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Abstract:    This paper is concerned with the issue of stabilization for the linear neutral systems with mixed delays. The attention 
is focused on the design of output feedback controllers which guarantee the asymptotical stability of the closed-loop systems. 
Based on the model transformation of neutral type, the Lyapunov-Krasovskii functional method is employed to establish the 
delay-dependent stability criterion. Then, through the controller parameterization and some matrix transformation techniques, the 
desired parameters are determined under the delay-dependent design condition in terms of linear matrix inequalities (LMIs), and 
the desired controller is explicitly formulated. A numerical example is given to illustrate the effectiveness of the proposed method. 
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INTRODUCTION 
 

Time delays are often encountered in various 
engineering systems, such as nuclear reactors, 
chemical engineering systems, biological systems, 
population dynamic models, and so on. In some 
practical systems, the model can be described by a 
functional differential equation of neutral type, which 
contains delays both in the state and in the state de-
rivative. In many cases, time delays are the source of 
instability and degradation in control performance of 
many control systems (Niculescu, 2001). Therefore, 
the stability analysis and the synthesis of controllers 
for neutral systems are of theoretical and practical 
importance. 

It is well known that the choice of an appropriate 
Lyapunov-Krasovskii functional is crucial for deriv-
ing stability condition and obtaining a solution to 

control problems. The general form of a functional 
leads to the complicated Riccati type differential 
equations or inequalities. Special forms of Lyapunov- 
Krasovskii functionals lead to simpler delay-indepen- 
dent and less conservative delay-dependent Riccati 
equations or linear matrix inequalities (LMIs), see e.g. 
(Choi and Chung, 1997; Jeung et al., 1998; Khari-
tonov, 1999; Xue and Qiu, 2000; Fridman and Shaked, 
2001; Gu, 2001; He et al., 2004). 

Recently, increasing attention has been paid to 
problems of observation, output feedback stabiliza-
tion and design of observer-based controllers for 
systems with state delay. The output feedback stabi-
lization problem for discrete-time systems was ad-
dressed in (Gao et al., 2004), and the robust H∞ con-
trol problem via output feedback controllers was 
solved by (Xu and Chen, 2004). All the results men-
tioned above treated the case of retarded systems. In 
the more general case of neutral systems, many efforts 
mainly focused on the state feedback control problem 
for systems with discrete or distributed delays (Ni-
culescu, 2000; Lien et al., 2000; Mahmoud, 2000), 
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and the obtained results cannot be directly extended to 
the output feedback cases. To the best of our knowl-
edge, few results have been achieved on the de-
lay-dependent output feedback stabilization problem 
for neutral systems (Fridman and Shaked, 2002). 

In this paper, we consider the output feedback 
control problem for neutral type systems with mixed 
delays. By using a “neutral type” model transforma-
tion and constructing an appropriate Lyapunov- 
Krasovskii functional, a delay-dependent stability 
criterion is given. Then by parameterization of the 
controller, a sufficient condition for the solvability of 
this problem is obtained in terms of LMIs, which can 
be efficiently handled by using standard algorithms. 
The desired output feedback controller can be con-
structed by solving the given LMI. A numerical ex-
ample is also presented to illustrate the applicability 
of the developed results. 

Notation: Throughout this paper, XT denotes the 
transpose of matrix X; C0 denotes the set of all con-
tinuous functions from [−r, 0] to ún; X>0 denotes that 
X is a positive definite matrix; the symmetric terms in 
a symmetric matrix are denoted by *, e.g., 

T

⎡ ⎤ ⎡ ⎤
=⎢ ⎥ ⎢ ⎥∗⎣ ⎦ ⎣ ⎦

X Y X Y
Z Y Z

. 

 
 
PROBLEM FORMULATION 
 

Consider the following neutral systems with 
mixed delays: 
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where x(t)∈ún, u(t)∈úm, y(t)∈úh are the state, control 
input and measured output, respectively; τ, h, d>0 are 
the constant time delays of the system, r=max{τ, h, d}; 
ϕ(·)∈C0 is the initial condition function; A, A1, A2, B, 
C, N are the known real constant matrices of appro-
priate dimensions. 

For system Eq.(1), we consider the following 
full-order dynamical output feedback controller: 
 

c c
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where t≥0, ˆ ( ) nt ∈x  is the controller state, and Ac, 
Bc, Cc, Dc are matrices to be determined. Applying 
this controller in Eq.(2) to system Eq.(1) results in the 
following closed-loop system: 
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where t≥0, and 
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The objective of this paper is to design a con-

troller in the form of Eq.(2) such that the closed-loop 
system Eq.(3) is asymptotically stable. 

Here, we define an operator 0: n
t C →ξ RG  as 
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with the operator, and then the transformed closed- 
loop system is 
 

d ˆ( ) ( ),   0,
d t t t
t

= ≥ξ AξG                   (5) 

 

where 1 2
ˆ d= + +A A A A . 

Before moving on, we introduce two lemmas, 
which are essential for deriving our main results. 
Lemma 1 (Yue et al., 2003)    For given positive 
scalars α1, α2, α3, where α1+α2+α3<1, if a symmetric 
positive-definite matrix M∈ú2n×2n exists such that the 
following LMI Eq.(6) holds, then the operator tξG  is 
stable (Hale and Verduyn, 1993). 
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where 2 T 2

2 2 33 / .d dα= −A MA MX  
Lemma 2 (Gu, 2000)    For any scalars α, β with α>β, 
a symmetric positive-definite constant matrix M, and 
a vector-valued function w: [β, α]→ún such that the 
integration concerned is well-defined, then 
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Remark 1    Clearly, during the transformation of the 
original system and the construction of the out-
put-feedback control, this LMI condition is not af-
fected by the control. Hence it is a necessary criterion 
for the existence of the concerned controller. 
 
 
MAIN RESULTS 
 

In this section, an LMI-based approach is de-
veloped to solve the dynamical output feedback sta-
bilization problem formulated in the previous section. 
Theorem 1    For given positive scalars h, d, α1, α2, α3, 
where α1+α2+α3<1, the closed-loop system Eq.(3) is 
asymptotically stable, if there exist symmetric posi-

tive-definite matrices 1 3 2 2
T
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,n n×⎡ ⎤
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P P
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P P
 Si∈ 

ún×n (i=1, 2, 3) satisfying inequalities Eqs.(6) and (7). 
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(7) 

where Tˆ ˆ ,= +A P PAA  
TT T

1 3
ˆ .⎡ ⎤= ⎣ ⎦A P PY  

Proof    Choose the following Lyapunov-Krasovskii 
functional candidate 
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Calculating the derivative of 1( )tV ξ  along the trajec-
tory of the closed-loop system yields 
 

T

1

T T
1 2 3

d( )
( ) 2 ( )

d
ˆ ˆ( )( ) ( ) .

t
t tt

t t

⎛ ⎞= ⎜ ⎟
⎝ ⎠

= + + + +

ξ
V ξ P ξ

ξ A P PA ξ η η η

G G
 

 
Recalling that for any vectors a, b and any matrix S>0 
of appropriate dimensions, 
 

2aTb≤aTSa+bTS−1b. 
 
Then, for any matrices Si>0 (i=1, 2, 3), we have 
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Applying Lemma 2, we have 
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Calculating the derivative of V2(ξt) and V4(ξt) leads to 
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It is easy to obtain 
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Thus, from the Schur complement (Gu et al., 

2003), if the matrix inequality Eq.(7) holds, then 
( ) 0,t <V ξ  which means the closed-loop system 

Eq.(3) is asymptotically stable. This completes the 
proof. 
Remark 2    To solve the matrix inequality Eq.(7), the 
cone complementary linearization iterative algorithm 
  

proposed in (El Ghaoui et al., 1997; Gao and Wang, 
2003; Palhares et al., 2005) can be used. We can in-
troduce three new variables W1, W2, W3 and propose 
the following nonlinear minimization problem in-
volving LMI conditions. 
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where Tˆ ˆ ,= +A P PAA  
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If the solution of the above minimization prob-
lem is 3n, it follows from Theorem 1 that the 
closed-loop system Eq.(3) is asymptotically stable. A 
similar iterative algorithm to solve this nonlinear 
convex optimization problem can be obtained by 
adopting the algorithms in (Gao and Wang, 2003; 
Palhares et al., 2005) with some modifications. 

In this paper, we use another method. Given 
positive scalars λi>0 (i=1, 2, 3) and the additional 
linear restrictions Si<λiIn (i=1, 2, 3), the matrix ine-
quality Eq.(6) can be converted to the following LMI: 
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For systems without delays, there are mainly two 
approaches used for determining the parameters of a 
full-order compensator. One is the elimination of 
parameters (Iwasaki and Skelton, 1994), the other is 
the parameterization method (Gahinet and Apkarian, 
1994). Both of them depend on matrix operation and 
transformation. In this paper, parameterization 
method is exploited with introducing a set of pa-
rameters as follows: 

 
: { , , , , , },n n m n n h m hΦ × × × ×= ∈ ∈ ∈ ∈X Y R U V WR R R R

    (11) 
where X>0, Y>0. 

Denoting 1 2: d= + +A A A A  and Z=X−Y−1, the 
parameterized form of the compensator is given as 
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Substituting the parameterized compensator 
Eq.(11) to the closed-loop system Eq.(4), the param-
eterized form of the closed-loop system Eq.(3) is 
obtained with the coefficient matrices as 
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Theorem 2    For given positive scalars h, d, α1, α2, α3, 
where α1+α2+α3<1, if there exist scalars λi>0 (i=1, 2, 
3), matrices Si>0 (i=1, 2, 3) and a parameter set 
Eq.(11) satisfying the matrix inequality Eq.(6) and the 
following LMIs: 
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In LMI Eq.(15a), Γi (i=1, 2, ..., 5) are all functions of 
Φ, i.e., Γi=Γi(Φ). And 
 

1( ) ,Φ
⎡ ⎤+ +

= ⎢ ⎥
+⎣ ⎦

AX BU A BWCΓ
R YA VC

  

2 ( ) ,Φ ⎡ ⎤= +⎣ ⎦Γ R YA VC   

[ ]3 1( ) ,Φ λ=Γ NX N  [ ]4 2 1 1( ) ,Φ λ=Γ A X A   

[ ]5 3 2 2( ) .Φ λ=Γ A X A  
 

Then there exists a full-order dynamical output 
feedback controller in the form of Eq.(2) such that the 
closed-loop system Eq.(3) is asymptotically stable. In 
this case, the parameters of the desired controller are 
given in Eq.(12). 
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0
0

0
0

        (16) 

 
So the LMI Eq.(15b) is equivalent to P(Φ)>0. 

Then substituting the parameterized functional 
matrix Eq.(13) and the parameterized closed-loop 
system matrix Eq.(14) into the matrix inequality 
Eq.(10), we obtain inequality Eq.(17): 
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The similarity transformation matrix is con-

structed as 
 

T
2 2 2 2 2 2diag{ ( ) ( ), , , , , , }.n n n n n nΦ Φ=L T Q I I I I I I  (18) 

 
Pre- and post-multiplying both sides of inequal-

ity Eq.(17) by L and LT respectively, and noticing 
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then we can obtain LMI Eq.(15a). This completes the 
proof. 
Remark 3    Strictly speaking, the synthesis condition 
is not a convex restriction for all parameters; there are 
some parameters of the functional left to be specified. 
This makes the concerned problem more conservative, 
though the parameters in the controller formulation 
are retained in the convex form.  
Remark 4    In this paper, the considered system is a 
more general case. The design of controllers for sim-
ple time-delay systems, such as systems without dis-
tributed delay, can be seen as a special case. 

 
 
 
 
 
 
 
 
 
 
 
AN ILLUSTRATIVE EXAMPLE 
 

In this section, we provide a numerical example 
to illustrate the effectiveness of the proposed method 
in the previous section. 

Consider the neutral system Eq.(1) with pa-
rameters as follows: 

 

0.1 0
,

0.1 0
⎡ ⎤

= ⎢ ⎥−⎣ ⎦
N

1 2
,

0 1
− −⎡ ⎤

= ⎢ ⎥
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A 1

0 0
,

0 1
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= ⎢ ⎥
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A  

T

2

1 0 1 1
, , ,

1 0 1 1
− −⎡ ⎤ ⎡ ⎤ ⎡ ⎤

= = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦ ⎣ ⎦
A B C h=0.6, d=0.2, τ=1. 

 

Choosing the auxiliary variables λ1=10, λ2=5, 
λ3=10, α1=0.2, α2=0.4, α3=0.4, by the Matlab LMI 
Control Toolbox, a solution can be obtained as 

 

7.7123 0.893
,

0.893 0.8980
−⎡ ⎤

= ⎢ ⎥−⎣ ⎦
X

3.9745 4.9239
,
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,
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1.8970
,
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V  4.7129.W =  

 

Therefore, by Theorem 2, a desired output 
feedback control law can be constructed as 

 

c

0.9831 21.5424
,

1.0419 19.3784
−⎡ ⎤

= ⎢ ⎥− −⎣ ⎦
A  c

0.4351
,

0.8746
⎡ ⎤

= ⎢ ⎥−⎣ ⎦
B   

[ ]c 5.0899 13.4059 ,=C  c 4.7129.D =  
 

Fig.1 presents the state response of the 
closed-loop system Eq.(3) with the initial condition 
xT(t)=[1  −2  −1  2]. It can be seen from this figure that 
the closed-loop system is asymptotically stable under 
the dynamical output feedback controller. 
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CONCLUSION 
 

In this paper, the stabilization problem for neu-
tral systems with discrete and distributed delays is 
studied. A novel LMI-based approach to designing a 
dynamical output feedback controller, which ensures 
the asymptotical stability of the resulting closed-loop 
system, is proposed. Through the model transforma-
tion of neutral type and construction of a proper 
Lyapunov-Krasovskii functional, a delay-dependent 
stability criterion is established in terms of LMIs. 
Then the controller parameterization and matrix 
transformation are employed to solve the nonconvex 
feasibility problem, and a sufficient condition for the 
solvability of the desired controller is obtained in 
terms of LMIs. The numerical example shows the 
effectiveness and applicability of the proposed ap-
proach. 
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Fig.1  State trajectory of the closed-loop system 
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