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Abstract:    The failure analysis of simply supported, isotropic, square plates is addressed. Attention focuses on minimum failure 
load amplitudes and failure locations. von Mises’ equivalent stress along the plate thickness is also addressed. Several distributed 
and localized loading conditions are considered. Loads act on the top of the plate. Bi-sinusoidal and uniform loads are taken into 
account for distributed loadings, while stepwise constant centric and off-centric loadings are addressed in the case of localized 
loadings. Analysis is performed considering plates whose length-to-thickness ratio a/h can be as high as 100 (thin plates) and as 
low as 2 (very thick plates). Results are obtained via several 2D plate models. Classical theories (CTs) and higher order models are 
applied. Those theories are based on polynomial approximation of the displacement field. Among the higher order theories (HOTs), 
HOTsd models account for the transverse shear deformations, while HOTs models account for both transverse shear and transverse 
normal deformations. LHOTs represent a local application of the higher order theories. A layerwise approach is thus assumed: by 
means of mathematical interfaces, the plate is considered to be made of several fictitious layers. The exact 3D solution is presented 
in order to determine the accuracy of the results obtained via the 2D models. In this way a hierarchy among the 2D theories is 
established. CTs provide highly accurate results for a/h greater than 10 in the case of distributed loadings and greater than 20 for 
localized loadings. Results obtained via HOTs are highly accurate in the case of very thick plates for bi-sinusoidal and centric 
loadings. In the case of uniform and off-centric loadings a high gradient is present in the neighborhood of the plate top. In those 
cases, LHOTs yield results that match the exact solution. 
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INTRODUCTION 
 

The static, elastic response of plates is an im-
portant and interesting problem from both engineer-
ing and mathematical points of view. In particular, the 
accurate prediction of the maximum load that a plate 
can withstand before its failure plays a paramount role. 
Research activity focused and still focuses its atten-
tion on the determinations of plates failure parameters 
by means of several mathematical models. In (Pandey 
and Reddy, 1987; Reddy and Pandey, 1987; Reddy 
and Reddy, 1987) the finite element method has been 
adopted to compute the maximum value and location 
of the failure load for simply supported laminates 
under uniformly distributed bending loads and 

in-plane loading conditions. Analytical methods 
based on the closed form solution have been applied 
by Turvey (1980a; 1980b; 1980c; 1981; 1982; 1987) 
to the flexural failure analysis of composite plates and 
strips subjected to uniformly distributed loadings. In 
(Turvey, 1980a; 1980b; 1980c; 1981; 1982) classical 
theories (CTs) based on Cauchy (1828), Poisson 
(1829) and Kirchhoff (1850)’s hypotheses have been 
applied to compute the first-ply failure loads. In 
(Turvey, 1987) the shear deformation effects have 
been considered by means of the first shear deforma-
tion theories of Reissner (1945) and Mindlin (1951) 
and via the higher order shear deformation theory of 
Reddy (1984; 1997). In the present work failure 
analyses of isotropic plates have been performed 
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adopting several 2D, closed form, Navier type solu-
tions. Those models have been applied in (Carrera 
and Giunta, 2007) to compute displacements and 
stresses for plates bent by localized transverse load-
ings. Here attention focuses on the minimum failure 
load that plates can withstand, on the location where 
failure is firstly experienced and on the von Mises’ 
equivalent stress. First of all, CTs (Cauchy, 1828; 
Poisson, 1829; Kirchhoff, 1850; Reissner, 1945; 
Mindlin, 1951) have been assumed (see subsection 
“Classical theories”). In order to model the shear and 
transverse deformations, higher order theories (HOTs) 
have been considered. Those models are described in 
subsection “Higher order theories”. In subsection 
“Local higher order theories” higher order models are 
locally applied. The whole plate is ideally divided 
through-the-thickness into Nl fictitious layers by 
means of mathematical interfaces Σ. HOTs are ap-
plied at layer level and integrity of the plate is ensured 
by the imposition of the displacement field congru-
ency in the correspondence of the mathematical in-
terfaces. Kam and Jan (1995) adopted the layerwise 
approach in conjunction with the finite element 
method for the failure analysis of composites plates. 
In (Kam and Jan, 1995) the displacement field is 
postulated to be linear through-the-thickness direction. 
Here the maximum order of the theories is considered 
to be four. Analyses have been performed considering 
different values for the ratio between the plate side 
length a and thickness h. Results vary from thin plates 
(a/h=100) up to very thick ones (a/h=2). Several 
loading conditions are presented. Distributed loadings 
are continuously defined above the plate top surface. 
For this case a bi-sinusoidal and a uniform load are 
addressed. Localized loadings are stepwise constant 
above the top of the plate. Centric and off-centric 
loads are considered. The exact 3D solution obtained 
by Demasi (2007) is employed and extended to ac-
count for the loading conditions considered in this 
study. Hence, benchmark results are established in 
order to validate the present 2D theories. Furthermore, 
the 2D theories presented here are hierarchically 
classified on the basis of their accuracy. 
 
 
PRELIMINARIES 
 

A plate of sides length a and b are considered. 

The plate thickness is h. The reference system is a 
Cartesian one with the origin at one plate corner: x 
and y are along the plate sides and z is the direction 
through the plate thickness and they are bounded 
between 0≤x≤a, 0≤y≤b and −h/2≤z≤h/2. Plate refer-
ence surface Ω is identified by plane z=0. Plate ge-
ometry and reference system are shown in Fig.1. The 
notation for the displacement field is: 
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Stress σij (i, j=x, y, z) and strain εij (i, j=x, y, z) 
components are grouped into in-plane terms σp, εp and 
out-of-plane terms σn, εn:  
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The plate is a linear elastic isotropic lamina and 

the generalized Hooke’s law holds:  
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Fig.1  Plate geometry and reference system 
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Coefficients Cij in Eq.(4) are: 
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where E is the Young’s modulus and ν the Poisson’s 
ratio. Under the hypothesis of small displacements, 
linear strain/displacement relations can be assumed:  
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Dp, DnΩ and Dnz are differential operators:  
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CONSIDERED THEORIES 
 
Several 2D theories have been considered. The 

Navier type, closed form solution is addressed. All of 
the theories are axiomatically formulated, that is, the 
displacement field has been “reasonably” postulated 
(Love, 1959; Washizu, 1968; Librescu, 1975). Based 
on the hypotheses on the displacement field, three 
groups of plate models have been identified: CTs, 
HOTs, local higher order theories (LHOTs). 
 
Classical theories 

Thin plate theories (TPTs) and First Order Shear 
Deformation Theory (FSDT) are pertinent to this 
group. TPTs are based on Cauchy (1828), Poisson 

(1829) and Kirchhoff (1850)’s assumption type. The 
displacement field is postulated such that the plate 
sections that are initially orthogonal to the reference 
surface Ω, after deformation remain orthogonal to Ω: 
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where subscript 0 denotes displacement terms com-
puted on the reference surface Ω. In that model 
transverse shear and through-the-thickness deforma-
tions are discarded: 
 

εzz=εxz=εyz=0.                            (9) 
 
FSDT is based on Reissner (1945) and Mindlin 
(1951)’s theory: 
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that takes into account the shear deformations but not 
the transversal one: 
 

εxz≠0, εyz≠0, εzz=0.                       (11) 
 
In order to deal with the complete stress state, 
out-of-plane stresses σiz (i=x, y, z) have been obtained 
here by means of integration of the infinite equilib-
rium equations. 
 
Higher order theories 

A more generic displacement field can be ob-
tained via the following polynomial approximation: 
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The shear deformations are modeled via the 

N-order polynomial approximation of the in-plane 
displacement components (ux,uy). Also the transverse 
deformation is taken into account with an expansion 
order Nz of the transverse displacement component 
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higher than zero. That last term can be neglected by 
setting Nz=0. The acronym HOTsd is used to refer to 
HOTs that discard the transverse deformation, while 
in the case of HOTs Nz=N. Results have been obtained 
considering N=3 and 4 for both HOTsd and HOTs. 
Eq.(12) can be expressed in a compact form: 

 

0
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N

x y z F z x yτ τ
τ

∗
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= ∑u u                 (13) 

 
where Fτ(z)=zτ (τ=0, 1, …, N*) are the classical 
polynomial base, N* is equal to N in the case of the 
in-plane displacement components and equal to Nz for 
the transverse component uz. The way use to compute 
out-of-plane stress components σiz (i=x, y, z), dis-
criminates between HOTsee, where integration of 
infinite equilibrium equations has been performed 
and HOTsH, for which Hooke’s law has been as-
sumed. 
 
Local higher order theories 

When a layerwise approach is assumed (Carrera, 
2002; 2003), the whole lamina domain D={x, y∈Ω; 
−h/2≤z≤h/2} is ideally divided into Nl fictitious layers 
Dk={x, y∈Ω; −1≤ζk=2zk/hk≤1} by means of mathe-
matical interfaces Σ (Fig.2), that is, planes parallel to 
the plate reference surface Ω such that: 
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The term hk is the distance along the thickness 
between two consecutive mathematical interfaces; ζk 
is the k-layer local dimensionless coordinate 
through-the-thickness. Its relation with the global 
coordinate z is shown in Fig.2. Local coordinates 
ζk=±1 identify the mathematical interfaces t ,kΣ  b

kΣ  
at top and bottom of the k-layer. The displacement 
field is locally assumed between two consecutive 
interfaces, ∀k∈{1, 2, …, Nl}, Eq.(15) holds: 
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and in a compact form:  
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Functions Fτ(ζk) represent a polynomial expan-

sion base different from the classical one adopted in 
Eq.(13). In this case a linear combination of Legen-
dre’s polynomials Pj(ζk) is assumed:  
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where Pj(ζk) are defined by means of the recursive 
formula:  
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The polynomial base in Eq.(17)  has been chosen 

for the following properties:  
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that satisfy the displacement field congruency in 
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Fig.2  Division of the plate into fictitious layers 
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correspondence of the mathematical interfaces 
∀k∈{2, 3, …, Nl−1} (Fig.2): 
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by means of: 
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where 1

ku  and 0
ku  are the displacements vectors at 

k-layer top (ζk=1) and bottom (ζk=−1), respectively. 
LHOTsee stands for the assumption of the infinite 
equilibrium equations in order to retrieve the 
out-of-plane stress components, while in the case of 
LHOTsH all of the components are computed by 
means of Hooke’s law. 
 
 
GOVERNING EQUATIONS 
 

All of the considered theories can be unified 
considering that CTs are a peculiar case of HOTs. 
Also HOTs can be regarded as a particular case of 
LHOTs where the number of layers, Nl, is equal to the 
unit and the polynomial approximation along the 
thickness direction is performed via the classical base 
Fτ=zτ (τ=0, 1, …, N). This unifying idea has led to the 
assumption of the common notation in Eqs.(12) and 
(16). Inside a unifying environment, comparison be-
comes natural and a hierarchical classification can be 
addressed. For more details refer to (Carrera, 2002; 
2003).  

Considering a generic pressure pk={px
k, py

k, pz
k}T 

acting on every mathematical interface, the governing 
equations are variationally obtained via the Principle 
of Virtual Displacements (PVD):  
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By imposition of the Hooke’s law, Eq.(3), the 
displacement-strain relations, Eq.(6), and the postu-
lated displacement field, Eq.(16), the previous equa-
tion becomes:  
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where Γk is the frontier of Ωk and k
τp  is a load vector 

variationally consistent to the applied loading condi-
tions and: 
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The differential governing equations and the 

boundary conditions are obtained via a suitable 
choice of the virtual displacements ( )k

τδ u :  
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where Γk

* and Γk
** are the regions where geometrical 

and mechanical boundary conditions hold; Kkτs and 
Πkτs are two differential matrices defined as follows:  
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Navier type, closed form solution is obtained 

considering harmonic displacements and loadings:  
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CONSIDERED FAILURE PARAMETERS 
 

According to the von Mises’ criterion, failure is 
due to the distortion strain energy associated with the 
deviatoric stress tensor. Failure occurs when that 
energy reaches the yielding level required in uniaxial 
loading. In this case it is possible to define, in a ge-
neric Cartesian reference system, a stress level (σeq) 
equivalent to a general 3D stress field:  
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That equivalent stress has to be compared to the 

admissible yielding stress σy. If no safety margin is 
taken into account, failure occurs when the ratio (This 
is not the unique way of defining the failure index. 
Also the difference between σeq and σy, for example, 
could be adopted) of σeq and σy is equal to or greater 
than the unit: 
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pressure pzz can be obtained, due to the problem 
linearity as follows: 
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The expression for the minimum failure load 
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zzp  can be obtained from Eqs.(29) and (31) by im-

position of the failure condition in Eq.(30):  
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NUMERICAL RESULTS AND DISCUSSION 
 

In this section the analysis of plates under dif-
ferent loading conditions is presented. In all of the 
cases plates have the same geometry and they are made 
of the same isotropic material: aluminum alloy 7075- 
T651. The length-to-thickness ratio, a/h, has been 
chosen as analysis parameter. Geometrical data are 
reported in Table 1 while Table 2 lists the material 
mechanical properties. The condition of minimum 
failure load is investigated along the following points: 

 
/ 4, 0,1,..., 4,

( , , / ) : / 4, 0,1,..., 4,
/ /10, 0,1,...,5,
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⎪ = ± =⎩

     (33) 

 
where z/h is the dimensionless coordinate along the 
plate thickness. Results obtained via the 2D theories 
are assessed by means of the exact 3D solution ob-
tained by Demasi (2007). Using the solution method 
suggested in (Demasi, 2007), the von Mises’ stress 
and the failure load are here computed for the ad-
dressed loading conditions. A hierarchy among the 
2D theories is established in terms of the accuracy of 
the results. Concerning distributed loadings, in sub-
section “Distributed loadings” bi-sinusoidal and 
uniform loadings are considered. For uniform load-
ings L=M=61 in Eq.(28). In subsection “Localized 
loadings”, centric and off-centric stepwise loadings 
are addressed where L=M=25. In all of the cases the 
loading is applied at the top of the plate. 
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Distributed loadings 

In Table 3 the minimum failure load amplitudes 
and locations computed by means of the exact 3D 
theory are presented. In the case of bi-sinusoidal 
loading (Fig.3), failure is experienced at the bottom of 
the plate center for every considered value of the 
thickness parameter a/h, due to the normal stress 
components σxx, σyy and σzz. When a uniform loading 
is applied (Fig.4), the corners of the plate fail first. 
The location along the thickness depends on the value 
of the length-to-thickness ratio. For a/h≥10 the bot-
tom of the plate fails, while the top experiences the 
failure when a/h=5 and 2, as the uniform loading 
failure is due to the τxy stress component. Results 
obtained via the CTs models are presented in Table 4.  

Also the percentage absolute errors with respect 
to the exact solution are reported in the case of failure 
locations coincident with the exact solution. For the 
uniform loading and a/h≥5 failure is predicted to 
  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 

Table 1  Plate geometrical data 
Plate geometry Value 

a 300 mm 
b 300 mm 

a/h 100, 50, 20, 10, 5, 2 

Table 2  Aluminum alloy 7075-T651 mechanical data
Material mechanical property Value 

Poisson’s ratio ν 0.33 
Young’s modulus E 71700 N/mm2 

Yield stress σy 503 N/mm2  

a/h Bi-sinusoidal loading Uniform loading 
100 2.4883×10−1 1.5567×10−1 

 center, bot. corners, bot. 
50 9.9511×10−1 6.2241×10−1 
 center, bot. corners, bot. 

20 6.2109 3.8827 
 center, bot. corners, bot. 

10 2.4727×101 1.5469×101 
 center, bot. corners, bot. 

5 9.7308×101 5.8649×101 
 center, bot. corners, top 

2 5.9126×102 2.1558×102 
 center, bot. corners, top 

Table 3  Minimum failure load amplitudes (N/mm2)
and locations for distributed loadings via exact 3D
solution 

a/h Bi-sinusoidal loading Uniform loading
100 2.4884×10−1 1.5570×10−1 

 center, bot. corners, b/t** 
 0.007%  0.020% 

50 9.9537×10−1 6.2281×10−1 
 center, bot. corners, b/t 
 0.026% 0.065% 

20 6.2211 3.8926 
 center, bot. corners, b/t 
 0.163% 0.254% 

10 2.4884×101 1.5570×101 
 center, bot. corners, b/t 
 0.636% 0.655% 
5 9.9537×101 6.2281×101 
 center, bot. corners, b/t 
 2.291% 6.194% 
2 6.0823×102 2.8947×102 
 H*, 0 H, 0 
 − − 

* H={(0, b/2), (a, b/2), (a/2, 0), (a/2, b)}; ** Minimum at plate top 
and bottom, z/h=±0.5

Table 4  Minimum failure load amplitudes (N/mm2),
locations and absolute percentage errors for distrib-
uted loadings via CTs (TPT and FSDT) 

Fig.3  Bi-sinusoidal loading, L=M=1. x and y are plates’ 
side lengths, mm; z is the load amplitude of pzz, N/mm2 

z 

Fig.4  Uniform load via Fourier’s series approxima-
tions, L=M=61. x and y are plates’ side lengths, mm; z
is the load amplitude of pzz, N/mm2 

z 
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occur at the same time at the bottom and at the top of 
the plate. CTs yield highly accurate results for a/h≥10. 
For thick plates (a/h=5) good results are obtained, 
while in the case of very thick plates (a/h=2) failure 
locations for both distributed loading conditions dif-
fer from the exact solution. Failure is predicted to 
occur in the points in the set H={(0, b/2), (a, b/2), (a/2, 
b), (a/2, b)}. Table 5 presents results obtained con-
sidering the transverse deformability. The even 
polynomial terms for the approximation of the 
in-plane displacement components are not relevant. 
For very thick plates the failure location is correctly 
predicted in the case of N=3 and 4, while the failure 
load amplitudes are not accurate. For the uniform 
loading and a/h=20 and 10, cubic and fourth order 
polynomials yield results that are less accurate than 
those obtained by employing N=1 and 2. Fig.5 shows 
the von Mises’ stress computed via the exact solution 
and HOTsd models with respect to the dimensionless 
coordinate z/h at plate center. The amplitude of the 
applied load equals that of the 3D failure load for 
a/h=10. Tables 6 and 7 show the results and the per-
centage absolute errors obtained via HOTsee and  
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

HOTsH, respectively. The third and forth order 
theories have been considered. In the case of 
bi-sinusoidal loading the integration of the indefinite 
equilibrium equations yields correct prediction of the 
failure location for any considered value of the 
length-to-thickness ratio. HOTsH with N=3 do not 
predict the failure location for very thick plates, due to 
the fact that Hooke’s relations have been applied to 
compute the out-of-plane stress components. In the 
case of N=4 and both HOTsee and HOTsH, results 
match the exact solution. In the case of uniform 
loading, for a/h=5 and 2 the failure locations are not  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Bi-sinusoidal loading Uniform loading 
a/h 

N=1, 2 N=3, 4 N=1, 2 N=3, 4 
100 2.4884×10−1 2.4882×10−1 1.5570×10−1 1.5565×10−1

 center, bot. center, bot. corners, b/t** corners, b/t
 0.007% 0.003% 0.020% 0.012% 

50 9.9537×10−1 9.9498×10−1 6.2281×10−1 6.2205×10−1

 center, bot. center, bot. corners, b/t corners, b/t
 0.026% 0.013% 0.065% 0.057% 

20 6.2211 6.2058 3.8926 3.8661 
 center, bot. center, bot. corners, b/t corners, b/t
 0.163% 0.082% 0.254% 0.429% 

10 2.4884×101 2.4643×101 1.5570×101 1.5212×101

 center, bot. center, bot. corners, b/t corners, b/t
 0.636% 0.338% 0.655% 1.658% 
5 9.9537×101 9.5835×101 6.2281×101 5.7876×101

 center, bot. center, bot. corners, b/t corners, b/t
 2.291% 1.514% 6.194% 1.318% 
2 6.0823×102 5.0903×102 2.8947×102 2.9463×102

 H*, 0 center, bot. H, 0 corners, b/t
 − 13.908% − 36.668%

* H={(0, b/2), (a, b/2), (a/2, 0), (a/2, b)}; ** Minimum at plate top 
and bottom, z/h=±0.5 

Table 5  Minimum failure load amplitudes (N/mm2), 
locations and absolute percentage errors for distributed 
loadings via HOTsd

ee and HOTsd
H 

 
Bi-sinusoidal loading Uniform loading 

a/h
N=3 N=4 N=3 N=4 

100 2.4881×10−1 2.4883×10−1 1.5567×10−1 1.5567×10−1

 center, bot. center, bot. corners, bot. corners, bot.
 0.006% 0.000% 0.000% 0.000% 

50 9.9486×10−1 9.9511×10−1 6.2242×10−1 6.2241×10−1

 center, bot. center, bot. corners, bot. corners, bot.
 0.026% 0.000% 0.002% 0.000% 

20 6.2011 6.2109 3.8820 3.8830 
 center, bot. center, bot. corners, bot. corners, bot.
 0.159% 0.000% 0.019% 0.007% 

10 2.4572×101 2.4727×101 1.5423×101 1.5495×101

 center, bot. center, bot. corners, bot. corners, bot.
 0.628% 0.000% 0.296% 0.166% 

5 9.4975×101 9.7310×101 6.0428×101 6.2286×101

 center, bot. center, bot. corners, bot. corners, bot.
 2.397% 0.003% − − 

2 5.2032×102 5.9588×102 2.6304×102 2.8976×102

 center, bot. center, bot. H*, 0.3 H, 0.3 
 11.998% 0.781% − − 

* H={(0, b/2), (a, b/2), (a/2, 0), (a/2, b)} 

Table 6  Minimum failure load amplitudes (N/mm2), 
locations and absolute percentage errors for distributed 
loadings via HOTsee 

Fig.5  von Mises’ stress along thickness at plate cor-
ners via exact solution and HOTsd for uniform 
loading equal to 3D failure load, a/h=10 
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correctly predicted. In Figs.6 and 7 the von Mises’ 
stress computed via HOTsee and the exact solution are 
compared in the cases of bi-sinusoidal loading with 
a/h=2 and uniform loading with a/h=5. Fig.6 shows a 
high stress gradient along the thickness direction in 
the neighbourhood of the top of the plate. Results 
shown in table 8 and 9 have been obtained using 
LHOTsee. The plate has been split into two and four 
layers respectively. Failure location for N=3 and Nl=2 
is predicted in a different location than the exact one. 
Also for N=4 results do not properly match the exact 
solution, due to the fact that a high stress gradient is  
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

present for 0.4≤z/h≤0.5 as shown in Figs.8 and 9. 
Table 10 presents results for a very thick plate with 
Nl=3 and 4, where a mathematical interface is located 
at z/h=0.4 and the remaining part of the plate is split 
into fictitious layers of equal thickness. Highly ac-
curate results are then obtained. 
 
Localized loadings 

The considered stepwise localized loadings are 
shown in Figs.10 and 11. The centric loading is ap-
plied on {a/3≤x≤2a/3, b/3≤y≤2b/3}, while the 
off-centric one is defined on {a/12≤x≤a/4,  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Bi-sinusoidal loading Uniform loading 
a/h

N=3 N=4 N=3 N=4 
100 2.4882×10−1 2.4883×10−1 1.5567×10−1 1.5567×10−1

 center, bot. center, bot. corners, bot. corners, bot.
 0.001% 0.000% 0.000% 0.000% 

50 9.9508×10−1 9.9511×10−1 6.2241×10−1 6.2241×10−1

 center, bot. center, bot. corners, bot. corners, bot.
 0.003% 0.000% 0.000% 0.000% 

20 6.2097 6.2109 3.8827 3.8827 
 center, bot. center, bot. corners, bot. corners, bot.
 0.020% 0.000% 0.000% 0.000% 

10 2.4707×101 2.4727×101 1.5469×101 1.5469×101

 center, bot. center, bot. corners, bot. corners, bot.
 0.080% 0.000% 0.000% 0.000% 

5 9.6997×101 9.7304×101 6.1513×101 6.0708×101

 center, bot. center, bot. corners, bot. corners, top
 0.319% 0.004% − 3.511% 

2 5.8024×102 5.9061×102 2.9497×102 3.0210×102

 center, bot. center, bot. H*, 0.4 corners, top
 1.865% 0.111% − 40.130%

* H={(0, b/2), (a, b/2), (a/2, 0), (a/2, b)} 

Table 8  Minimum failure load amplitudes (N/mm2), 
locations and absolute percentage errors for distributed 
loadings via LHOTsee, Nl=2 

Fig.7  von Mises’ stress along thickness at plate corners
by 3D and HOTs for uniform loading equal to 3D failure
load, a/h=5 
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Bi-sinusoidal loading Uniform loading 
a/h 

N=3 N=4 N=3 N=4 
100 2.4884×10−1 2.4883×10−1 1.5567×10−1 1.5567×10−1

 center, bot. center, bot. corners, bot. corners, bot.
 0.007% 0.000% 0.000% 0.000% 

50 9.9537×10−1 9.9511×10−1 6.2242×10−1 6.2241×10−1

 center, bot. center, bot. corners, bot. corners, bot.
 0.029% 0.000% 0.002% 0.000% 

20 6.2212 6.2109 3.8820 3.8830 
 center, bot. center, bot. corners, bot. corners, bot.
 0.181% 0.000% 0.019% 0.007% 

10 2.4890×101 2.4727×101 1.5423×101 1.5495×101

 center, bot. center, bot. corners, bot. corners, bot.
 0.716% 0.000% 0.296% 0.166% 

5 9.9912×101 9.7305×101 6.0428×101 6.2286×101

 center, bot. center, bot. corners, bot. corners, bot.
 2.755% 0.002% − − 

2 6.3392×102 5.8691×102 3.0016×102 3.3202×102

 H*, 0 center, bot. K**, top K, top 
 − 0.736% − − 

* H={(0, b/2), (a, b/2), (a/2, 0), (a/2, b)}; ** K={x=0, a; y=b/4, 3b/4} 
∪{x=a/4, 3a/4; y=0, b} 

Table 7  Minimum failure load amplitudes (N/mm2), 
locations and absolute percentage errors for distributed
loadings via HOTsH 

Fig.6  von Mises’ stress along thickness at plate center
via exact solution and HOTs  for bi-sinusoidal loading
equal to 3D failure load, a/h=2 
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a/h Centric loading Off-centric loading
100 4.6222×10−1 1.8901 

 center, bot. (0,0), bot. 
50 1.8482 7.554 
 center, bot. (0,0), bot. 

20 1.1521×101 4.6934×101 
 center, bot. (0,0), bot. 

10 4.5652×101 1.8385×102 
 center, bot. (0,0), bot. 
5 1.7806×102 7.1613×102 
 center, bot. (0,0), bot. 
2 9.0968×102 1.3447×103 
 center, 0.2 (a/4,b/4), 0.4 

 

Table 11  Minimum failure load amplitudes (N/mm2) and 
locations for localized loadings via exact 3D solution 

Fig.8  von Mises’ stress along thickness at plate cor-
ners by 3D and LHOTs, Nl=2, for uniform loading
equal to 3D failure load, a/h=2 
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Fig.9  von Mises’ stress along thickness at plate cor-
ners by 3D solution and LHOTs, Nl=4, for uniform
loading equal to 3D failure load, a/h=2 
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Uniform loading  
Nl N=3 N=4 
3 2.2491×102 2.1761×102 
 corners, top corners, top 
 4.327% 0.939% 

4 2.2178×102 2.1660×102 
 corners, top corners, top 
 2.876% 0.471% 

Table 10  Minimum failure load amplitudes (N/mm2), 
locations and absolute percentage errors for distributed 
loadings via LHOTsee, a/h=2, asymmetric layers 

Bi-sinusoidal loading Uniform loading 
a/h 

N=3 N=4 N=3 N=4 
100 2.4883×10−1 2.4883×10−1 1.5567×10−1 1.5567×10−1

 center, bot. center, bot. corners, bot. corners, bot.
 0.000% 0.000% 0.000% 0.000% 

50 9.9511×10−1 9.9511×10−1 6.2241×10−1 6.2241×10−1

 center, bot. center, bot. corners, bot. corners, bot.
 0.000% 0.000% 0.000% 0.000% 

20 6.2108 6.2109 3.8827 3.8827 
 center, bot. center, bot. corners, bot. corners, bot.
 0.002% 0.000% 0.000% 0.000% 

10 2.4724×101 2.4727×101 1.5469×101 1.5469×101

 center, bot. center, bot. corners, bot. corners, bot.
 0.010% 0.000% 0.000% 0.000% 

5 9.7267×101 9.7308×101 6.0140×101 5.9181×101

 center, bot. center, bot. corners, top corners, top
 0.042% 0.000% 2.542% 0.907% 

2 5.8948×102 5.9119×102 2.8596×102 2.5759×102

 center, bot. center, bot. corners, top corners, top
 0.301% 0.012% 32.643% 19.483%

 

Table 9  Minimum failure load amplitudes (N/mm2), 
locations and absolute percentage errors for distributed
loadings via LHOTsee, Nl=4 

Fig.11  Off-centric localized loading at {a/12≤x≤a/4, b/12≤y
≤b/4} via Fourier’s series approximation, M=N=25. x and y
are plates’ side lengths, mm; z  is  the load amplitude of pzz,
N/mm2 
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Fig.10  Centric localized loading at {a/3≤x≤2a/3, b/3≤y≤
2b/3} via Fourier’s series approximation, M=N=25. x and y
are plates’ side lengths, mm; z is the load amplitude of pzz,
N/mm2 
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b/12≤y≤b/4}. According to the exact 3D solution, 
shown in Table 11, failure occurs at plate center in the 
case of centric localized load. The position along the 
thickness depends on the value of the thickness pa-
rameter. For a/h≥5 the bottom of the plate first fails. 
In the case of very thick plates failure occurs for 
z/h=0.2. About the off-centric localized loading, for 
a/h≥5 failure is experienced at the bottom of the 
corner point (0, 0). For a/h=2 failure is located at the 
first quarter point (a/4, b/4) at z/h=0.4. Results ob-
tained via CTs are reported in Table 12. CTs yield 
highly accurate results for a/h≥20. For a/h=10 and 5 
the absolute percentage error is acceptable. In the case 
of very thick plates failure locations are not correctly 
predicted. HOTsd theories with N=3 and 4 provide 
more accurate results as shown in Table 13. The only 
exception is represented by the case a/h=5, N=3 and 4 
for off-centric loading. For this last case, the von 
Mises’ stress behaviour along the thickness is de-
picted in Fig.12 where the exact solution is also 
shown. Results obtained via HOTs are reported in 
Tables 14 and 15. In the case of centric loading and 
very thick plates, failure location is correctly pre-
dicted by HOTee with N=3 and 4 and by HOTh with 
N=4. Fourth order polynomial approximation pro-
vides good accuracy of the results. Fig.13 shows  
  
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

the von Mises’ equivalent stress along the thickness 
direction. For the off-centric loading and a/h=2, the 
correct failure location is predicted by HOTee, N=4, 
where the absolute percentage error is about 12%. The 
von Mises’ stress computed by means of HOTee, N=4 
is compared to the exact solution in Fig.14. A high 
stress gradient is present at the neighborhood of the 
plate top. Tables 16 and 17 present results obtained via 
LHOTs with Nl=2 and 4, respectively. Highly accurate 
results are obtained in the case of centric localized 
loading. Good agreement with the exact solution is 
obtained in the case of very thick plates for 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

a/h Centric loading Off-centric loading
100 4.6227×10−1 1.8906 

 center, bot. (0,0), b/t* 
 0.012% 0.028% 

50 1.8491 7.5626 
 center, bot. (0,0), b/t 
 0.047% 0.113% 

20 1.1557×101 4.7266×101 
 center, bot. (0,0), b/t 
 0.311% 0.708% 

10 4.6227×101 1.8906×102 
 center, bot. (0,0), b/t 
 1.260% 2.837% 
5 1.8491×102 7.5626×102 
 center, bot. (0,0), b/t 
 3.844% 5.603% 
2 9.8335×102 2.6173×103 
 center, top (a/4,b/4), 0.1 
 − − 

* Minimum at plate top and bottom, z/h=±0.5 

Table 12  Minimum failure load amplitudes (N/mm2), 
locations and absolute percentage errors for distributed 
loadings via CTs (TPT and FSDT) Centric loading Off-centric loading 

a/h
N=1, 2 N=3, 4 N=1, 2 N=3, 4 

100 4.6227×10−1 4.6219×10−1 1.8906 1.8899 
 center, bot. center, bot. (0,0), b/t* (0,0), b/t
 0.001% 0.006% 0.028% 0.014% 

50 1.8491 1.8478 7.5626 7.5498 
 center, bot. center, bot. (0,0), b/t (0,0), b/t
 0.047% 0.022% 0.113% 0.056% 

20 1.1557×101 1.1506×101 4.7266×101 4.6772×101

 center, bot. center, bot. (0,0), b/t (0,0), b/t
 0.311% 0.126% 0.708% 0.345% 

10 4.6227×101 4.5419×101 1.8906×102 1.8140×102

 center, bot. center, bot. (0,0), b/t (0,0), b/t
 1.260% 0.511% 2.837% 1.332% 

5 1.8491×102 1.7252×102 7.5626×102 6.4886×102

 center, bot. center, bot. (0,0), b/t (0,0), b/t
 3.844% 3.116% 5.603% 9.394% 

2 9.8335×102 7.9412×102 2.6173×103 2.3264×103

 center, top center, 0.3 (a/4,b/4), 0.1 (a/4,b/4), 0.3
 − − − − 

* Minimum at plate top and bottom, z/h=±0.5 

Table 13  Minimum failure load amplitudes (N/mm2),
locations and absolute percentage errors for distributed
loadings via HOTsd

ee 

Fig.12  von Mises’ stress along thickness at (0, 0) via
exact solution and HOTsd for off-centric loading
equal to 3D failure load, a/h=5 

0.6

0.4

0.2

0

−0.2

−0.4

−0.6
0         100       200       300      400       500       600

σeq (N/mm2) 

z/
h 

3D
N=1,2
N=3,4



Carrera et al. / J Zhejiang Univ Sci A  2008 9(5):600-613 611

  
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Centric loading Off-centric loading 
a/h 

N=3 N=4 N=3 N=4 
100 4.6217×10−1 4.6222×10−1 1.8901 1.8901 

 center, bot. center, bot. (0,0), bot. (0,0), bot.
 0.011% 0.000% 0.000% 0.000% 

50 1.8474 1.8482 7.554 7.554 
 center, bot. center, bot. (0,0), bot. (0,0), bot.
 0.045% 0.000% 0.000% 0.000% 

20 1.1488×101 1.1521×101 4.6934×101 4.6934×101

 center, bot. center, bot. (0,0), bot. (0,0), bot.
 0.282% 0.000% 0.000% 0.000% 

10 4.5148×101 4.5631×101 1.8379×102 1.8384×102

 center, bot. center, bot. (0,0), bot. (0,0), bot.
 1.104% 0.045% 0.032% 0.005% 

5 1.7088×102 1.7713×102 7.2738×102 7.1704×102

 center, bot. center, bot. (0,0), bot. (0,0), bot.
 4.033% 0.526% 1.570% 0.127% 

2 8.2959×102 8.8568×102 1.1960×103 1.1751×103

 center, 0.2 center, 0.2 (a/4,b/4), 0.3 (a/4,b/4), 0.4
 8.804% 2.638% − 12.615%

 

Table 14  Minimum failure load amplitudes (N/mm2),
locations and absolute percentage errors for distributed
loadings via HOTsee 

Centric loading Off-centric loading 
a/h 

N=3 N=4 N=3 N=4 
100 4.6227×10−1 4.6222×10−1 1.8901 1.8901 

 center, bot. center, bot. (0,0), bot. (0,0), bot.
 0.012% 0.000% 0.000% 0.000% 

50 1.8491 1.8482 7.554 7.554 
 center, bot. center, bot. (0,0), bot. (0,0), bot.
 0.046% 0.000% 0.000% 0.000% 

20 1.1554×101 1.1521×101 4.6934×101 4.6934×101

 center, bot. center, bot. (0,0), bot. (0,0), bot.
 0.289% 0.000% 0.000% 0.000% 

10 4.6202×101 4.5671×101 1.8379×102 1.8384×102

 center, bot. center, bot. (0,0), bot. (0,0), bot.
 1.204% 0.042% 0.032% 0.005% 
5 1.8793×102 1.7869×102 7.2738×102 7.1704×102

 center, bot. center, bot. (0,0), bot. (0,0), bot.
 5.542% 0.350% 1.570% 0.127% 
2 1.0761×103 8.9634×102 1.0455×103 1.3100×103

 center, 0.1 center, 0.2 (a/4,b/4), top (a/4,b/4), top
 − 1.466% − − 

Table 15  Minimum failure load amplitudes (N/mm2), 
locations and absolute percentage errors for distributed 
loadings via HOTsH 

Centric loading Off-centric loading 
a/h

N=3 N=4 N=3 N=4 
100 4.6221×10−1 4.6222×10−1 1.8901 1.8901 

 center, bot. center, bot. (0,0), bot. (0,0), bot.
 0.001% 0.000% 0.000% 0.000% 

50 1.8481 1.8482 7.5540 7.5540 
 center, bot. center, bot. (0,0), bot. (0,0), bot.
 0.006% 0.000% 0.000% 0.000% 

20 1.1517×101 1.1521×101 4.6934×101 4.6934×101

 center, bot. center, bot. (0,0), bot. (0,0), bot.
 0.036% 0.000% 0.000% 0.000% 

10 4.5584×101 4.5652×101 1.8385×102 1.8385×102

 center, bot. center, bot. (0,0), bot. (0,0), bot.
 0.148% 0.000% 0.000% 0.000% 
5 1.7678×102 1.7803×102 7.1629×102 7.1612×102

 center, bot. center, bot. (0,0), bot. (0,0), bot.
 0.721% 0.018% 0.021% 0.002% 
2 8.9947×102 8.9656×102 1.1557×103 1.2363×103

 center, 0.3 center, 0.2 (a/4,b/4), 0.3 (a/4,b/4), 0.4
 − 1.442% − 8.061% 

Table 16  Minimum failure load amplitudes (N/mm2), 
locations and absolute percentage errors for distributed 
loadings via HOTsee, Nl=2 

Fig.14  von Mises’ stress along thickness at (a/4, b/4) via
exact solution and HOTee, N=4 for off-centric loading
equal to 3D failure load, a/h=2 
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Fig.13  von Mises’ stress along thickness at plate center
via exact solution and HOT, N=4 for centric loading
equal to 3D failure load, a/h=2 
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off-centric loading. Figs.15 and 16 show the equiva-
lent stress for very thick plates and centric and 
off-centric loadings, respectively. Due to the high 
stress gradient present at plate top, accuracy in the 
case of off-centric loading and very thick plates can 
be improved considering layers of appropriate 
thickness. Results shown in Table 18 have been ob-
tained considering a fictitious layer for 0.35≤z/h≤0.5. 
The remaining part of the plate has been divided into 
layers of equal thickness. 
 
 
 
 
 
 
 
 
 
 
 
 
CONCLUSION 
 

The failure analysis of isotropic, simply sup-
ported, square plates has been treated. Distributed and 
localized loadings’ conditions have been considered. 
In the case of distributed loadings, attention has been 
focused on bi-sinusoidal and uniform loads. Centric 
and off-centric stepwise constant loads have been 
studied in the case of localized loadings. Minimum 
failure load amplitudes and locations have been con-
sidered. Also the von Mises’ equivalent stress has 
been plotted along the plate thickness. The 
length-to-thickness ratio (a/h) has been chosen as 
analysis parameter in order to account for thin plates 
(a/h=100) as well as for very thick plates (a/h=2). 
Results have been obtained via the 3D exact model by 
Demasi (2007). That solution has shown that failure is 
experienced at plate center point in the case of 
bi-sinusoidal and centric stepwise loadings. In the case 
of a uniform failure load, the failure condition is 
reached first at the plate corners, due to the in-plane 
shear stress component. For the off-centric stepwise 
loading, failure is located at plate corner (0, 0) for 
a/h≥5 and at the point (a/4, a/4) in the case of very 
thick plates. The presence of a high stress gradient in 
the case of uniform and off-centric stepwise loadings 
in the neighborhood of the plate top for a/h=2 have 

Uniform loading  Nl N=3 N=4 
3 1.3630×103 1.3588×103 
 (a/4,b/4), 0.4 (a/4,b/4), 0.4 
 1.361% 1.049% 
4 1.3612×103 1.3595×103 
 (a/4,b/4), 0.4 (a/4,b/4), 0.4 
 1.227% 1.101% 

 

Table 18  Minimum failure load amplitudes (N/mm2), 
locations and absolute percentage errors for distributed 
loadings via LHOTsee, a/h=2, layers of different thickness

Centric loading Off-centric loading 
a/h 

N=3 N=4 N=3 N=4 
100 4.6222×10−1 4.6222×10−1 1.8901 1.8901 

 center, bot. center, bot. (0,0), bot. (0,0), bot.
 0.000% 0.000% 0.000% 0.000% 

50 1.8482 1.8482 7.554 7.554 
 center, bot. center, bot. (0,0), bot. (0,0), bot.
 0.000% 0.000% 0.000% 0.000% 

20 1.1520×101 1.1521×101 4.6934×101 4.6934×101

 center, bot. center, bot. (0,0), bot. (0,0), bot.
 0.004% 0.000% 0.000% 0.000% 

10 4.5644×101 4.5652×101 1.8385×102 1.8385×102

 center, bot. center, bot. (0,0), bot. (0,0), bot.
 0.018% 0.000% 0.000% 0.000% 
5 1.7789×102 1.7806×102 7.1613×102 7.1613×102

 center, bot. center, bot. (0,0), bot. (0,0), bot.
 0.098% 0.000% 0.001% 0.000% 
2 9.0753×102 9.0904×102 1.3113×103 1.3727×103

 center, 0.2 center, 0.2 (a/4,b/4), 0.4 (a/4,b/4), 0.4
 0.236% 0.070% 2.483% 2.082% 

Table 17  Minimum failure load amplitudes (N/mm2),
locations and absolute percentage errors for distributed
loadings via HOTsee, Nl=4 

Fig.15  von Mises’ stress along thickness at plate
center via exact solution and LHOT, N=4, Nl=2 and 4
for centric loading equal to 3D failure load, a/h=2 
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Fig.16  von Mises’ stress along thickness at (a/4, b/4)
via exact solution and LHOT, N=4, Nl=2 and 4 for
off-centric loading equal to 3D failure load, a/h=2 
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been found. That represents a challenging condition in 
order to assess the addressed 2D models. The unified 
formulation by Carrera (2002; 2003) has been con-
sidered in order to formulate the 2D models. Those 
theories have been grouped into CTs that model the 
shear deformations (HOTsd) or both the shear defor-
mations and the transverse deformability (HOTs). 
Higher order theories (LHOTs) that permit splitting 
the plate domain into smaller fictitious layers are also 
considered. The polynomial approximation of the 
displacement field is applied at layer level. CTs yield 
highly accurate results for a/h≥10 in the case of dis-
tributed loadings, with the percentage absolute error 
about being 0.5%. The same accuracy is obtained in 
the case of localized loadings for a/h≥20. For thick 
plates the percentage error can be even as high as 6% 
and in the case of a/h=2 the failure locations are not 
correctly predicted. Third order HOTd yields more 
accurate results than CTs for distributed loadings and 
a/h=5. The error is about 1%. Fourth order HOT yields 
results that match the exact solution for thick plates in 
the case of bi-sinusoidal and localized loadings. In the 
other considered loading conditions results obtained 
via HOTs are not accurate due to the presence of the 
high stress gradient. In that case the assumption of the 
LHOTs is required. It has been shown that via an ap-
propriate choice of the mathematical interface a solu-
tion as accurate as wanted can be obtained, even in 
those cases where loading conditions are such as to 
yield complicated local stress states. 
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