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Abstract:    Calculation of the scattered field of the eccentric scatterers is an old problem with numerous applications. This study 
considers the interaction of a plane compressional sound wave with a liquid-encapsulated thermoviscous fluid cylinder submerged 
in an unbounded viscous thermally conducting medium. The translational addition theorem for cylindrical wave functions, the 
appropriate wave field expansions and the pertinent boundary conditions are employed to develop a closed-form solution in the 
form of infinite series. The analytical results are illustrated with a numerical example in which the compound cylinder is insonified 
by a plane sound wave at selected angles of incidence in a wide range of dimensionless frequencies. The backscattered far-field 
acoustic pressure amplitude and the spatial distribution of the total acoustic pressure in the vicinity of the cylinder are evaluated 
and discussed for representative values of the parameters characterizing the system. The effects of incident wave frequency, angle 
of incidence, fluid thermoviscosity, core eccentricity and size are thoroughly examined. Limiting case involving an ideal com-
pressible liquid-coated cylinder is considered and fair agreement with a well-known solution is established. 
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INTRODUCTION 
 

Historically, sound wave scattering by cylindri-
cal objects has been investigated quite extensively 
since works of Rayleigh (1945) and Lamb (1945). 
For example, the scattering of acoustic waves has 
been broadly studied for a rigid, fixed, solid circular 
cylinder (Morse and Ingard, 1968), for elastic solid 
circular cylinder (Faran, 1951; Varadan et al., 1991), 
and for elastic cylindrical shells (Hasegawa et al., 
1993). On the other hand, analytical or numerical 
solutions to sound wave interaction problems involv-
ing cylindrical fluid obstacles seem to be relatively 
sparse. Alemar et al.(1986a; 1986b) investigated the 
scattering of acoustic waves from an infinite cylindri-
cal fluid obstacle immersed in a fluid loading me-
dium of greater/smaller density. Chandra and Thomp-
son (1992) employed the method of Padé approxi-
mants to determine the scattered pressure from a fluid 
cylinder having a strong compressibility contrast. 

Boag et al.(1988) used a multifilament source model 
to present a solution for the problem of 2D acoustic 
scattering from homogeneous fluid cylinders. Rous-
selot (1994) also studied the acoustic field scattered 
by a fluid cylinder. More recently, Wei et al.(2004) 
analyzed and discussed the acoustic radiation force 
on a 2D infinitely long fluid cylinder placed in a 
plane standing wave field. Also, Scotti and Wirgin 
(2004) studied the inverse medium problem (i.e., the 
retrieval of the material constants) for a generally-
lossy fluid-like circular cylindrical object in a lossless 
fluid-like host probed by plane-wave acoustic radia-
tion. 

Analytical solutions of interior or exterior 
boundary value problems in various fields such as 
potential theory, acoustics and electromagnetism, are 
strictly dependent on the shape of boundaries. In par-
ticular, when multiple interfaces are present in a 
sound field, there is an acoustical interaction between 
them due to cross scattering. Several researchers have 
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studied the acoustic interaction problems involving 
multiple cylindrical interfaces. Shaw and Tai (1974) 
used Helmholtz integral equation formulation to 
study acoustic radiation due to a time harmonic pres-
sure applied at the inner boundary of an acoustic fluid 
body composed of two parallel, nonconcentric circu-
lar cylinders. Kanevskii and Surikov (1976) theoreti-
cally and experimentally investigated the field in the 
focal plane of cylindrical two-layer acoustic lenses 
formed by two concentric layers with different refrac-
tive indices. Reese and Thompson (1986) used the 
translational addition theorem for cylindrical wave 
functions to investigate the effect of a variable thick-
ness, cylindrical, fluid layer on the directional re-
sponse patterns of a particular acoustic source distri-
bution. Sinai and Waag (1988) employed a series so-
lution for scattering from two concentric fluid cylin-
ders to compute the scattered pressure for a range of 
frequencies and material parameters. Schuster (1990) 
presented a fast exact numerical algorithm that com-
putes the line source acoustic response of concentric 
cylinders filled with acoustic material of contrasting 
impedances. Janele et al.(1991) considered the finite 
amplitude wave propagation which is created when a 
compound cylinder consisting of two concentric, iso-
tropic compressible cylinders is subjected to a sudden 
spatially uniform application of pressure at the inner 
cylinder’s surface. Morse et al.(1995) showed that 
scattering by a nonconcentric circular cylinder exhib-
its scattering processes not present in the simple case 
of uniform thickness. Roumeliotis and Kakogiannos 
(1995) used the translational addition theorems for 
cylindrical wave functions to study scattering of an 
acoustic plane wave from an infinite circular impene-
trable or penetrable cylinder of an acoustically small 
radius, embedded eccentrically into a penetrable cyl-
inder. Danila et al.(1995; 1998) used the generalized 
Debye series expansion (GDSE) method for calcula-
tion of the scattered field due to a plane wave inci-
dent on concentric or eccentric fluid/solid cylindrical 
interfaces. Hasheminejad and Azarpeyvand (2003) 
presented an exact analysis of acoustic radiation from 
a vibrating cylindrical source eccentrically suspended 
within a fluid cylinder. Cai (2004) reviewed and pre-
sented a novel multiple-scattering approach for ana-
lyzing scattering by single multilayered 2D scatterers 
having internal delineative interfaces. He used a sim-
ple two-layered concentric circular cylindrical scat-

terer subjected to SH incident waves in 2D space 
(with a known exact analytical solution) to illustrate 
his detailed solution procedure. 

The mechanical behavior of a freely floating or 
captured liquid system finds application not only in 
mechanical sciences and metallurgy but also in 
chemical engineering and nuclear technology as well 
as in geological and astrophysical engineering (e.g., 
in applications where materials must be manipulated, 
heated or cooled without contact between the material 
and container walls such as in containerless solidifi-
cation (Gao and Wei, 1999), crystal growth (Chung 
and Trinh, 1998), magnetically levitated pipeless 
fluid transporting system (Mai et al., 2002), material 
property measurement and material processing (Rhim 
et al., 1999), medical industry (Lorber and Giege, 
1996), microstructure control of materials (Nagashio 
et al., 1999) and biological applications (Lane et al., 
1999)). In particular, stability and dynamics of the so-
called liquid bridge or column (i.e. a cylindrical mass 
of liquid surrounded by an immiscible host liquid 
with similar density to compensate partially for the 
effect of the hydrostatic pressure along the interface) 
have been extensively analyzed both theoretically and 
experimentally over the last decades (Sanz, 1985; 
Perales and Meseguer, 1992; Zayas et al., 2000; 
Montanero et al., 2002; Johnson, 2002; Montanero, 
2003). Likewise, mechanical behaviours of liquid-
encapsulated or multilayer liquid columns (i.e., a liq-
uid column composed of two concentric immiscible 
viscous liquids: an inner column of liquid, forming an 
axisymmetric interface with an outer annular column 
of liquid, surrounded by the external still fluid) have 
recently become of great practical interest in space 
(containerless) material processing applications 
(Walker et al., 2002). By liquid encapsulation in mi-
crogravity conditions, the thermocapillary (Maran-
goni) convection in the material’s melt phase can be 
suppressed and, in consequence of stringent control 
of melt stochiometry, striation-free high-purity crystal 
can be grown (Viviani and Golia, 2003; Eyer and 
Leiste, 1985; Doi and Koster, 1993; Li et al., 2002; Li 
et al., 2006).  

In the absence of body forces, long liquid capil-
lary bridges are normally unstable because of the 
growth of a mode where one end becomes slender 
while the other becomes rotund. This so-called 
Rayleigh-Plateau (RP) instability was suppressed for 
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weightless bridges on NASA’s KC-135 aircraft by 
placing the bridge in an acoustic standing wave (Thi-
essen et al., 2002). In addition to liquid bridges, RP 
instability is relevant to the breakup of liquid jets and 
coatings, and to the dynamics of drops and bubbles 
(Moseler and Landman, 2000). Marr-Lyon et 
al.(1997; 2000) investigated the response of liquid 
bridges to acoustic radiation pressure, and demon-
strated that active control of normal stresses at the 
liquid surface can suppress the RP instability for 
bridges significantly beyond the RP limit using either 
acoustic or electrostatic stresses. Subsequently, Marr-
Lyon et al.(2001) explored the possibility of counter-
ing this instability for a liquid bridge in air and a cy-
lindrical bubble of air in water, through a novel pas-
sive stabilization effect of an appropriately chosen 
sound field in which the bridge is immersed. For a 
recent review on the subject, the reader is referred to 
the work by Wei et al.(2004) who considered an infi-
nitely long fluid cylinder in an acoustic plane stand-
ing wave field and obtained a simple long wavelength 
approximation of the radiation force-per-length for 
the following situations: a hot gas column, a 
compressible liquid bridge in a Plateau tank, a liquid 
bridge in air, and a cylindrical bubble of air in water. 

In this paper we employ the translation addition 
theorem for cylindrical Bessel functions to study 
scattering of compressional acoustic waves by an 
eccentrically coated thermovisous fluid cylinder 
submerged in a boundless viscous thermally con-
ducting fluid medium. Particular emphasis is put on 
assessment of eccentricity as well as thermoviscous 
loss effects. The proposed model is of notable inter-
est essentially due to its inherent value as a canonical 
problem in general acoustics. It can form an invalu-
able guide in establishing the thresholds for influ-
ence of eccentricity and thermoviscosity in terms of 
the incident wave field characteristics. The presented 
exact solution can serve as the benchmark for com-
parison to other solutions obtained by strictly nu-
merical or asymptotic approaches. It has promising 
applications in a wide range of physical and techni-
cal fields including detection and characterization of 
internal structure of compound bodies (Sinai and 
Waag, 1988), and passive acoustic stabilization and 
breakup control of fluid-encapsulated liquid bridges, 
small diffusion flames and hot cylindrical fluid ob-
jects under microgravity conditions (Wei et al., 

2004; Marr-Lyon et al., 1997; 2000; 2001; Johnson, 
2002; Viviani and Golia, 2003; Li et al., 2002). 
 
 
FORMULATION 
 
Basic model 

There are a seemingly endless variety of models 
available now dealing with thermoviscous effects in 
acoustic wave propagation. The most exclusive 
model is based on a solution of the full set of basic 
governing equations, i.e., all terms in the linearized 
Navier Stokes equations are taken into account. This 
inclusive treatment of thermoviscosity can greatly 
complicate the analysis because the fluid medium can 
then support shear and thermal as well as compres-
sional modes, both of which must be accounted for in 
satisfying the boundary conditions at the interfaces. 
Here, we theoretically examine the 2D scattered 
acoustic field produced by an incident plane wave on 
a compound fluid cylinder defined by two noncon-
centric cylindrical surfaces of radii a and b. The cyl-
inder axes extend to infinity and are parallel. The 
cylinder is thermoviscous and is immersed in another 
(a boundless) thermoviscous fluid medium. The in-
cident wave direction of propagation is normal to its 
axis. The problem geometry is shown in Fig.1. Two 
cylindrical coordinate systems are introduced to de-
scribe the different acoustic fields inside and outside 
the compound cylinder. Their origin-to-origin sepa-
ration is e, and point P is an arbitrary field point out-
side the fluid cylinder. 
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The classical Helmholtz decomposition expan-
sion may advantageously be employed to express 
fluid-particle velocity vector in the thermoviscous 
acoustic medium in terms of a compressional-wave 
scalar potential and a viscous-wave vector potential 
as 
 

φ= −∇ + ∇ ×u ψ .                      (1) 
 
The governing equations for φ, ψ and the excess 
temperature T is then written as (Temkin, 1981): 
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where κ is the thermal conductivity, Cv is the specific 
heat at constant volume, ρ is the mass density, 
β=4v/3+μb/ρ, ν=μ/ρ is the kinematic viscosity, μ is 
shear (dynamic) viscosity, μb is the bulk (expansive) 
viscosity, c is the adiabatic speed of sound, η is the 
coefficient of thermal expansion, γ=Cp/Cv is the spe-
cific heat ratio and Cp is the specific heat at constant 
pressure. Also, in view of the fact that the incident 
wave is time-harmonic, with the circular frequency 
ω, we have assumed harmonic time variations 
throughout with the e−iωt dependence suppressed for 
simplicity. The above governing equations may be 
algebraically manipulated to yield Helmholtz-type 
equations (Temkin, 1981): 
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where the subscripts ‘c’, ‘t’ and ‘s’ denote compres-
sional, thermal and shear, respectively. In addition, 
φ=φc+φt, and accurate approximations for kc, kt and 
ks are given as:  
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where Pr=μCp/κ is Prandtl number and σ=κ/(ρCp) is 
the thermal diffusivity. Making use of problem 
symmetry, ψ=(0,0,ψ) and ∇ is classical. Therefore, 
Eq.(1) yields for the radial and tangential velocities, 
and with φ=φc+φt, the first of Eq.(2) and the first 
two of Eq.(3) yield for the excess temperature 
(Hasheminejad and Geers, 1993): 
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In addition, the classical relations for radial and tan-
gential stresses, heat flux, and acoustic pressure may 
be employed to yield the following potential-based 
expressions (Lin and Raptis, 1983): 
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Field expansions and boundary conditions 

Following the standard methods in theoretical 
acoustics, the dynamics of the problem may be ex-
pressed in terms of appropriate scalar potentials. The 
thermoviscous fluid coating is represented by region I, 
while the cylindrical fluid core is denoted as region II 
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and the boundless thermoviscous fluid medium is 
denoted as region III (Fig.1). The incident wave in the 
surrounding thermoviscous fluid (medium III) with 
respect to the first coordinate system may be written 
in the form (Lin and Raptis, 1983): 
 

inc 0 1 1i ( )exp[i ( )],n
n
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∞
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in which Jn is the cylindrical Bessel function of the 
first kind (Abramowitz and Stegun, 1965), φ0 is the 
amplitude of the incident wave, k=Re(kc3) and α is the 
angle of incidence. 

In region III, the possibility of outgoing waves 
exists, while in region I, the possibility of both in-
coming and outgoing (standing) waves exists. Fur-
thermore, in region II only incoming waves are pos-
sible. Therefore, the solution of the Helmholtz equa-
tions for the acoustic velocity potentials in the ambi-
ent thermoviscous fluid medium may be as follows: 
 

III
c 1 1 c3 1 1

III
t 1 1 t3 1 1

III
1 1 s3 1 1

( , , ) ( ) ( )exp(i ),

( , , ) ( ) ( )exp(i ),

( , , ) ( ) ( )exp(i ),

n n
n

n n
n

n n
n

r A H k r n

r B H k r n

r C H k r n

ϕ θ ω ω θ

ϕ θ ω ω θ

ψ θ ω ω θ

∞

=−∞

∞

=−∞

∞

=−∞

⎧ =⎪
⎪
⎪

=⎨
⎪
⎪

=⎪
⎩

∑

∑

∑

 (10) 

 
where, Hn(x)=Jn(x)+iYn(x) is the cylindrical Hankel 
function of the first kind (Abramowitz and Stegun, 
1965), and An(ω), Bn(ω) and Cn(ω) are unknown 
scattering coefficients. Similarly, the solution of the 
Helmholtz equations for the acoustic velocity poten-
tials inside the thermoviscous fluid coating may be 
represented by (Hasheminejad and Azarpeyvand, 
2003): 
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We note that in the above equations, the last (first) 
terms are expressed in the second (first) coordinate 
systems. These terms have to be transformed to the 
first (second) coordinate system before imposing the 
boundary conditions. Also, the acoustic velocity po-
tentials inside the cylindrical fluid core may be rep-
resented by: 
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The unknown scattering coefficients An(ω) through 
Rn(ω) must be determined by imposing the suitable 
boundary conditions. Accordingly, the continuity of 
the normal and tangential velocity components, tem-
perature, heat flux and the normal and tangential 
stresses at the inner and outer surfaces of the cylin-
drical fluid coating demand that (Hasheminejad and 
Geers, 1993) 
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Wave transformations and series representations 

Many radiation and scattering problems involve 
waves of one characteristic shape (coordinate system) 
that are incident upon a boundary of some other 
shapes (coordinate system). So it is difficult to satisfy 
the boundary conditions on that surface. There exists, 
however, a class of mathematical relationships called 
wave transformations that circumvent this difficulty 
in many cases by allowing one to study the fields 
scattered by the various bodies (interfaces), all re-
ferred to a common origin. Accordingly, to fulfill 
orthogonality in the current problem, we need to ex-
press the cylindrical wave functions of the first 
(second) coordinate system in terms of cylindrical 
wave functions of the second (first) coordinate system 
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by application of the classical form of translational 
addition theorem for cylindrical coordinates (Stratton, 
1941): 
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where k* can be any of kc1, kt1 or ks1. Subsequently, 
the above addition theorem may be utilized in 
Eq.(11) to express the acoustic field potentials in the 
fluid coating (region I) with respect to the first or 
second coordinate system, i.e.,  
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Now utilization of Eqs.(9), (10), (12), (15) and (16) 
in the boundary conditions Eq.(13) yields 
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This completes the necessary background re-
quired for the exact acoustic scattering analysis of a 
fluid-encapsulated thermoviscous fluid cylinder.   
Next we consider some numerical examples. 
 
 
NUMERICAL RESULTS 
 

In order to illustrate the natural and general be-
haviour of the solution, we consider some numerical 
examples in this section. Realizing the crowd of pa-
rameters and the intense computations involved here, 
no attempt is made to exhaustively evaluate the effect 
of varying each of them. Thus, we confine our atten-
tion to a particular model. The surrounding ambient 
fluid is assumed to be glycerine at atmospheric 
pressure and 300 K. The fluid cylinder (a=0.1 cm) is 
supposed to be made from 3M “Fluorinert” chemical 
FC-75 (http://www.mmm.com) and the core fluid 
(b=0.1a, 0.5a) is selected to be olive oil (Babick et al., 
2000), with their physical properties summarized in 
Table 1. A FORTRAN code was constructed for 
treating boundary conditions and to calculate the 
unknown scattering coefficients and the relevant 
acoustic field quantities as functions of the nondi-
mensional frequency ka, the angle of plane wave 
incidence α, the dimensionless eccentricity and radii 
ratio parameters e/a and b/a. Accurate computations 
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of cylindrical Bessel functions of complex arguments 
and their derivatives were accomplished by utilizing 
the module CH12N described in the monograph by 
Zhang and Jin (1996). The precision of calculated 
values was checked against Maple specialized math 
functions “HankelH1” and “BesselJ”, and also the 
printed tabulations in the handbook by Abramowitz 
and Stegun (1965). Matrix inversions were carried out 
using the subroutine ZGEFA from the portable nu-
merical software library LINPAK (Dongarra et al., 
1979). The computations were performed on a Pen-
tium IV personal computer with truncation constants 
of nmax=mmax=35 to assure convergence in the high 
frequency/eccentricity range. In addition to avoid 
numerical overflow/underflow problems at high fre-
quencies (i.e., for large complex arguments), an ex-
tension of the range of the floating point numbers was 
pursued. This enables us to make computation using 
numeric precision beyond the single or double preci-
sion ordinarily provided in hardware. Accordingly, a 
very powerful multi-precision FORTRAN software 
package MPFUN developed by Bailey (1995) from 
NASA was employed to compute mathematical 
functions on floating point numbers of arbitrarily high 
precision. 

The primary acoustic field quantities are the 
far-field backscattered pressure amplitude and the 
total acoustic pressure distribution. Using Eq.(3) in 
Eq.(8), the backscattered and the total acoustic pres-
sure amplitudes with respect to the first coordinate 
system are respectively written as: 
 

III III
scat 1 1 3 c t

2 III 2 III
b3 3 c3 c t3 t

III III
1 1 3 inc c t

2 III 2 III
b3 3 c3 inc c t3 t

( , π, ) i ( )
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+ + k φ k φ

p r +φ +φ
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θ α ω ω ρ

μ μ

θ ω ωρ ϕ

μ μ ϕ

= + = −

⎡ ⎤+⎣ ⎦
= −

⎡ ⎤+⎣ ⎦
(30) 

The two most important incidence angles are 
α=0 (end-on) and α=π/2 (broadside), as they best help 
to expose the physics of the problem. Figs.2a and 2b 
display the variation of the normalized backscattered 
acoustic pressure magnitude, |pscat(r1, θ1=α+π, ω)|/ 
(ωρ3φ0), with ka for a unit amplitude plane wave 
(φ0=1) at a far-field point (r1=50a) for broad-
side/end-on incidence at selected eccentricities and 
inclusion sizes (b/a=0.1, 0.5). We have also generated 
the normalized backscatted far-field pressure ampli-
tude curves for a compound ideal fluid cylinder (solid 
line) by using an independently developed FOR-
TRAN code. The main observations are as follows. At 
very low to intermediate incident wave frequencies 
(0<ka<3), the thermoviscous effects are very insig-
nificant, as the solid and dotted lines almost entirely 
coincide. Thermoviscosity has an increasingly de-
pressing effect on the pressure amplitudes starting at 
intermediate frequencies (ka>3). At the highest inci-
dent wave frequency (ka=10), inclusion of ther-
moviscous effects leads to a substantial decrease in 
the overall pressure magnitudes almost regardless of 
inclusion size, eccentricity or angle of incidence. As 
the eccentricity parameter (e/a) is increased, the 
themoviscous effects appear to increase, more rapidly 
in the end-on incidence (α=0) situation. In fact, the 
largest damping occurs at the highest frequency 
(kα=10) for biggest eccentricity in the end-on inci-
dence (α=0) case for both inclusion sizes. Further-
more, the backscattered pressure peaks become more 
densely packed as the eccentricity grows, especially 
at high frequencies in the end-on incidence (α=0) case. 
This behaviour is principally caused by interference 
of the fields scattered by the two eccentric cylindrical 
boundaries. More specifically, it is associated with 
the fact that the phase difference between the scat-
tering surfaces oscillates increasingly faster as the 
eccentricity grows which is directly related to the 
oscillating nature of the phase factors Jn−m(kc1e), 
Jn−m(kt1e) and Jn−m(ks1e) present in the final equations 
(Hasheminejad and Badsar, 2004). 

Fig.3 displays the variation of the backscattered 
far-field pressure amplitude with inclusion size for 
broadside/end-on incidence upon the compound cyl-
inder at selected frequencies. Here, the eccentricity is 
kept fixed (e/a=0.5) while the radius of the inner 
cylinder is increased from b=0 to b=0.5a. The main 
observation is the relatively large (small) change in 

 
Parameter FC-75 

(Medium I) 
Olive oil 

(Medium II) 
Glycerine

(Medium III)
μ [kg/(m·s)] 0.0079 0.84 9.5 
μb [kg/(m·s)] 0.0079 0.84 9.5 
c (m/s)  613.7 1440 1910 
κ [N/(s·K)] 0.0639 0.19 0.286 
η (K−1) 1.799×10−3 7.2×10−4 6.1×10−4 
Cp [J/(kg·K)] 1044 2000 2427 
Cv [J/(kg·K)] 1038 2000 2427 
ρ (kg/m3) 1730 900 1250 

 

Table 1  The input parameter values used in calculations
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the backscattered pressure magnitude with inclusion 
size at high (low and intermediate) frequencies for 
both ideal and thermoviscous problems. The back-
scattered pressure curves associated with the end-on 
incidence (α=0) case at the highest frequency seem to 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
be slightly more oscillatory (i.e., a higher variation in 
the backscattered pressure magnitude with inclusion 
size in the far-field point for end-on incidence is ob-
served). The very inconsequential effect of ther-
moviscosity at low and intermediate frequencies is 
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Fig.3  Variation of the backscattered far-field pressure amplitude with inclusion size for broad-
side/end-on incidence at selected frequencies and a fixed eccentricity (e/a=0.5). (a) α=0; (b) α=π/2 
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Fig.2  Variation of the normalized backscattered far-field acoustic pressure magnitude with dimensionless
frequency for broadside/end-on incidence at selected eccentricities and inclusion size. (a) b=0.1a; (b) b=0.5a
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once more noted, while there is roughly an order of 
magnitude downward shift in pressure amplitudes at 
the highest frequency for all inclusion sizes, regard-
less of angle of incidence. Also, numerical compari-
son of the ideal and thermoviscous pressure curves at 
the highest frequency reveals that thermoviscosity in 
general has a slightly higher effect on the overall 
backscattered pressure magnitudes for the cylinder 
containing a large inclusion in comparison with one 
with a small inclusion, especially in the broadside 
incidence (α=π/2) case. This may be related to the 
high sound absorptive nature (i.e., very large ther-
moviscous parameters) of the core fluid (olive oil) in 
comparison with the coating fluid (FC-75). 

To further investigate the effect of presence of 
core fluid in the compound thermoviscous cylinder, 
the angular distribution of the scattered far-field 
pressure amplitude at selected nondimensional 
frequencies (ka=0.1, 1, 10), inclusion sizes (b/a=0.1, 
0.5), eccentricities and angles of incidence (α=0, π/2) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

are displayed in Figs.4a and 4b. It is interesting to 
study the change in directionality and amplitude of 
the scattered waves as the input parameters are var-
ied. At the lowest frequency (ka=0.1), the scattered 
far-field pressure patterns are extremely uniform 
(nearly circular). At ka=1, the pressure patterns be-
come more directional with still a very uniform for-
ward scattering for both angles of incidence. At the 
highest frequency (ka=10), there is a significant de-
crease in the overall scattered pressure amplitudes 
(due to thermoviscous loss effects) while the patterns 
now exhibit a highly directional behaviour with a 
relatively sharp forward scattering in every case. The 
most important observation is perhaps the fact that 
while the eccentricity of a small inclusion (b/a=0.1) 
has almost no effect on the far-field scattered pres-
sure directivities and amplitudes at low and interme-
diate frequencies, it has a perceptible effect at high 
frequencies, especially for the end-on incidence case. 
The situation is somewhat different for the large 
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Fig.4  Angular distribution of the scattered far-field pressure amplitude at selected nondimensional frequencies,
inclusion sizes and eccentricities for end-on incidence (α=0) (a) and for broadside incidence (α=π/2) (b) 
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inclusion (b/a=0.5) on which the eccentricity has a 
small (considerable) effect at intermediate (high) 
frequencies. We lastly note that while the patterns are 
perfectly symmetric about the 180 degrees line in the 
end-on incidence case, they are slightly unsymmetric 
about the 90 degrees line in the broadside incidence 
situation (see Fig.1). 

To assess the acoustic interaction effects in the 
near-field, the spatial distribution of the normalized 
total acoustic pressure magnitude, |p(r1,θ1,ω)|/ 
(ωρ3φ0), for end-on incidence (α=0) at selected inci-
dent wave frequencies and eccentricities in the 
neighbourhood of the thermoviscous cylinder con-
taining a large inclusion (b/a=0.5) is presented in 
Fig.5. The main observations are as follows. At the 
lowest frequency (ka=0.1), the pressure contours are 
highly non-directional and the highest pressure mag-
nitude is observed in the forward direction. At this 
frequency the core eccentricity has nearly no effect 
on the total acoustic field. As the incident wave fre-
quency is increased to ka=1 and 10, the directional- 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ity and overall magnitudes of the pressure field ap-
preciably increase. At these frequencies, in contrast 
to the low frequency case, eccentricity of the core 
fluid has a noticeable effect on the pressure field. 
Another interesting aspect of the problem is the crea-
tion of shadow zones mainly in the forward direction 
behind the compound cylinder at intermediate and 
high frequencies. These regions are well-known to 
be of extra importance at high frequencies, as it is 
well known that waves whose wavelength is small in 
comparison to the obstacles suffer very large back-
scattering (create a strong shadow). At ka=1, core 
fluid eccentricity has a minor effect on the distinct 
U-shaped shadow region formed in the forward di-
rection behind the compound cylinder. At the highest 
frequency (ka=10), effect of core eccentricity on the 
single (strip-shaped) shadow region formed behind 
the compound cylinder is extensive.  

Finally, in order to check overall validity of the 
calculations, we computed the total scattering cross 
section [Eq.(34) in (Roumeliotis et al., 2001)] versus 
angle of plane wave incidence at selected radii ratios 
(b/a=0, 0.005, 0.01) and eccentricity (e/a=0.6) for a 
nearly inviscid and relatively large compound fluid 
cylinder immersed in an infinite ideal fluid medium 
by setting μ→0 in our main (thermoviscous) FOR-
TRAN code. The numerical results, as shown in 
Fig.6, accurately reproduce the curves displayed in 
Fig.9b of (Roumeliotis and Kakogiannos, 1995). The 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.5  The spatial distribution of the normalized total
acoustic pressure magnitude at selected incident wave
frequencies and eccentricities for end-on incidence
upon a compound thermoviscous cylinder containing
a large inclusion (b/a=0.5) 
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Fig.6  The total scattering cross section versus angle
of incidence at selected radii ratios and eccentricity
(e/a=0.6) for a nearly inviscid compound fluid cylin-
der immersed in an infinite fluid medium 
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remaining numerical results appearing in the latter 
reference were also readily reproduced (not shown 
for briefness) by using limiting input parameters val-
ues in our general thermoviscous code. 
 
 
CONCLUSION 
 

This study solves the most fundamental problem 
of acoustic scattering from eccentric fluid scatterers 
in 2D including dissipation effects. It treats the in-
teraction of a plane compressional sound wave with a 
compound compressible fluid cylinder consisting of 
two parallel eccentric thermoviscous cylinders sus-
pended in a boundless viscous thermally conducting 
fluid medium. The solution is based on the linearized 
coupled dynamic equations of thermoviscosity, the 
appropriate wave field expansions, the relevant 
boundary conditions and application of the transla-
tional addition theorem for cylindrical wave functions. 
The scattered far-field pressure amplitudes and the 
spatial distribution of total acoustic pressures are 
plotted for end-on/broadside incidence at selected 
incident wave frequencies, core sizes and eccentrici-
ties. The numerical results reveal the imperative in-
fluence of thermoviscosity in remarkable reduction of 
the backscattered pressure amplitudes at intermediate 
and high frequencies. These effects appear to gener-
ally enhance as the core fluid eccentricity is increased, 
especially for a large inclusion at end-on incidence. It 
has also been shown that the eccentricity of a small 
thermoviscous inclusion has a negligible (a percepti-
ble) effect on the far-field scattered pressures at low 
and intermediate (high) frequencies. The situation is 
somewhat different for a large thermoviscous inclu-
sion on which the eccentricity has a small (significant) 
effect at intermediate (high) frequencies. The nu-
merical results are concluded with the field pressure 
contour plots illustrating emergence of considerable 
backscattering as well as the creation of distinct 
shadow zones behind the compound cylinder (in the 
forward direction) at intermediate and high frequen-
cies. The presented work demonstrates the call for 
consideration of thermoviscous loss effects in com-
bination with cross scattering interactions in problems 
involving eccentric absorptive fluid cylinders. It is of 
high practical interest in acoustic analysis and char-
acterization of compound cylindrical emulsions, liq-
uid composites, and passive acoustic stabilization of 

composite liquid bridges, small diffusion flames and 
hot cylindrical fluid objects under microgravity con-
ditions. 
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