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Abstract: This paper presents a powerful application of genetic algorithm (GA) for the minimization of the total harmonic
current distortion (THCD) in high-power induction motors fed by voltage source inverters, based on an approximate harmonic
model. That is, having defined a desired fundamental output voltage, optimal pulse patterns (switching angles) are determined to
produce the fundamental output voltage while minimizing the THCD. The complete results for the two cases of three and five
switching instants in the first quarter period of pulse width modulation (PWM) waveform are presented. Presence of harmonics in
the stator excitation leads to a pulsing-torque component. Considering the fact that if the pulsing-torques are at low frequencies,
they can cause troublesome speed fluctuations, shaft fatigue, and unsatisfactory performance in the feedback control system, the
5th, 7th, 11th, and 13th current harmonics (in the case of five switching angles) are constrained at some pre-specified values, to
mitigate the detrimental effects of low-frequency harmonics. At the same time, the THCD is optimized while the required fundamental output voltage is maintained.
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INTRODUCTION
Among all power converters used in industry, the
pulse width modulated (PWM) inverters have the
most widespread applications such as uninterruptible
power supply (UPS), phase controlled rectifier, and
adjustable speed servo drives due to their capabilities
of controlling the output voltage and frequency simultaneously, and generating output waveform with
low harmonic distortion. At low to medium power
levels, simple modulation methods are desirable for
limiting system complexity and cost. Additionally,
the relatively low power rating permits the use of
‡
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power switches which can operate at high switching
frequencies, so that satisfactory waveforms can be
generated without having to optimize each individual
switching instant. Nevertheless, at high power levels,
to limit switching losses, power semiconductor devices (e.g., gate turn-off, GTO) that can only operate
at low switching frequencies (typically several hundred Hz) are utilized. In this case, direct optimization
of the waveform based on specification of an optimal
value for each switching instant seems indispensable.
This optimization can be achieved via various approaches. The two predominant methods in choosing
the switching instants are “harmonic elimination and
minimization of the total harmonic distortion” (Chiasson et al., 2002). The former method aims at
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complete elimination of some low-order harmonic
components from the inverter output and is the more
widely used and straightforward of the two techniques. In contrast, in the latter method the waveform
is defined in a way to minimize the harmonic losses of
electrical loads fed by the inverter. In the harmonic
elimination method, switching patterns can be determined by solving some systems of nonlinear and
transcendental equations (Sun and Grotstollen, 1994;
Mohan et al., 1995). These transcendental equations
are solved using iterative numerical techniques,
where the initially provided approximate solutions
must be sufficiently close to the exact solutions to
ensure the convergence of the solutions, and this is the
most difficult task associated with these methods (Sun,
1995). Some attempts have been made to simplify
harmonic elimination equations by applying Walsh
functions (Asumadu and Hoft, 1989; Park et al.,
1990). It was believed that the system of transcendental nonlinear harmonic elimination equations resulting from Fourier analysis of PWM waveform
could be replaced by a system of linear algebraic
equations when Walsh analysis is applied. However,
it has been illustrated that the Walsh functions approach is neither theoretically nor practically applicable (Sun, 1995). In some other studies (Chiasson et
al., 2004), the complete solutions to the harmonic
elimination problem have been presented using the
theory of resultants from elimination theory (Kailath,
1980; Cox et al., 1996; Chen, 1999). These expressions are difficult and time consuming to derive. An
increase in the number of switching angles can exacerbate the problem due to its call for exorbitant calculations. Ozpineci et al.(2005) have improved their
preceding works from computational view point by
application of the genetic algorithm (GA) optimization technique for determining the switching angles
for a cascaded multilevel inverter, which eliminates
specified higher order harmonics while maintaining
the required fundamental voltage. More comparisons
between the suggested methods in the harmonic
elimination approach have been made in (Sayyah et
al., 2006b).
In present work, we have defined total harmonic
current distortion (THCD) as the objective function to
be optimized in lieu of concentrating on specific
harmonics considering some drawbacks of the harmonic elimination approach. One disadvantage of the

harmonic elimination approach originates from the
fact that as the total energy of harmonics in a PWM
waveform is constant, elimination of lower-order
harmonics considerably boosts the remaining ones
(Bose, 1986). Since the harmonic losses in a machine
are determined by the ripple currents, a performance
index related to undesirable effects of the harmonics
should be defined to minimize instead of focusing on
individual harmonics.
In this study we have concentrated our efforts on
optimizing THCD in high power induction motors,
based on an approximate harmonic model of the
motor operating in steady-state conditions. GA is
preferred to the numerical methods used in (Sun,
1995), where the initially provided approximate solution has a pivotal role in the convergence of the
algorithm, or to the inefficient and time-consuming
complete scanning method. The main distinguishing
feature of the proposed method lies in the fact that due
to its stochastic nature, it can cope with limitations of
aforementioned approaches with more likelihood of
finding the global optimum. Presence of harmonics in
the stator excitation leads to a pulsing-torque component. Low-order current harmonics (in the case of
five switching angles) are constrained at some
pre-specified values to mitigate the detrimental effects of low-frequency harmonics. Existence of constraints significantly affects the performance of every
optimization algorithm. GA appears as an appropriate
technique for constraint handling. From the practical
perspective, this method (minimization of total harmonic distortion) was considered and implemented in
(Rezazadeh et al., 2006) for a high-power synchronous machine, which exhibits a more complicated
objective function, and experimental results corroborate the developed technique.

PROBLEM STATEMENT
As high power applications are concerned, it is
advantageous to impose the switching frequency to
be synchronized with the fundamental frequency
(Holtz, 1992). This assumption ensures that, in
steady-state conditions, the modulated output waveform remains unchanged for certain fundamental
periods. In addition, to ensure the nonappearance of
even-order harmonics, each waveform is assumed to
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be quarter-period symmetrical and half-period inversely symmetrical. A two-level normalized PWM
waveform is shown in Fig.1.
FN(θ)
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Fig.1 A line-to-neutral PWM structure

Waveform representation
A PWM waveform is uniquely determined if its
structure has been specified and the N switching instants in the first quarter period have been defined.
Obviously, these angles must satisfy the basic constraint:

0 < α1 < α 2 < ... < α N −1 < α N ≤ π/2.

∑

k =1,3,5,...

Vk sin (kθ ),

(2)

=

Vk
V
∝ k.
kω1 ( L1 + L2 ) k

σi =

4 N
∑ hi cos (kαi ),
kπ i = 0

in which α0=0.
Approximate harmonic model of the motor
The harmonic equivalent circuit and its approximation of an induction motor operating in
steady-state conditions are illustrated in Fig.2 (Murphy and Turnbull, 1988). The approximation of the
equivalent circuit is deduced regarding that inductive
reactance increases linearly with frequency, while
the stator and rotor resistances are almost constant.

∑

k∈S h

(Vk / k )2 ,

(5)

where Sh is the set of harmonics in consideration. For
single- and three-phase inverters, Sh=S1φ={3, 5, ...,
2l+1, ...} and Sh=S3φ={5, 7, ..., 6l−1, 6l+1, ...},
respectively.

kω1 L1
kω1 Lm

(a)

(3)

(4)

Based on the derived result, we can define the
objective function of this optimization as

R1k

where

4 π/2
Vk = ∫ f (θ )sin (kθ )
π 0
N
4⎛
⎞
= ⎜ h0 + ∑ hi cos (kα i ) ⎟
kπ ⎝
i =1
⎠

Ik =

(1)

For each waveform, we use an (N+1)dimensional vector h=[h0, h1, h2, …, hN] to represent
its initial level at θ=0 and the variation of levels at all
N switch instants (Sun et al., 1996). The Fourier series expansion of the output voltage waveform of the
PWM inverter as illustrated in Fig.1 can be determined as
f (θ ) =

The skin effect which causes the rotor resistance to
increase with frequency has been neglected. Since sk
is approximate unit, circuit resistance is negligible in
comparison with reactance at the harmonic frequency. In addition, the magnetizing inductance Lm is
much larger than the rotor leakage inductance L2 and
may be omitted (Sun, 1995). Hence, the motor impedance presented to the kth-order harmonic input
voltage is kω1(L1+L2) and the kth-order current harmonic would be

kω1 L2

R2 k /sk

kω1 ( L1 + L2 )

(b)

Fig.2 Equivalent circuit of an induction motor operating
in steady-state conditions (k>1). (a) The kth-order harmonic equivalent circuit; (b) Approximation of (a)

It should be noted that minimization of the objective function σi corresponds to the minimization
of motor harmonic current distortion (the subscript i
is intended to indicate the current fact), and also to
the minimization of harmonic copper losses of the
motor windings.
Closed-form expressions of objective function
Closed-form expressions of objective function
σi are achieved in this subsection. At the first stage,
we focus on single-phase inverters. For a closedform representation, the following series which can
be found in (Hansen, 1975) are used:
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cos[(2k + 1) x]
(2k + 1)4
k =1
(6)
π
2
2
= (π − 2 x)(π + 2πx − 2 x ), 0 ≤ x ≤ π.
96
∞

⎛ Vk (α ) ⎞
,
k ⎟⎠
k ∈St

β 4 ( x) = ∑

∑ ⎜⎝

2

(11)

in which St={3, 9, 15, …, 6l+3, …}=3{1, 3, 5, …,
2l+1, …}=3S1φ, is necessary. Also noticing that

By introducing an auxiliary function

ζ (α ) =

∑

K ∈S1φ

v (α )
+ V12 (α ),
K2
2
K

(7)

the objective function σi may be written as

σ i = ζ (α ) − V12 (α ).

we have

2
16 ∞ ⎧⎪
1
⎛ N
⎞ ⎫⎪
ζ (α ) = 2 ∑ ⎨
∑ hi cos[(2k + 1)αi ]⎟⎠ ⎬
π k =0 ⎩⎪ (2k + 1)4 ⎜⎝ i =0
⎭⎪

N

+

⎛ ∞ cos[(2k + 1)(αi + α j )] ⎞⎫⎪
16 N −1 ⎪⎧ N
h
h
⎨
⎜∑
⎟⎬
∑
∑
i
j
π2 i =0 ⎪⎩ j =i +1 ⎝ k =0
(2k + 1)4
⎠⎪⎭

+

⎛ ∞ cos[(2k + 1)(α j − αi )] ⎞⎫⎪
16 N −1 ⎪⎧ N
h
h
⎨
⎜∑
⎟⎬.
∑
∑
i
j
π2 i =0 ⎪⎩ j =i +1 ⎝ k =0
(2k + 1)4
⎠⎪⎭

(9)
Then, using Eq.(6), the desired closed-form expression for ζ(α) is obtained:
16 ⎧ N hi2
⎨∑ [ β 4 (0) + β 4 (2α i )]
π2 ⎩ i =0 2

⎛ N
⎞ ⎪⎫
+ ∑ ⎜ hi ∑ h j [ β 4 (α j + α i ) + β 4 (α j − α i )] ⎟ ⎬ .
i =0 ⎝
j = i +1
⎠ ⎪⎭
N −1

1 ∞ ⎛ V (3α ) ⎞ ζ (3α )
= ∑ ⎜ 2 k +1
=
.
81 k = 0 ⎝ 2k + 1 ⎟⎠
81
2

σ i = ζ (α ) − ζ (3α ) / 81 − V12 (α ).

⎞⎫⎪
+ ∑ ∑ 2hi h j cos[(2k + 1)α i ]cos[(2k + 1)α j ] ⎟⎬
i = 0 j = i +1
⎠⎪⎭
2
∞
cos[(2k + 1)(2αi )] ⎫
16 N h ⎧ ∞
1
= 2 ∑ i ⎨∑
+∑
⎬
4
π i =0 2 ⎩ k =0 (2k + 1) k =0
(2k + 1)4
⎭

ζ (α ) =

2

(13)

Therefore, a closed-form expression is obtained
for three-phase inverters as follows:

16 ∞ ⎧
1
⎛ N 2
⎨
∑
∑ hi cos2 [(2k + 1)αi ]
π2 k =0 ⎩ (2k + 1)4 ⎜⎝ i =0
N −1

∞
⎛ V3(2 k +1) (α ) ⎞
⎛ Vk (α ) ⎞
∑
⎜ k ⎟ = ∑ ⎜ 3(2k + 1) ⎟
⎠ k =0 ⎝
k ∈St ⎝
⎠
2

(8)

Using Eqs.(3) and (6), ζ(α) can be expanded as follows:

=

N
4
∑ hi cos[3(2k + 1)αi ]
3(2k + 1)π i = 0
(12)
V(2 k +1) (3α )
=
,
3

V3(2 k +1) (α ) =

(10)

To derive the closed-form expression for
three-phase inverters (the application of interest
herein), the triple harmonics should be removed from
Eq.(7). Thus, simplification of the following series

(14)

Similar to Eq.(10) which involves functions

β4(2αi) and β4(αj+αi), the expression for ζ(3α) contains functions β4(6αi) and β4(3αj+3αi). As each angle αi lies in the interval [0, π/2], the values of 6αi
and 3αj+3αi may well exceed the range 0≤x≤π, over
which function β4(x) has been defined in Eq.(6).
Thus, it is necessary to extend the definition interval
of β4(x) from [0, π/2] to [0, 3π]. Noticing that
cos x=−cos (x−π) for x in [0, π/2] and cos x=
cos (x−2π) for 2π≤x≤3π and using Eq.(6), we have
⎧π
2
2
0 ≤ x ≤ π,
⎪ 96 (π − 2 x)(π + 2πx − 2 x ),
⎪
⎪π
β 4 ( x) = ⎨ (3π − 2 x)(3π2 − 6πx + 2 x2 ), π ≤ x ≤ 2π,
⎪ 96
⎪π
2
2
⎪ 96 (2 x − 5π)(11π − 10πx + 2 x ), 2π ≤ x ≤ 3π.
⎩
(15)

This completes the derivation of the closed-form objective function expression for three-phase inverters.
Output voltage regulation
The fundamental component of PWM is determined by the modulation index (M), which may be
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assumed to have any value between 0 and 4/π for
normalized PWM waveform with unit magnitudes.
The nominal working point of the system is determined by the modulation index (Holtz, 1992). As
such, our purpose is to use the designed system at
high modulation indices. During transients, start-up,
and changes in speed and load torque, the modulation index is pre-determined by the inverter. Moreover, for higher torque output of the machinery system, the modulation index and number of switching
instants are related to each other in a special manner.
This point is completely covered in Section 3 of
(Sayyh et al., 2006b).
Considering the constraint V1=M and Eq.(4), it
can be shown that the Nth switching angle αN is dependent on modulation index and the rest of N−1
switching angles. Hence, one decision variable αN
can be eliminated explicitly,
⎛ 1 ⎛ M π N −1
⎞⎞
− ∑ hi cos α i ⎟ ⎟ .
⎜
i =0
⎠⎠
⎝ hN ⎝ 4

α N = arc cos ⎜

(16)

Using Eq.(16) allows the equality constraint (V1=M)
to be satisfied automatically in all the solutions used
in the optimization process.

OPTIMIZATION PROCEDURE
Generalities
The need for numerical optimization algorithms
arises from almost every field of engineering, science, and business. This is because in real world optimization problems, the objective function and its
constraints are often not analytically treatable or are
even not given in closed-form, e.g., if the function
dentition is based on a simulation model (Schwefel,
1979; Bäck et al., 1996).
Since nonlinearities and complex interactions
among problem variables often exist in real world
optimization problems, the search space usually contains local optimal solutions: multimodality. As a
numerical algorithm is expected to perform the task
of global optimization of the objective function, classical methods usually get attracted to locally optimal
solutions when applied. In addition, the possibility of
failing to locate the desired global solution increases
with the increase of the problem dimensions.
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For the scope of this study, local optimal solutions at definite modulation indices M=0.9, 1.0, 1.1,
and 1.2 with N=5 are listed in Tables 1~4. Comparisons with global optimum solutions are also made at
definite operating points.
Table 1 Local optimal pulse patterns at M=0.9 with N=5,
and comparison with global optimal pattern α=(0.180 9,
0.915 3, 1.393 1, 1.480 7) with σi(Global)=0.028 09
No.
Pulse pattern
THCD
Error (%)
(0.108 1, 0.455 4, 0.554 7,
0.031 04
1
10.48
1.230 0, 1.326 9)
(0.113 9, 1.215 6, 1.289 8,
2
2.91
0.028 91
1.428 7, 1.498 7)
(0.090 9, 0.210 1, 0.381 8,
3
36.13
0.038 25
0.687 6, 0.822 5)
(0.058 3, 0.127 1, 0.176 7,
4
33.91
0.037 62
1.289 0, 1.429 7)
Table 2 Local optimal pulse patterns at M=1.0 with N=5,
and comparison with global optimal pattern α=(0.128 9,
1.255 8, 1.308 1, 1.448 4, 1.497 6) with σi(Global)=0.027 60
No.
Pulse pattern
THCD
Error (%)
(0.123 1, 0.464 3, 0.535 3,
1
2.93
0.028 41
1.268 7, 1.336 9)
(0.169 3, 0.934 3, 0.966 8,
2
1.47
0.028 01
1.404 2, 1.471 4)
(0.068 0, 0.152 9, 0.208 0,
3
6.89
0.029 50
1.333 7, 1.430 6)
(0.098 9, 0.237 8, 0.371 2,
4
13.26
0.031 26
0.694 3, 0.786 9)
Table 3 Local optimal pulse patterns at M=1.1 with N=5,
and comparison with global optimal pattern α=(0.078 8,
0.184 0, 0.243 7, 1.397 1, 1.449 9) with σi(Global)=0.019 81
No.
Pulse pattern
THCD
Error (%)
(0.158 2, 0.954 8, 0.967 1,
1
43.11
0.028 34
1.418 4, 1.464 3)
(0.117 6, 0.362 3, 0.409 4,
2
0.024 06
21.47
1.299 2, 1.344 0)
(0.105 7, 0.265 1, 0.360 9,
3
0.023 67
19.48
0.697 8, 0.747 6)
(0.143 1, 1.316 7, 1.346 8,
4
0.027 10
36.85
1.475 2, 1.503 8)
Table 4 Local optimal pulse patterns at M=1.2 with N=5,
and comparison with global optimal pattern α=(0.074 6,
0.175 4, 0.231 2, 0.385 7, 0.423 1) with σi(Global)=0.015 32
No.
Pulse pattern
THCD
Error (%)
(0.087 2, 0.212 6, 0.274 1,
1
0.017 07
11.38
1.514 5, 1.524 7)
(0.153 7, 1.008 6, 1.008 7,
2
0.030 51
99.10
1.476 9, 1.493 9)
(0.100 9, 0.261 1, 0.321 1,
3
0.020 50
33.82
1.273 1, 1.279 8)
(0.153 7, 0.837 5, 0.837 6,
4
0.030 51
99.10
1.476 9, 1.493 9)
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These local optimal solutions are the ones that
conventional optimization algorithms are prone to
get trapped in. The value of σi in each case is calculated by plugging the local optimal pulse patterns in
Eq.(14), which provides an explicit formula for calculating THCD. Moreover, the GA optimization
technique is also used to accomplish the global optimum solution. By comparison between error percentages (=(σi(Local)−σi(Global))/σi(Global)×100%), particularly at higher modulation indices, using a developed optimization technique to find the global optimum solution to avoid unwanted distortions seems
completely justifiable.
As observed in these tables, the error percentage
values are high in most cases. As mentioned earlier,
minimization of motor harmonic current distortion
also corresponds to the minimization of harmonic
copper losses of the motor windings. Losses in the
machine should be considered at least for the following reasons (Fitzgerald et al., 1985): (1) Losses determine the efficiency of the machine and appreciably influence its operating cost; (2) Losses determine
the heating of the machine and hence the rating or
power output that can be determined without undue
deterioration of the insulation.
Additionally, it can be investigated that local
optimal solutions increase dramatically with the increase of decision variables. The arguments above
along with the high power level of operation (typically several megawatts) convince us to concentrate
all of our efforts to find the global optimum solution.
Genetic algorithm approach
Over the last decade, genetic algorithms (GAs)
(Golberg, 1989; Davis, 1991; Deb, 2001) have been
extensively used as a search and optimization tool in
dealing with difficult global optimization problems
(Bäck et al., 1997; Sayyah et al., 2006 a). The primary
reasons for their success lie in the gain of flexibility
and adaptability to the task at hand, in combination
with robust performance (although this depends on
the problem class) and global search characteristics.
They are rooted in the concepts of natural selection
and survival of the fittest. Although GAs are often
viewed as function optimizers, the range of problems
to which GAs have been applied is quite broad. A GA
starts with a population of randomly generated
chromosomes. One then evaluates these structures

and allocates reproductive opportunities in a way that
those chromosomes representing a better solution to
the target problem are given more chances to ‘reproduce’. This procedure is repeated through a
number of generations to approach the global optimum solution (the best).
In the problem discussed herein, our aim is to
choose N−1 switching instants in an electrical cycle
(Fig.1) for turning switches on and off in a full
bridge inverter to produce the desired fundamental
amplitude while optimizing the defined objective
functions.
Optimization methodology
The GA methodology structure for the problem
considered herein is as follows:
(1) Representation. Parameter representation or
encoding is a process of representing the model parameter values in GA, so that the computer can interact with these values. Among various types of parameter coding methods, bit string coding (used in
this study) and real-valued coding are the most frequently ones.
(2) Population size and initialization. Population size is the number of chromosomes presented in
a population. Larger population sizes increase the
amount of variation presented in the population (or
population diversity), but at the expense of requiring
more function evaluations (Goldberg, 1989). On the
other hand, a small population size can cause GA to
converge prematurely to a suboptimal solution. It
should be pointed out that the population size is both
application dependent and related to the length of the
chromosome (i.e., string length).
An initial population of individuals is chosen.
An m×(N−1) random matrix is generated. The first
and second dimensions of the matrix represent the
number of individuals (population size) and the
number of decision variables that lie in [0, π/2], respectively. The rows of the matrix are sorted in ascending order to satisfy Eq.(1). This makes all solutions feasible for undergoing next steps in the procedure. Population sizes for the two cases of three and
five switching angles are considered 20 and 60, respectively, to yield satisfactory results.
(3) Evaluation. The major component of GA is
its evaluation function, which serves as a major link
between the algorithm and the problem being solved.
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MINIMIZATION OF THCD
Three switching angles
In this case, the aim of optimization is to find a
set of solutions (α1, α2) that minimizes the objective
function, Eq.(14). The third switching angle also
follows Eq.(16). Fig.3 shows the α1, α2 and α3 vs
modulation index that varies from 0 to Mmax. A step
change in the trajectory of switching angles occurs in
M=1.17, due to alteration of the global optimal solution. The variation of each angle is fairly linear in
subintervals of M∈[0, 1] and M∈[1.175, 1.215]. The
THCD of the waveform as defined by Eq.(14) is illustrated in Fig.4. Quantitative comparisons between
harmonic elimination method and minimization of
harmonic current distortion are also given in Fig.4.
Set 1 and Set 2 shown in Fig.4 correspond to THCD
of the two sets of solutions that have been accomplished for the elimination of the 5th and 7th
harmonics in the case of three switching angles in
(Chiasson, 2004), respectively. As Fig.4 shows,
minimization of harmonic current distortion results
in reduction of about 6.1% and 45.11% relative to
Set 1 and Set 2, respectively.
Optimal switching angle (rad)

π/2

α3

1.4
1.2

α2

1.0
0.8
0.6
0.4
0.2
0
0

α1
0.4
0.8
Modulation index

1.2

Fig.3 Optimal switching angles (N=3)
0.07
Set 2

0.06

Set 1

0.05
THCD

The evaluation function is used to distinguish between better and worse individuals in the population.
Hence it provides an important feedback for the
search process. Objective function values of all
members in the population are evaluated by the objective function defined in Eq.(14).
(4) Selection. The selection process determines
which chromosomes participate in reproduction to
generate the next population (in the next generation)
according to their objective function values in the
current population. In general, this process takes advantage of the fittest solutions by giving them greater
weights when selecting the next generation and
hence leads to better solutions to the problem. This
study utilizes Roulette-wheel selection (Mitchell,
1996), which is an easy-to-implement and
commonly-used method for selection mechanism.
(5) Recombination. In this step, members of the
population undergo transformations by genetic operators to form the next generation. These operators
include ‘crossover’ and ‘mutation’. The crossover
operator is used to create new chromosomes for the
next generation by randomly combining two selected
chromosomes from the current generation through
the selection process, and takes place according to a
given probability Pc.
Mutation introduces innovation into the population by randomly modifying the chromosomes. It
prevents the population from becoming saturated
with chromosomes that are all similar, and reduces
the chance of premature convergence. The parameter
Pm determines the probability that mutation will occur. In this study, the selected values for Pc and Pm
are 0.85 and 0.05, respectively.
(6) Elitism. At each iteration of GA, it is convenient to identify the best individuals, which are
always transferred to the next generation. This socalled ‘elitist strategy’ guarantees against the loss of
good information embedded in the best individual
produced thus far. The number of elite counts considered here is 5% of the population size.
(7) Termination criteria. The algorithm is repeated until a termination criterion is reached. Termination criteria are defined relating to the nature of
the problem. The termination criterion in this study
is the maximum number of generations, which is set
to 500.

0.04

Minimized

0.03
0.02
0.01
0

0

0.4
0.8
Modulation index

1.2

Fig.4 Minimized total harmonic current distortion (THCD)
and THCD of harmonic elimination equations (N=3)
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0.4
0.2
0
1.2

1.0
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Fig.5 Harmonic content magnitude vs modulation index
and harmonic number (N=3)

Five switching angles
Like in the case of three switching angles, the
goal is to minimize the THCD by determination of
optimal solution (α1, α2, α3, α4). Optimal switching
angles vs modulation index are illustrated in Fig.6.
As observed in Fig.6, three step changes occur in
the trajectory of switches due to alteration in global
optimum solution. While most of the point-to-point
optimization algorithms would fail in locating the
global optimum solution due to the fact that calculation of the current optimal point in these algorithms is
dependent on the information of its preceding point(s),
GA has the feature of incorporating a stochastic-based
process into the search procedure to find the global
optimal point. This point mostly arises with the increase of decision variables or complexity of the
objective function (present work).
Optimal switching angle (rad)

π/2
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00
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Fig.7 Minimized total harmonic current distortion
(THCD) (N=5)

α4

1.2

optimal solutions. With a good precision, it can be
observed that in all four subintervals of the modulation index (i.e., [0, 0.970], [0.975, 1.015], [1.020,
1.180] and [1.185, 1.270]), the switching trajectories
can be approximated to a straight line. In practical
situations, the calculated switching angles are stored
in read-only memory (ROM) and served as a look-up
table. During real-time operation, the required fundamental amplitude is used for addressing the corresponding switching angles in the look-up table and
read out for controlling the inverter. To avoid the use
of large memory components and to improve the
flexibility and maintenance of the system, a real-time
production of switching instants can be performed
from simple functions that approximate on-line calculated solution trajectories (Sun et al., 1996). The
accuracy of the on-line generated switching instants
has a great reliance on the proximity of functions and
could be increased, at least theoretically, to any extent by using high-order polynomials. The corresponding THCD of the optimized waveform is illustrated in Fig.7.

THCD

Magnitude

Fig.5 shows the voltage harmonic content magnitude vs modulation index and harmonic number.

0.4
0.8
Modulation index

1.2

Fig.6 Optimal switching angles (N=5)

It should be stated that in some situations, to
achieve the global optimal solution, we used a trialand-error process, due to the presence of many local

An optimized PWM waveform modulated at
M=0.9 with N=5 is illustrated in Fig.8. The five optimized switching angles in the first quarter period are
α1=0.180 7, α2=0.915 3, α3=0.969 0, α4=1.393 1, and
α5=1.480 7. Now, we consider the inverter-fed induction motor system depicted in Fig.9, in which
GTOs are used as power semiconductor devices.
However, GTOs must normally be used with snubbers
(not shown in this figure), and thus any realistic description of the GTO switching behavior must include
the effects of the snubber circuits.
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Fig.8 Optimized va(t) waveform modulated at M=0.9 (N=5)
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Motor
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0

the three symmetrical phase voltages vA(t), vB(t), and
vC(t) can be transformed into α-β coordinates. Furthermore, motor currents iα(t) and iβ(t) in this coordinate system are proportional to the integrals of the
voltages vα(t) and vβ(t), respectively, assuming that
motor resistances are negligible. The voltage and
current waveforms in the α-β coordinate system are
illustrated in Figs.10d and 10e, respectively.

v0(t)

va(t)

1

It is important to realize that GTOs are only
used in medium to high power applications (like the
conditions considered herein), where the voltage and
current levels are large, and the other solid-state
components that may be used in conjunction with the
GTOs are likely to be rather slow (Mohan et al.,
1995).
Suppose one LN (line to neutral) inverter output
voltage va(t) resembles this optimized waveform.
Then vb(t) and vc(t) are obtained as
⎛
⎛
2π ⎞
4π ⎞
vb (t ) = va ⎜ t −
⎟ , vc (t ) = va ⎜ t −
⎟,
⎝ 3ω1 ⎠
⎝ 3ω1 ⎠

(17)

where ω1 is the fundamental angular frequency of
the inverter output.
In this case, LL (line to line) voltages at the load
side are vAB(t)=va(t)−vb(t), vBC(t)=vb(t)−vc(t), and
vCA(t)=vc(t)− va(t). As the three windings are symmetrical, the neutral voltage v0(t) is

(a)

(b)

1
0
−1

(c)

1
0
−1

iα(t)

1
0
−1

1
1 ⎞
⎛
− ⎟ ⎛ v A (t ) ⎞
1 −
⎛ vα (t ) ⎞ 2 ⎜
2
2 ⎜
⎟ vB (t ) ⎟ ,
⎜
⎟= ⎜
⎟
(
)
v
t
3
⎜
3
3 ⎟ ⎜⎜
⎝ β ⎠
⎟
(
)
v
t
0
−
⎜
⎟⎝ C ⎠
2
2 ⎠
⎝

(e)

iβ(t)

π/2

0

π

ω1t

3π/2

2π

Fig.10 Waveforms in an inverter-fed induction motor
system shown in Fig.9. (a) vAB(t); (b) v0(t); (c) vA(t); (d) vα(t)
and iα(t); (e) vβ(t) and iβ(t)

Since motor fluxes φα(t) and φβ(t) in α-β coordinates are proportional to iα(t) and iβ(t), respectively,
the trajectory of iα(t)−iβ(t) in a complex plane represents the trajectory of motor fluxes. This is shown in
Fig.11.
0.88
0.74

(18)

The waveform of phase voltage vA(t) is illustrated in Fig.10c.
Using the transformation below,

(d)

vα(t)

vβ(t)

φβ

v0 (t ) = ( va (t ) + vb (t ) + vc (t ) ) / 3.

vβ(t), iβ(t) vα(t), iα(t)

vA(t)

Fig.9 A three-phase inverter feeding an induction motor
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0.14
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−0.14
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(19)
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Fig.11 Trajectory of motor flux
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TORQUE PULSATION REDUCTION AND OPTIMIZATION OF THCD
Pulsating torques are produced by the interaction of air gap flux and rotor MMF waves of different orders. The pulsating torque, which is mainly
affected by the presence of low-order harmonics,
tends to cause jitter in the machine speed, while the
effect of high-frequency components will be smoothened due to system mechanical inertia. The speed
jitter may be aggravated if the pulsing frequency is
low, or if the system mechanical inertia is small. The
pulsing torque frequency may be near the
mechanical resonance of the drive system, and this
may result in severe shaft vibration, causing fatigue,
wearing of gear teeth, and unsatisfactory performance in the feedback control system.
Based on the discussion above, our aim in this
section is to limit the 5th, 7th, 11th, and 13th harmonic currents (in the case of N=5) while THCD is
minimized, in order to reduce the torque pulsation.
Fig.12 shows these harmonics using the optimal
pulse patterns accomplished in the previous section.
Four inequality constraints have been realized in
each limitation value, λ. They are

Ih ≤ λ,

(20)

in which h=5, 7, 11, 13. These constraints should be
handled in the optimization procedure.

Current harmonic magnitude

0.014
0.012

I5
I7
I11
I13

0.010
0.008
0.006
0.004
0.002
00

0.4

0.8

1.2

Modulation index

Fig.12 Current harmonics vs modulation index (N=5)

A vast majority of industrial engineering optimization problems (like in this case) are constrained
problems. The presence of constraints significantly
impacts the performance of every optimization algo-

rithm (Michalewicz et al., 1996). Generally, evolutionary computation techniques appear particularly
apt for addressing constrained optimization problems. Classic linear and nonlinear programming
methods are often either unsuitable or empirical
when applied to constrained optimization problems
which present the difficulties of potentially nonconvex or even disjoint feasible regions (Kim and
Myung, 1997). Difficulties arise because either the
amount of computation required quickly becomes
unmanageable as the size of the problem increases,
or the constraints violate the required assumptions,
such as differentiability or convexity. In this problem, the set of constraints in Eq.(20) is handled using
the penalty function method, which is the most
common approach in the GAs. It requires only the
straightforward modification of the evaluation function eval as follows:
eval (α ) = f (α ) + W ⋅ penalty (α ),

(21)

where f is the objective function, and penalty(α) is
zero if no violation occurs, and positive otherwise
(for minimization problems). Usually, the penalty
function is based on the distance of a solution from
the feasible region, or on the effect to repair the solution, i.e., to force into the feasible region. W is the
user-defined weight, prescribing how severely constraint violations are weighted. Considering Fig.12,
in the subintervals of modulation index, where Ih≤λ,
the optimization results are the same as obtained in
the case of minimizing the THCD.
Fig.13 shows the optimal pulse patterns in the
case of λ=0.01. As in the case of minimizing the
THCD, step changes occur in trajectory of optimal
solutions in certain modulation indices due to alteration of global optimal solution. The normalized FFTs
of the optimized voltage waveforms (with respect to
the fundamental), modulated at M=0.9 in three cases
of minimized THCD, λ=0.01, and λ=0.008 are shown
in Fig.14 (current harmonics can be achieved using
Eq.(4)). The total energy of harmonics in a PWM
waveform is constant, depending only on the fundamental amplitude (Sun, 1995), regardless of the actual
waveform structure. Optimizing the waveform should
not be considered as elimination or reduction of the
total energy, but to alter its distribution among different frequency components. Noticing this fact, the
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Optimal switching angle (rad)

increase in the THCD in the case of λ=0.008 with
regard to minimized THCD in the subinterval of
M∈[0.65, 1.09] is justifiable (Fig.15). That is, suppression of chosen harmonics leads to increase in the
value of THCD. These results can be generalized by
decreasing the limitation value, λ, and running the
optimization program, to obtain new optimal results.
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Fig.13 Optimal pulse patterns in the case of λ=0.01
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M=0.9
0.06
0.05
Optimized, λ=0.008

THCD

0.04
0.03

Minimized

0.02
0.01
0

1751

CONCLUSION
Optimal pulse patterns to the problem of minimization of THCD in high-power (typically several
megawatts) induction motors were presented for the
two cases of three and five switching angles. The GA
optimization technique was applied. Its distinguished
advantages over the deterministic optimization
methods lie in that it possesses the ability to span the
search space with more likelihood of finding the
global optimum solution particularly when decision
variables increase. Furthermore, it does not require
derivative information and is distinctively apt for
addressing constrained optimization problems. The
benefits of optimization are remarkable, considering
the total power of the system.
Torque pulsation is mainly affected by the
presence of low-order frequency harmonic components. Pulsing torques can cause troublesome speed
fluctuations and shaft vibration. In this study, we
constrained the 5th, 7th, 11th, and 13th current harmonics to some pre-specified values to mitigate the
detrimental effects of these harmonics (in the case
of five switching angles). At the same time, the
THCD was optimized while maintaining the required fundamental output voltage. New optimal
pulse patterns yielded. It is intuitively obvious that
this optimization can be resumed to accomplish new
optimal results.
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