iterative process Eq.(13) can be broken. Then the
pair of conjugate eigenvalues can be obtained and
given as

σ Zk 1,2 ≈

(

)

1
− p k ± j | 4q k − ( p k ) 2 | .
2

(16)
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The eigenvectors corresponding to the pair of conjugate eigenvalues σZ1 and σZ2, respectively, are
v Z 1 ≈ [(uk + 2 − σ Z 1r uk + 2 ) + jσ Z 1i uk +1 ]/ ρ ,
v Z 2 = v Z 1 ≈ [(u

k +2

− σ Z 1r u

k +2

) − jσ Z 1i u

k +1

(17)

largest module conjugate eigenvalues are close to the
unit circle, then regulate the control parameters to
avoid a Hopf bifurcation and return to Step 1; else
return to Step 2.

]/ ρ , (18)

CONTROL OF HOPF BIFURCATIONS

Monitoring flowchart
The flowchart in Fig.1 describes the steps involved for the monitoring of Hopf bifurcations in
power systems with the information from WAMS.
Start
Read the values of parameters
of a power system

Approximate normal vectors to Hopf bifurcation
set
The concept of the approximate normal vector to
the saddle-node bifurcation set of ODEs systems is
mentioned by Dobson and Lu (1993). In this paper we
extend the idea to the Hopf bifurcation set of ODEs
systems. The main idea about the approximate normal
vector to the Hopf bifurcation set can be illustrated in
a sketch map of a two-parameter space as shown in
Fig.2.
Parameter 2

where ρ=||uk+2−σZ2uk+1||, σZ1r and σZ1i are the real and
imaginary parts of σZ1, respectively.
The eigenvalue σA1 corresponding to σZ1 can be
obtained by solving Eq.(12). Notice that vZ1 and vZ2
are also the eigenvectors of σA1 and σA2, respectively.
The corresponding left eigenvectors can be obtained
in a similar way.

λ0
N ( λ∗ )

••

λ∗

N ( λ0 )
C

Obtain the location of the current
equilibrium point of the power
system from WAMS

Parameter 1

Fig.2 Sketch map of a two-parameter space
Compute A in Eq.(5)

Compute Z in Eq.(11)

No

|σZ|max≈1?
Yes
Regulate control
parameters

Fig.1 Flowchart for monitoring of Hopf bifurcations
with the information from WAMS

Step 1: Read the values of parameters of a power
system from the database of the power system;
Step 2: Obtain the location of the current equilibrium point of the power system from WAMS.
Step 3: Compute A and Z. Then the PM is used
to compute the largest module conjugate eigenvalues
of Z.
Step 4: Judge whether the largest module conjugate eigenvalues are close to the unit circle. If the

Suppose (x0, λ0) is an equilibrium point of the
system Eq.(1) and σA1,2 are the pair of conjugate eigenvalues with the algebraically largest real part of
the Jacobian matrix of the system, e0 and d0 are the
right and left eigenvectors corresponding to σA1, respectively. In Fig.2, λ0 is a point in the parameter
space and the curve C is the bifurcation set. For multidimensional parameter space, the bifurcation set is
in the form of surfaces or hypersurfaces. Along with
λ0 approaches the bifurcation set in the parameter
space, σA1,2 approach the imaginary axis in the complex plane. When λ0 is close enough to the bifurcation
set, suppose in the bifurcation set λ* is the closest
point to the point λ0, then the normal vector N(λ*) can
be approximated by the direction of N(λ0) as shown in
Fig.2. The direction of N(λ0) can be computed by
substituting e0 and d0 for e* and d* in Eq.(2), respectively. Then Eq.(19) can be obtained:
N ( λ0 ) = Re {d 0T ( f xx U λ + f xλ )e0 } .

(19)
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Now we extend the above idea further to the
Hopf bifurcation set of DAEs systems and use the PM
to compute the approximate normal vector to the
Hopf bifurcation set. According to the results of
monitoring of Hopf bifurcations, when σZ1,2 in Eq.(16)
are close to the unit circle, the approximate normal
vector to the Hopf bifurcation set at (x0, y0, λ0) can be
computed as follows:
(1) Compute the pair of conjugate eigenvalues
σA1,2 with the algebraically largest real part by solving
Eq.(12);
(2) In Eq.(8), let σ=σA1 and substitute vZ1 from
Eq.(17) for e1. Then compute e2 by solving Eq.(8),
and thus the “extended” right eigenvector e0=[e1T
e2T]T can be obtained;
(3) Compute the “extended” left eigenvector
d0=[d1T d2T]T in a similar way;
(4) According to Eqs.(9) and (19), the approximate normal eigenvector to the Hopf bifurcation set at
the current equilibrium point (x0, y0, λ0) can be obtained and given as
N ( λ0 ) = Re {d ( FzzU λ + Fzλ )e0 } .
T
0

CASE STUDY
Numerical example
In this section, we apply the method presented
above to analyze the IEEE 14-bus system. The structure of the grid is shown in Fig.3.

(20)

(21)

G3

G2
G1

2

3

1
5

4
G5
8

G4
6

Control of Hopf bifurcations
When the current equilibrium point is close to
the Hopf bifurcation set, choose those parameters that
can be regulated expediently and compute the approximate normal vector to the Hopf bifurcation set
using Eq.(20) in the chosen parameter space. And
then according to the approximate normal vector,
regulate the control parameters to decrease the real
part of the pair of conjugate eigenvalues so as to avoid
the Hopf bifurcation. Those parameters easy to be
regulated can be chosen to form a subspace called
control parameter space, denoted by χc in this paper,
and χc⊂χ. In power systems, many load nodes are
equipped with compensation devices in order to optimize the distribution of reactive power. So the reactive power loads can be regulated expediently. We
choose the reactive power loads as control parameters.
Notice that the changes of the control parameters will
cause the changes of the power flow distribution at
the same time. So it is vital to choose an appropriate
step k in Eq.(21) for the control of Hopf bifurcations
in power systems:

λc = λc0 + kN ( λc0 ), λc ∈ χ c .

The direction and amplitude of k have to satisfy:
(1) The real part of the pair of conjugate eigenvalues is on the decrease;
(2) The power flow is feasible.

11

7
10

9

12
13

14

Fig.3 Structure of the IEEE 14-bus system with 14 buses
(1~14) and 5 machines (G1~G5)

There are five machines in the system. The
5th-order model in the variables δ, ω, Eq′, Eq″ and Ed″
is adopted for G1 and the 6th-order model in the
variables δ, ω, Eq′, Ed′, Eq″ and Ed″ for the others. All
five machines are with AVRs (automatic voltage
regulators) described by the 4th-order model in the
state variables vm, vr1, vr2 and vf. The whole system is a
48th-order system except a redundant state variable.
The parameters of the machines and AVRs are given
in Tables 1 and 2, respectively, and the loads of the
system are given in Table 3. All loads are considered
independent on the voltage for both active and reactive power. All the reactive power loads in the system
can be regulated and are chosen to form the control
parameter space. In Tables 1~3, all the parameters are
obtained under the condition that the base power is
100 MW and the base frequency is 60 Hz.
Choose G1 as the reference machine to eliminate
the redundant state variable. At the equilibrium point
(x0, y0, λ0) corresponding to Table 3, after 291
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Table 1 Dynamic parameters of machines in the example case system
Parameter
Unit
G1
G2
G3
Leakage reactance xl
p.u.
0.2396
0
0
Armature resistance ra
p.u.
0
0.0031
0.0031
d-axis synchronous reactance xd
p.u.
0.8979
1.0500
1.0500
p.u.
0.640
0.185
0.185
d-axis transient reactance xd′
p.u.
0.23
0.13
0.13
d-axis subtransient reactance xd″
d-axis open circuit transient time constant Td′0
s
7.40
6.10
6.10
d-axis open circuit subtransient time constant Td′′0
q-axis synchronous reactance xq
q-axis transient reactance xq′
q-axis subtransient reactance xq″
q-axis open circuit transient time constant Tq′0
q-axis open circuit subtransient time constant Tq′′0
Mechanical starting time M
Damping coefficient D
Active power ratio at node γP*
Reactive power ratio at node γQ**
*

G4
0.1340
0.0014
1.2500
0.232
0.12
4.75

G5
0.1340
0.0014
1.2500
0.232
0.12
4.75

s
p.u.
p.u.
p.u.

0.03
0.646
0.646
0.40

0.04
0.980
0.360
0.13

0.04
0.980
0.360
0.13

0.06
1.220
0.715
0.12

0.06
1.220
0.715
0.12

s

0

0.3

0.3

1.5

1.5

s

0.033

0.099

0.099

0.210

0.210

kW·s/(kV·A)
p.u.

10.296
2
1
1

13.080
2
1
1

13.080
2
1
1

10.120
2
1
1

10.120
2
1
1

γP∈[0, 1]; ** γQ∈[0, 1]

Table 2 Dynamic parameters of AVRs
Parameter
Unit
AVR 1
Maximum regulator voltage Vr max
p.u.
7.32
Minimum regulator voltage Vr min
p.u.
0
Regulator gain µ0
p.u.
200
1st pole T1
s
0.02
1st zero T2
s
0.002
2nd pole T3
s
1
2nd zero T4
s
0.01
Field circuit time constant Te
p.u.
0.20
Measurement time constant Tr
p.u.
0.001
1st ceiling coefficient Ae
–
0.0006
2nd ceiling coefficient Be
–
0.9

Load
P
Q

Unit
p.u.
p.u.

Bus 2
0.2597
0.4729

Bus 3
1.1276
0.7076

in the example case system
AVR 2
AVR 3
AVR 4

AVR 5

4.38
0
20
0.02
0.001
1
0.01
1.98
0.001
0.0006
0.9

6.81
1.395
20
0.02
0.001
1
0.01
0.70
0.001
0.0006
0.9

4.38
0
20
0.02
0.001
1
0.01
1.98
0.001
0.0006
0.9

Table 3 Load distribution in the example case system
Bus 4
Bus 5
Bus 6
Bus 9
Bus 10
Bus 11
0.5722 0.0910 0.1341 0.3531
0.1077
0.1077
0.1490 0.0596 0.2793 0.6182
0.2160
0.0670

iterations under the condition that the tolerance
ε=10−5, the pair of conjugate eigenvalues with the
largest module of Z is obtained and given as
σ0Z1,2=0.9779±0.2218j. By solving Eq.(12), the corresponding pair of conjugate eigenvalues of A is obtained and given as σ0A1,2=0.1104±8.9285j. At the
equilibrium point (x0, y0, λ0), a three-phase fault
xf=0.2 p.u. is applied at Bus 9 on the line 9-10 and
cleared after 50 ms. After the system is disturbed, the
oscillation of δ2 is shown in Fig.4a. And Fig.4b shows
the trajectory of the system.

6.81
1.395
20
0.02
0.001
1
0.01
0.70
0.001
0.0006
0.9

Bus 12
0.0730
0.0596

Bus 13
0.1616
0.2160

Bus 14
0.1784
0.1862

It can be seen from Fig.4a that the disturbance
has caused the equal amplitude oscillation of δ2.
Fig.4b shows that the trajectory of the system tends to
a limit cycle. From Fig.4, it can be inferred that a
supercritical Hopf bifurcation has taken place before
the equilibrium point reaches the current equilibrium
point. Notice that the current equilibrium point is an
unstable equilibrium point, not the Hopf bifurcation
point, which is the equilibrium point that corresponds
to the tiny neighborhood around zero of the real part
of the conjugate eigenvalues of A.
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Using the process mentioned in Section 5, the
approximate normal vector N(λc0) at the current equilibrium point can be obtained as [0.2801, 0.0811,
0.5043, 0.4373, 0.2101, −0.0075, 0.2370, 0.4737,
0.7738, 0.5064, 0.5097], corresponding to the vector
of control parameters [Q2, Q3, Q4, Q5, Q6, Q9, Q10, Q11,
Q12, Q13, Q14]. Now we regulate the control parameters in the control parameter space according to the
approximate normal vector N(λc0). When k=−0.5 in
Eq.(21), the equilibrium point of the system varies
from (x0, y0, λ0) to (x, y, λ), the pair of conjugate eigenvalues of Z varies from σ0Z1,2=0.9779±0.2218j to
σZ1,2=0.9706±0.2201j, and the corresponding variation of the pair of conjugate eigenvalues of A is from
σ0A1,2=0.1104±8.9285j to σA1,2=−0.1908±8.9271j. At
the equilibrium point (x, y, λ), after the system is
disturbed by the same disturbance as above, the
damped oscillation of δ2 is shown in Fig.5a, and the
corresponding trajectory of the system is shown in

Fig.5b. It can be seen from Fig.5 that the oscillation
can calm down after about 15 s. So the point (x, y, λ)
can satisfy the requirement of the practical small
signal stability region. If k continues to decrease, the
real part of the pair of conjugate eigenvalues, i.e.
Re(σA1,2), will decrease further, but the power flow
will become infeasible when k is small enough.
Results analysis
It can be seen from Fig.2 that the normal vector
is the optimal direction to regulate control parameters
to avoid a bifurcation. But in fact, to regulate control
parameters along any direction which is not orthogonal to the normal vector in parameter space will
cause the changes of Re(σA1,2). In another word, for a
given random direction, if along the direction to
regulate the control parameters causes Re(σA1,2) increasing, then along the minus direction to regulate
the control parameters will cause Re(σA1,2)
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decreasing, which will avoid the Hopf bifurcation
also. Whereupon another problem emerges that how
to demonstrate the direction obtained in Part 1 of this
section is the approximate direction of the normal
vector in the control parameter space. We notice that
Eq.(2) is essentially the derivatives of Re(σA1,2) with
respect to the control parameters. So the offset of the
real part will exceed greatly the offset of the imaginary part when the control parameters vary along the
approximate normal vector to the Hopf bifurcation
set. In Part 1 of this section, we notice
Re(σ 0 A − σ A ) 0.1104 + 0.1908
=
= 215.14. (22)
Im(σ 0 A − σ A ) 8.9285 − 8.9271
Eq.(22) suggests that the obtained direction is the
approximate normal vector to the Hopf bifurcation set.
CONCLUSION
With the information from the wide area measurement systems (WAMSs), the distance between the
current equilibrium point and the Hopf bifurcation set
can be monitored and controlled dynamically by the
method proposed in this paper. The power method
(PM) is adopted to compute only the pair of conjugate
eigenvalues with the algebraically largest real part of
the Jacobian matrix of a power system, which makes
the monitoring and control of Hopf bifurcations in
power systems efficient and time-saving. Therefore,
the method is of significance for on-line monitoring
and control of Hopf bifurcations in power systems.
The validity of the method is demonstrated by numerical results of a 48th-order case. For larger scale
power systems, some fast parallel PMs can be
adopted to compute the pair of conjugate eigenvalues
with the algebraically largest real part and the corresponding eigenvectors.
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