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Abstract:    Numerical simulation and experimental tests were carried out to examine the hydrodynamic behaviors of a dou-
ble-column floating system of gravity cage under wave conditions. A floating system of gravity cage can be treated as a 
small-sized floating structure when compared with the wavelengths. The main problem in calculating the wave loads on the 
small-sized floating structure is to obtain the reasonable force coefficients, which may differ from a submerged structure. In this 
paper, the floating system of gravity cage is simplified to a 2D problem, where the floating system is set symmetrically under wave 
conditions. The motion equations were deduced under wave conditions and a specific method was proposed to resolve the problem 
of wave forces acting on a small-sized floating system of gravity cage at water surface. Results of the numerical method were 
compared with those from model tests and the hydrodynamic coefficients Cn and Cτ were studied. It is found that Cn ranges from 
0.6 to 1.0 while Cτ is between 0.4 and 0.6 in this study. The results are useful for research on the hydrodynamic behavior of the 
deep-water gravity sea cages.  
 
Key words:  Gravity cage, Floating system, Hydrodynamic coefficients, Waves 
doi:10.1631/jzus.A0720016                     Document code:  A                    CLC number:  O353.2 
 
 
INTRODUCTION 
 

The floating gravity cage aquaculture system is 
normally round or square with double floating pipes. 
Wave forces acting on it are complex, not only be-
cause its structure is complicated but also because it 
floats on the water surface, making the selection of 
correct hydrodynamic coefficients difficult. The Mo-
rison equation is used widely for cylinders with small 
size. However, the cylinders are usually below the 
water surface. Hydrodynamic coefficients of such 
structures have been studied extensively, using nu-
merical and experimental methods, for both 2D and 

3D flows. Miles and Gilbert (1968), Garrett (1971), 
Yeung (1981) and Sabuncu and Calisal (1981) had 
presented extensive data on hydrodynamic coeffi-
cients of vertical circular cylinders in water of limited 
depth. Numerous other floating structures of large 
size have also been studied. Sulisz and Johansson 
(1992) focused on the hydrodynamic coefficients of 
floating structures with rectangular profile. Feng 
(1996) presented a numerical method for calculating 
wave-induced loads on a pontoon within a time do-
main. Gou et al.(2004) studied the hydrodynamic 
interactions between waves and two connected 
floating structures through boundary integral equation 
method. Hamel (1992) and Li and He (1994) re-
searched the hydrodynamic coefficients of rectangu-
lar cylinders under wave and wave-current flow con-
ditions. As for structures like gravity sea cage floating 
system, Fredriksson et al.(2007) developed a 
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finite-element modeling method to determine its 
structural capabilities. However, they mainly focused 
on the static mechanics studies. Huang et al.(2006; 
2007) discussed the hydrodynamics of a gravity-type 
cage under current and wave conditions. Values of the 
coefficients Cn and Cτ used in computing wave and 
current loads on pipes are the same as those for a fully 
submerged circular cylinder. Although hydrodynamic 
coefficients of structures have been studied exten-
sively, mostly they are focusing on either submerged 
or large-sized floating structures, but no effective 
method has been presented for evaluating the 
wave-induced forces and motion of small-sized 
floating structures. The major two problems encoun-
tered are: (1) the Morison equation is considered 
inapplicable for a structure floating on the water sur-
face (Feng, 1996); (2) the wave-flow field around 
small floating structures is difficult to simulate.  

In this paper, we deduced the motion equations 
under waves and proposed a special method for re-
solving the problem of wave forces acting on a 
floating system. In this way, the Morison equation is 
still applicable for studying hydrodynamic behavior 
of a small-sized floating structure. In addition, the 
hydrodynamic coefficients Cn, Cτ and Cv are studied 
and suggestions for the selection of reasonable coef-
ficient values in calculating wave forces on a dou-
ble-column floating system are made. The results are 
valuable for research on the hydrodynamic behavior 
of the deep-water gravity sea cages. 

 
 

HYDRODYNAMIC FORCES ON FLOATING 
SYSTEM 

 
The floating system of gravity cage is normally 

on the water surface, which makes the main parts for 
resisting the wave-induced loads. The floating system 
is simplified into a double-column pipe system, as 
shown in Fig.1. It is assumed that the floating system 
have no influence on waves since its size is much 
smaller compared to wavelength. The coordinate 
system is defined below as shown in Fig.1. 

The floating system is divided into many mi-
cro-segments shown by a sketch in Fig.2. Two coor-
dinate systems, xyz and nτv, are defined here since the 
floating system moves along with the waves. In the 
xyz coordinate system, the x-axis is along the wave 

propagation direction and the z-axis is in the vertical 
direction. As for the nτv coordinate system, n and τ 
are in the normal and tangential directions of the 
micro-segment, respectively, and v is normal to the 
micro-segment plane abcd, as shown in Fig.2. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
.  

 
 
 
 
 
 
 
 
 

 
 

 
 
The floating system is simplified into 2D since it 

is set symmetrically in waves. It is easy to find that 
the inclination angle of the floating system varies 
within [−2π, 2π]. The wave particle velocities and 
accelerations are broken down into x- and z-axis 
components. As we have assumed that waves are not 
disturbed by the floating system, the velocities and 
accelerations of the wave particles can be calculated 
by the corresponding wave theory. In this paper, the 
third-order Stokes Wave Theory is introduced. The 
velocity and acceleration components are then broken 
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Fig.1  Sketch of floating system of gravity cage. (a) 
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down into n and τ directions within the nτv coordinate 
system. We assume that the direction angles of the 
horizontal and vertical velocity components, ux and uz, 
in nτv are { , , }n vτθ θ θ  and { , , },n vτω ω ω  respectively. 
Those angles have relationships with the inclination 
angle α of the floating system and the phase angle β 
of the micro-segment plane (abcd), which should be 
calculated in advance. The relationships are easy to be 
obtained from Fig.2 as follows, 

 

  
cos cos cos ,
cos sin cos ,
cos sin .

n

v

τ

θ β α
θ β α
θ α

=⎧
⎪ =⎨
⎪ =⎩

                     (1) 

 
Wave forces 

The wave-induced hydrodynamic forces on each 
micro-segment can be calculated using the Morison 
equation. According to (Brebbia and Walker, 1979), 
the Morison equation includes two terms: the drag 
forces and the inertial forces in waves as shown in 
Eq.(2): 

 

D 0 m 0| | ( ) / 2 ( ),C A V C Vρ ρ ρ= − ⋅ − + + −F u U u U a a U
               (2) 

 
where u and a are the velocity and acceleration vec-
tors of water particle respectively; U and U  are the 
velocity and acceleration vectors of water particle 
respectively; ρ is water density; V0 is the volume 
discharged by the micro-segment; A is the projected 
area normal to the wave propagation direction; CD  

and Cm are the drag and added mass coefficients, 
respectively. 

1. Drag forces 
The velocity components of wave particles in 

the nτv coordinate system are obtained according to 
the direction angles given in Eq.(1), which are writ-
ten as 
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where { , , }xn x xvu u uτ  and { , , }zn z zvu u uτ  are the com-
ponents of  ux and uz in the nτv coordinate system, 
respectively; α is the inclination angle of the floating 
system; β is the phase angle of the micro-segment. 
Resultant velocities { , , }n vu u uτ  in the nτv coordinate 
system are obtained as follows, 
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   (5) 

 
Wave-induced drag forces on the micro-segment 

in the nτv coordinate system can be obtained as fol-
lows by substituting Eq.(5) into the drag force term in 
Eq.(2).  
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where Cn, Cτ and Cv are the drag coefficients in the 
corresponding directions; An, Aτ and Av are the effec-
tive projected areas in the corresponding directions. 
Other parameters are the same as those described 
above. The values of the projected areas, An, Aτ and Av, 
are different in the outer and inner pipes. They are 
related to the inclination angle α of the floating sys-
tem, the phase angle β of the micro-segment, the 
wave surface elevation and the gap between the outer 
and inner pipes. However, we neglect the difference 
since the gap between the outer and inner pipes is 
much smaller than the scale of the floating system and 
wavelength. Fig.3 is the model used in computing, 
where we assume that the outer and inner pipes are of 
the same profile. However, forces were doubled in 
calculating because there are two pipes. 

According to Fig.3, it is assumed that ( , , )i i ix y z  
are the central coordinates of the micro-segment. The 
depth under water of the micro-segment in v direction 
is written as 
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( ) cos ,n id r z η γ= − − ⋅                        (9) 

 
where η is the wave surface elevation, which can be 
calculated from the third-order Stokes Wave Theory; 
r  is the radius of the pipe; γ is the inclination angle of 
wave profile at point ( , , ).i i ix y z  The projected 
chord-length is obtained as 
 

2 2 2 2 22 ( ) 2 ( ) cos .v n id r r d r z η γ= × − − = × − − ⋅
(10) 

 
The cross-section area under water is 
 

2 2( / 2) ( / 2)sin ,i i iS r rφ φ= −              (11) 
 
where iφ  is the central angle against the projected 
chord-length, which is calculated by 
 

cos( / 2) 1 / .i nd rφ = −                       (12) 
 

So far, the projected areas in different directions 
are as follows, 
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where li is the length of the micro-segment. As for the 
projected area Aτ  in the tangential direction, there are 
several methods for its calculation. Some take the 

cross-section projected area as Aτ, which is often used 
for a short cylinder. Others take the product of cyl-
inder diameter and length as Aτ, which is usually 
introduced for a relative long cylinder, with the in-
fluence of the cross-section projected area on the 
tangential forces being small. In this paper, a new 
method is introduced since it is a floating system. The 
tangential forces may take an important role in the 
behavior of the floating system. Aτ is related to the arc 
area (rφ li) of the micro-segment under water. When 
the micro-segment is fully submerged under water, 
the projected area Aτ  should be the same as that cal-
culated with the later method introduced above. Thus, 
the arc area of the micro-segment under water should 
be divided by a constant π, as shown in Eq.(13). For 
the normal projected area Av, we let dv=2r when dn≥r. 

The motion equations of the floating system are 
established in the xyz coordinate system. Wave-in-
duced drag forces should be transformed from the nτv 
coordinate system into the xyz coordinate system. The 
relationship is as follow, 
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       (14) 

 
By substituting corresponding variables into 

Eq.(14), the wave-induced drag forces acting on the 
micro-segment in the horizontal and vertical direc-
tions can be obtained. However, special processing of 
the wave-induced forces are necessary since the 
principle of wave action on floating pipes differs 
somewhat from fully submerged pipes. When calcu-
lating drag forces, we use the relative velocity be-
tween the wave particles and the pipe micro-segment. 
Drag forces would differ when the relative velocities 
are away from the pipe micro-segment since the 
floating pipe is on the surface with one side in water 
and the other in air. Thus, the vertical drag force 
component Fv is modified by neglecting the normal 
force, i.e., having Fv=0 under this circumstance since 
the upside of the micro-segment is exposed to air. 

In Eqs.(6)~(8), the drag coefficients, Cn, Cτ and 
Cv, should be known in advance when calculating the 
wave-induced drag forces in the nτv coordinate sys-
tem. They may differ from those of a circle cylinder 
fully submerged because they may be subject to the 

Fig.3  Sketch of the simplified model in calculating
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effect of air-water surface tension. This paper is 
mainly focusing on the selection of reasonable values 
of those drag coefficients by using numerical simula-
tion and experimental tests. 

2. Inertial forces 
According to (Brebbia and Walker, 1979), wave- 

induced inertial forces on a micro-segment can be 
written as 

 
2

I m
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I m

[( ) / 4]( ),

[( ) / 4]( ),
x i i x x n x x

z i i z z v z z

F S l a C d a U

F S l a C d a U

ρ ρ

ρ ρ

⎧ = + π⋅ −⎪
⎨

= + π ⋅ −⎪⎩
      (15) 

 
where FIx and FIz are the inertial forces in x and z 
directions, respectively; ax and az are the acceleration 
components in x and z directions, respectively; 

xU and zU are the acceleration components of the 
micro-segment in x and z directions, respectively. Cmx 
and Cmz are the added mass coefficients in x and z 
directions, respectively, whose values are discrete 
under wave conditions, and depend on both Re and 
KC numbers; their average values under various wave 
conditions are 0.2~1.0, as described by Li (1989). In 
this paper, for simplicity, we take the added mass 
coefficients as constant: Cmx=Cmz=0.2. 
 
Buoyancy and mooring-line forces 

Gravity of the micro-segment is written as 
 

/ ,iG G N=                               (16) 
 
where G is the total gravity of the floating system; N 
is the number of the micro-segments. According to 
Fig.3, the buoyancy acting on a micro-segment is 
calculated by 
 

2
f ( / 2)( sin ) .i i i i i iF gS l g r lρ ρ φ φ= = −       (17) 

 
Mooring-line forces are relative to the dis-

placement of the fore and back cleat points on the 
floating system. Displacements of the cleat points are 
obtained by calculating their dynamic coordinates. 
The relationship between the elongation and moor-
ing-line forces is obtained through experimental 
measurements, which is written as 

 
2

s 343.83( / ) 79.14 / ,F S S S S= − Δ + Δ        (18) 

where ΔS is the elongation of the mooring-line (m); S 
is the original length of the mooring-line (m); Fs is the 
tension in the mooring-line (N). 
 
 
MOTION EQUATIONS 

 
Forces on the whole floating system are obtained 

by evaluating the forces on the micro-segments, as 
described previously. In general, the relative move-
ment of each micro-segment is confined in a very 
small range of displacement; otherwise, breakage 
could occur and the structure’s integrity would be 
destroyed. Thus we treated the floating system as a 
rigid body, and the micro-segment were restrained by 
rigid body motion. In general, a rigid body motion 
involves six degrees of freedom including three 
translational and three rotational motions. In this 
paper, our discussion is limited to a 2D field because 
the floating system is set symmetrically to waves. 
Thus, the rigid body motion is simplified into three 
degrees of freedom including two translational and 
one rotational motions. Following (Jia, 1987), two 
translation equations derived from Newton’s second 
law and one rotation equation (known as Euler’s 
equation of motion) are written as follows, 
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where Fxi is the force in x  direction at the ith micro- 
segment; N is the number of total micro-segments; m 
is the total mass of the floating system; Mi is the 
moment at the ith micro-segment; φ  is the rotation 
angle of the floating system; and I is the principal 
moment of inertia of the floating system defined as 
 

2 / 2,I mR=                                   (20) 
 
where R is the radius of the floating system. 

The motion Eq.(19) is a group of second-order 
differential equations and can be calculated with a 
numerical method, such as Runge-Kutta method. For 
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a second-order differential equation, 
 

( , , ).t= ΔFξ ξ ξ                            (21) 
 

Displacement and velocity of a moving object 
can be written as follows when calculated with the 
fourth-order Runge-Kutta method, 
 

1 2 3( ) ( ) ( ) ( ) / 6,t t t t t t K K K+ Δ = + Δ + Δ + +ξ ξ ξ    (22) 

1 2 3 4( ) ( ) ( 2 2 ) / 6,t t t K K K K+ Δ = + + + +ξ ξ          (23)            
and 

1 ( , ( ), ( )),K t t t t= Δ F ξ ξ    

2 1( / 2, ( ) ( ) / 2, ( ) / 2),K t t t t t t t K= Δ + Δ + Δ +F ξ ξ ξ  

3 1 2= ( + / 2, ( )+ ( ) / 2+ / 2, ( )+ / 2),K t t t t t t tK t KΔ Δ Δ ΔF ξ ξ ξ

4 2 3( , ( ) ( ) / 2, ( ) ).K t t t t t t tK t K= Δ + Δ + Δ + Δ +F ξ ξ ξ  
   

During calculation, the gravity, buoyancy, wave 
and mooring-line forces are determined according to 
the displacement ( )tξ  and velocity ( )tξ  at time t. 

Then, acceleration ( )tξ  can be obtained by Eq.(21). 

Displacement ( )t t+ Δξ  and velocity ( )t t+ Δξ  at 
time (t+Δt) can be determined through Eqs.(22) and 
(23). The calculating process is repeated until the end 
of the designated time. 

 
 

NUMERICAL RESULTS AND EXPERIMENTAL 
DATA 
 

Model tests of a simplified floating system were 
carried out to compare with the simulation results. The 
model was assembled in the middle of the wave- 
current flume tank at the State Key Laboratory of 
Coastal and Offshore Engineering of Dalian Univer-
sity of Technology. The wave-current flume tank is 69 
m long, 2 m wide and 1.8 m high, equipped with a 
regular wave-maker and current-producing system. 
The model set-up is shown in Fig.4a. Parameters of 
the model in detail are given in Table 1. The moor-
ing-line forces were measured by four transducers 
attached to the bottom of each mooring-line. One 
diode was fixed on the middle of the floating system 
for motion analysis. A serial of 8-bit format images 
were captured through a Charge Coupled Device 
(CCD) camera set aside the flume tank, as shown in 
Fig.4b. Special software with an accuracy of 6% was 

developed for tracing the diode under wave conditions 
(Fig.5).  

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

Table 1  Parameters of the simplified floating system

Parameter Value 
General diameter (m) 0.846 
Pipe diameter (m) 0.0153 Outer circle 
Material HDPE* 
General diameter (m) 0.796 
Pipe diameter (m) 0.0153 Inner circle 
Material HDPE* 
Length (m) 3.152 
Diameter (m) 0.0012 Mooring-line
Material PE** 

  * HDPE: High-density polyethylene; ** PE: polyethylene 

Fig.5  Software for analyzing the dynamic images 
obtained via a CCD camera 

Fig.4  Sketch of the simplified floating system in waves
(a) Side view; (b) Top view 
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As described previously, the coefficients Cn, Cτ 
and Cv need to be determined in advance for numerical 
calculation. For the coefficients Cn and Cv, the velocity 
components in n and τ  directions are normal to the 
axes of the micro-segment. For simplicity, we assume 
that they are of the same values, i.e., Cn=Cv. Based on 
this assumption, only the coefficients Cn and Cτ are 
left undetermined. In this paper, the reasonable values 
of the two coefficients were discussed based on the 
results through numerical simulation and model tests. 
The maximum values of mooring-line forces, hori-
zontal and vertical displacements are selected for 
comparisons. The numerical results with different 
values for coefficients Cn and Cτ  are compared with 
the experimental data, as shown in Figs.6 and 7. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

As shown in Fig.6, taken the tangent coefficient 
as a constant (Cτ=0.6), the maximum values of the 
mooring-line forces and the horizontal displacements 
increase with the increase of the normal coefficient. 
However, the changes of vertical displacements seem 
small. In the same way, when taking the normal co-
efficient as a constant (Cn=0.8), we have the similar 
results to those discussed above, as shown in Fig.7. In 
addition, coefficients may have certain relationship 
with wave parameters. However, it is a complex 
problem because there are many factors involved, 
which need more works in the future.  

This paper aims to find the reasonable values for 
these coefficients. The standard deviation method is 
introduced, as shown in Eq.(24): 
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Fig.6  Mooring-line forces (a), vertical displacement
(b), horizontal displacement (c) comparison of nu-
merical vs experimental data (Cτ=0.6 as constant) 
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Fig.7  Mooring-line forces (a), vertical displacement
(b), horizontal displacement (c) comparison of nu-
merical vs experimental data (Cn=0.8 as constant) 
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where n is the sample number that refers to the 
number of waves with different heights and periods. 
In this paper, n equals 12. Fci and Fei denote the cal-
culated results and experimental data, respectively. 
The square errors calculated are listed in Table 2. 
As shown in Table 2, the mooring-line forces and the 
horizontal displacements are of minimum values for 
Cτ=0.6 and Cn=0.8. For the vertical displacements, 
the least square error decreases as coefficients in-
crease. However, the coefficients seem to have a 
relatively small effect on the vertical displacements, 
as inferred from Table 2. Thus, we take the moor-
ing-line forces and the horizontal displacements as 
reference for selection of reasonable values of drag 
coefficients under wave conditions. In this paper, we 
suggest (0.4~0.8) for the tangential coefficient and 
(0.6~1.0) for the normal coefficients. It is found that 
the values for normal coefficients are within the 
widely used range for fully submerged circle cylin-
ders (Li, 1989). However, the values for tangential 
coefficients are much bigger than those for fully 
submerged circular cylinders whose values mainly 
vary from 0.02 to 0.1 (Wang, 1995; Takagi et al., 2002; 
2004).  

More comparisons of the horizontal and vertical 
displacements in time-series are given in Figs.8 and 9, 
in which, the solid lines denote the numerical results 
and the dots denote the experimental data. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

As shown in Figs.8 and 9, the positive parts of 
horizontal displacements of the numerical results 
agree well with the experimental data. However, er-
rors appear at the lower parts. The reasons for the 
results are complex, one of which is that the floating 
system is made of flexible HDPE pipes whose sup-
pleness is not considered in this paper as we simplify 
the floating system into a rigid body to avoid difficul-
ties in calculating motion equations. When the floating 
system stays at the trough of waves, some parts of the 
pipes, which are below the water surface during the 
experimental tests, are above the water surface during 
the numerical simulations. As described previously, 
the tangential drag forces are significantly attributed to 
the hydrodynamic behavior but the effects are weak-
ened during the numerical simulations. When the 
floating system stays at the crest of waves, the influ-
ence of the pipe suppleness on the results is much 
smaller since the area and the volume of the pipe under 
water have no obvious changes. In addition, coeffi-
cients were treated as constants during simulations. 
However, the area and volume under water of each 
micro-segment differs from each other. This may also 
account for the errors raised. 
 
 
CONCLUSION 
 

This paper focused on the evaluation of the hy-
drodynamic behavior of a floating system. The de-
terminations of the hydrodynamic coefficients Cn and 
Cτ are the main points discussed. Numerical 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Item Ct Cn Square error Item Ct Cn Square error
0.6 0.6 0.131  0.2 0.8 0.151  
0.6 0.8 0.100  0.4 0.8 0.117  
0.6 1.0 0.120  0.6 0.8 0.100  

Mooring-line 
forces 

0.6 1.2 0.162  

Mooring-line 
forces 

0.8 0.8 0.106  
0.6 0.6 0.667  0.2 0.8 1.055  
0.6 0.8 0.395  0.4 0.8 0.595  
0.6 1.0 0.698  0.6 0.8 0.395  

Horizontal  
displacements 

0.6 1.2 1.129  

Horizontal  
displacements

0.8 0.8 0.662  
0.6 0.6 0.930  0.2 0.8 1.016  
0.6 0.8 0.898  0.4 0.8 0.914  
0.6 1.0 0.860  0.6 0.8 0.898  

Vertical  
displacements 

0.6 1.2 0.826  

Vertical  
displacements

0.8 0.8 0.883  
 

Table 2  The square errors calculated with Eq.(24)
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results show that the tangential coefficient Cτ 
(0.4~0.8) for a pipe in waves is much larger than that 
of a fully submerged circular cylinder, which is 
mainly within (0.02~0.1) as described by the former 
research (Wang, 1995; Takagi et al., 2002; 2004). The 
effects of the surface tension may account for the 
difference. For normal coefficient Cn (0.6~1.0), its 
value is within the commonly used range described by 
Li (1989) and Hou and Gao (1998). In addition, co-
efficients may have certain relationship with wave 
parameters. However, it is a complex problem due to 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

many factors involved, which need more works in the 
future. Studies on the hydrodynamic coefficients of a 
floating system under wave conditions will enhance 
further research on the behavior of sea cages in open 
sea. 
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