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Abstract: Wind loading is a dominant factor for design of a cable-membrane structure. Three orthogonal turbulent components,
including the longitudinal, lateral and vertical wind velocities, should be taken into account for the wind loads. In this study, a
stochastic 3D coupling wind field model is derived by the spectral representation theory. The coherence functions of the three
orthogonal turbulent components are considered in this model. Then the model is applied to generate the three correlated wind
turbulent components. After that, formulae are proposed to transform the velocities into wind loads, and to introduce the modified
wind pressure force. Finally, a wind-induced time-history response analysis is conducted for a 3D cable-membrane structure.
Analytical results indicate that responses induced by the proposed wind load model are 10%~25% larger than those by the conventional uncorrelated model, and that the responses are not quite influenced by the modified wind pressure force. Therefore, we
concluded that, in the time-history response analysis, the coherences of the three orthogonal turbulent components are necessary
for a 3D cable-membrane structure, but the modified wind pressure force can be ignored.
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INTRODUCTION
Wind loading response analysis is generally
needed for design of a 3D large-span structure.
Aerodynamic mechanisms of low-rise building roofs
under the wind internal and external loading in frequency domain have been investigated by Yu et
al.(2006; 2008). However, as for a large-span 3D
cable-membrane spatial roof structure, the windexcited dynamic response in frequency domain is no
more suitable owing to its nonlinearity. At this time,
time-history analysis is a proper alternative (Shen,
2006). Hence, it is necessary to simulate the
time-history of the wind load properly.
Stochastic wind loads can be obtained from
wind velocities based on the quasi-steady theory. For
a cable-membrane roof structure, three orthogonal
turbulent components, including longitudinal, lateral
*
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and vertical wind velocities, are necessary to be
considered. In conventional methods, the three wind
velocities are generated separately and then transformed into wind loads (Li et al., 2004). Thus, the
three wind components are assumed uncorrelated.
However, experimental measurements show that the
three stochastic wind turbulent components are correlated (Panofsky and Dutton, 1984), especially between the longitudinal component and the vertical
component. Therefore, in the 3D wind-induced dynamic response analysis, it needs to investigate the
correlations among the three wind turbulent components.
In this study, a stochastic 3D correlated wind
velocity field model is proposed based on the spectral
representation theory. Then, formulae for transforming stochastic wind velocities into wind loads
are derived in detail. And the modified wind pressure
force is also introduced. Finally, the wind loads are
applied to perform a time-history response analysis
for a spatial 3D cable-membrane structure. The
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results obtained by the proposed model are compared
with those done by the conventional methods and
some valuable conclusions are drawn.

DERIVATION OF THE 3D STOCHASTIC WIND
FIELD MODEL
Consider a 3D wind field with n spatial nodes,
the mean wind velocity of Node j can be defined as
the logarithmic profile (Simiu and Scanlan, 1986) of
u j = 2.5u* ln( z j / z0 ),

S 2jk (ω ) = S vvjk (ω ).

(5)

As can be seen in Eqs.(4) and (5), there are two
types of elements in the sub-matrices. One is the type
of diagonal elements with real-values and named as
self-power spectral density functions (SPSDFs) (α=u,
v, w); the other is the type of off-diagonal complexvalued elements (α, β=u, v, w; j≠k) defined as
αα
ββ
αβ
S αβ
jk (ω ) = S jj (ω ) S kk (ω )Coh jk (ω ) exp[iθ jk (ω )], (6)

(1)

where Cohαβ
jk (ω) is the coherence function, θjk(ω) the

where zj is the height of Node j; z0 is the roughness
length, and u* is the surface friction velocity. The 3D
stochastic wind velocity time-history vector of Node j
is a zero-mean Gaussian stationary process, expressed
as

phase angle and i = −1 .
In Eq.(3), a 3D stochastic wind field can be divided into a 2D wind field of the components u and w
as well as a 1D wind field of v. The 2D stochastic
wind field model is derived in the following.
Decomposing S1(ω) by the Cholesky factorization, a lower triangle matrix H(ω) is obtained as

u j (t ) = {u j (t ), v j (t ), w j (t )}T , j = 1, 2,..., n,

(2)
H (ω )H ∗T(ω ) = S 1 (ω ) ,

where uj(t), vj(t), wj(t) are the longitudinal, lateral, and
vertical wind velocities of Node j corresponding to x,
y, z directions, respectively. In the following, for
simplicity, the suffix j is omitted. Assume that S is a
corresponding complex-valued cross-power spectral
density function (CPSDF) matrix of the process.
Many observations have proven that v(t) is uncorrelated with u(t) and w(t) (Panofsky and Dutton, 1984).
Hence, S can be expressed as

⎡ S 1 (ω )
0 ⎤
S (ω ) = ⎢
⎥,
2
S (ω ) ⎦
⎣ 0

⎡ S uu
⎤
S uw
jk (ω )
jk (ω )
S (ω ) = ⎢ wu
⎥.
ww
⎢⎣ S jk (ω ) S jk (ω ) ⎥⎦

where “*” denotes the complex conjugate of H(ω).
The properties of the elements in H(ω) are
ημ
H ημ
jj (ω ) = H jj ( −ω ) (η , μ = u , w),
ημ *
H ημ
jk (ω ) = ( H jk ) ( −ω ) ( j > k ),

(8)

ημ
H ημ
jk (ω ) = H jk (ω ) exp[ i θ jk (ω )],

where θjk(ω) is given by
(3)

⎧⎪ Im ⎡ H ημ
⎫
⎣ jk (ω ) ⎤⎦ ⎪ .
⎬
ημ
⎪⎩ Re ⎡⎣ H jk (ω ) ⎤⎦ ⎭⎪

θ jk (ω ) = arc tan ⎨

where S1(ω) is a sub-matrix considering the correlation of u(t) and w(t). The element in S1(ω) is expressed as
1
jk

(7)

(9)

It is an odd function of ω, so that

θ jk (ω ) = −θ jk (−ω ).

(10)

(4)

S2(ω) is the other sub-matrix, where the element is
expressed as

Actually, θjk(ω) represents time lag of the mean
wind arriving at two spatial points. According to the
Taylor’s frozen assumption (Panofsky and Dutton,
1984), θjk(ω) is expressed as
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θ jk (ω ) = ω

( x j − xk )
[u j + uk ] / 2

.

(11)

Hence, the stochastic 2D wind velocity vector
f1(t) = {u1(t), w1(t), ···, un(t), wn(t)}T can be expressed
by the spectral representation theory as
+∞

f 1 (t ) = Re[ ∫ exp(iωt )dZ (ω )], ω > 0, t > 0, (12)
0

where dZ(ω) is a complex-valued stochastic process
matrix with the following three conditions:
(i) E[dZ (ω )] = 0,

(13)

(ii) E[dZ (ω )dZ∗ (ω )] = E[| dZ (ω )|2 ] = 2 S1 (ω )dω, (14)
(iii) E[dZ (ω )dZ∗ (ω )] = 0, ω > 0, and ω ≠ ω ,

(15)

where E[·] denotes the statistical mean value operator.
Therefore, dZ(ω) can be assumed as
dZ (ω ) = 2dω H (ω )T (ω),

(16)

where the vector T(ω)={exp[iφ1(ω)], exp[iφ2(ω)], ···,
exp[iφ2n−1(ω)], exp[iφ2n(ω)]}T, and φp(ω) (p=1, 2, ···,
2n) are the random phase angles distributed uniformly
over the interval [0,2π]. Substituting Eq.(16) into
Eqs.(13)~(15) and applying Eqs.(8) and (10), it is
easy to verify that Eq.(16) can satisfy the three conditions. Therefore, substituting Eq.(16) into Eq.(12),
the vector f1(t) is then represented as
f 1 (t ) = Re[ ∫

+∞

0

DESCRIPTION OF THE WIND LOADS AND THE
NONLINEAR DYNAMIC EQUATION OF THE
STRUCTURE
Stochastic wind velocity time-histories can be
transformed into wind load time-histories based on the
quasi-steady theory (Uematsu and Isyumov, 1999).
Considering a 3D wind loading field, the wind loads
acting on Node j can be defined as

Fj (t ) = 0.5ρ V (t ) Cp [θ (t ), β (t )] A,
2

(18)

where ρ is the air density and A the area of Node j
subjected to wind loads. The vector V(t) is the transient wind velocity of Node j. Cp[θ(t), β(t)] is the wind
pressure coefficient while θ(t) and β(t) are the transient horizontal and vertical wind angles,
respectively.
The components of V(t) are indicated in Fig.1,
where u , v , and w denote the longitudinal, lateral
and vertical mean wind velocities, respectively, and
us(t), vs(t), ws(t) are the transient vibration velocities
of Node j in x, y and z directions, respectively. Then,
|V(t)|2 can be expressed as

| V (t ) |2 = [u + u(t ) − us (t )]2 + [v + v(t ) − vs (t )]2
+ [w + w(t ) − ws (t )]2
= u 2 + 2u[u(t ) − us (t )] + [u(t ) − us (t )]2

(19)

+ v + 2v [v(t ) − vs (t )] + [v(t ) − vs (t )]
2

2

+ w2 + 2w[w(t ) − ws (t )] + [w(t ) − ws (t )].2

2dω H(ω) W (ω )]
N

≈ Re[ 2Δω ∑ H (ωl )W (ωl )],

(17)

V(t )

l =1

w(t)

where
the
vector
W(ωl)={exp[i(φ1+ωlt)],
exp[i(φ2+ωlt)], ···, exp[i(φ2n−1+ωlt)], exp[i(φ2n+ωlt)]}T.
Assume that the radian frequency range is [ωmin, ωmax]
and that N is a large enough positive integer. Then the
discrete frequency points are ωl=ωmin+(l−1/2)Δω
(l=1, 2, ···, N) with increment of Δω=(ωmax−ωmin)/N.
As for the wind velocity vector f2(t)={v1(t), v2(t),
···, vn(t)}T, it is just a simplification of the 2D model
and not to be listed here. Details can be found in
(Deodatis, 1996).

u(t)

ws (t)
v(t)

us (t)

w
vs (t)

u
v

j

z

x

y
O

Fig.1 Wind velocity components of Node j
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Now, some simplifications are made in Eq.(19).
Firstly, observations (Shiau and Chen, 2002) show
that u(t), v(t), w(t) and us(t), vs(t), ws(t) can be neglected compared to the magnitude of u . Hence,
[u(t)−us(t)]2, [v(t)−vs(t)]2 and [w(t)−ws(t)]2 are ignored.
Secondly, observations also indicate that no matter
what kind of terrain the wind blows over, w is correlated with u . The relationship between them is
w = u tan α (| α |≤ 10°) (Yang and Sun, 1997).
Therefore, the maximum value of w adopted for the
response of the structure is 0.18 u . With this condition, w2 = 0.0324 u 2 and 2w [ w(t ) − ws (t )]u, so
the two terms are also ignored. Finally, v equals to
zero (Panofsky and Dutton, 1984), thus v 2 and
2v [v(t ) − vs (t )] are zero. Now Eq.(19) is rewritten as
| V (t ) |2 = u 2 + 2u [u (t ) − us (t )].

(20)

In the linearized quasi-steady vector model,
Cp[θ(t), β(t)] is approximated by a Taylor polynomial
of the first-order as
Cp [θ (t ), β (t )] = Cp [θ 0 , β 0 ]
+ [θ (t ) − θ 0 ]

∂Cp [θ (t ), β (t )]

+ [ β (t ) − β 0 ]

∂θ

∂Cp [θ (t ), β (t )]
∂β

(21)

θ =θ 0
β = β0

θ =θ 0
β = β0

v(t ) − vs (t )
,
u
w + w(t ) − ws (t )
.
β (t ) − β 0 =
u

(22)

Cpw =

∂Cp [θ (t ), β (t )]
∂β

θ =θ 0
β = β0

∂θ

θ =θ 0
β = β0

≈

Cpku − Cpu

θ k − θ0

,

θ =θ 0
β = β0

(24)

where Cpku − Cpu is the difference of the shape coefficient as the longitudinal angle changing from θ0 to θk.
The empirical value of Cpw is over the range of [−0.5,
−0.3] (Shen et al., 2006). So the most disadvantageous value of −0.5 is taken to obtain the maximum
response of the structure. Finally, combining Eqs.(20)
to (24), Eq.(18) can be expressed as
Fj (t ) = 0.5ρ A{u 2 + 2u [u (t ) − us (t )]}
v(t ) − vs (t )
w + w(t ) − ws (t )
⎡
⎤
Cpv +
Cpw ⎥
× ⎢Cpu +
u
u
⎣
⎦
≈ 0.5ρ Au [Cpu u + 0.18Cpwu ]
+ 0.5ρ Au [2Cpu u (t ) + Cpv v(t ) + Cpw w(t )]
− 0.5ρ Au [2Cpu us (t ) + Cpv vs (t ) + Cpw ws (t )]
(25)

where terms without u are omitted for the same reason mentioned for Eq.(20). Fm and Ft(t) are the wind
forces caused by the mean wind velocities and the
turbulent wind velocities, respectively. Fd(t) can be
viewed as the modified wind pressure force induced
by the vibration velocity of the node. Then, the equation of motion is obtained as
M x(t ) + (C + C a ) x (t ) + Kx (t ) = Fm + Ft (t ),

(26)

where M, K, C, and Ca are the lumped mass matrix,
the stiffness matrix, the structural damping matrix,
and the modified wind pressure force matrix, respectively. Fm is the mean wind loading vector and Ft(t)
the turbulent wind loading vector. x(t), x (t ) , x(t )

Let
∂θ

∂Cp [θ (t ), β (t )]

,

θ (t ) − θ 0 =

∂Cp [θ (t ), β (t )]

Cpv =

= Fm + Ft (t ) − Fd (t ),

where θ0, β0 are the mean wind angles in horizontal
and vertical directions, respectively. θ(t) is the transient horizontal wind angle, while β(t) is the transient
vertical one. Two terms in Eq.(21) can be expressed as

Cpu = Cp [θ 0 , β 0 ], Cpv =

be the shape coefficients of the wind loads induced by
the longitudinal, lateral and vertical wind velocities,
respectively. In practical application, Cpu is obtained
by wind tunnel test or by real measurement. However,
Cpv is hard to be measured, so it is approximately
expressed as

,

(23)

are the displacement, velocity and acceleration vectors, respectively.
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DYNAMIC RESPONSE ANALYSIS OF THE
STRUCTURE
A dynamic response time-history analysis under
the 3D wind loads is performed for a simple cablemembrane structure. It is a square saddle roof composed of four side cables and membrane. Its four
corners are fixed by supports. The diagonal length L of
the structure is 10 m. And the difference between high
position and low position is h =0.825 m. The sectional
area of the cable is 0.0002 m2 with a pretension force
of 45 kN. The thickness of the membrane is 0.001 m
with the pretension stress of 2 MPa. The FEM model of
the structure is demonstrated in Fig.2. The shape coefficients for the wind loads under six longitudinal wind
azimuths are shown in Fig.3 (Yang and Shen, 1996).
Parameters for wind velocity field simulation are
given below.
(1) Self-power spectral density functions
The one-sided SPSDFs S αα
jj (ω ) (α = u , v, w) advised by the Engineering Sciences Data Unit
(ESDU85020, 1985) are adopted as follows:

{

2

}

2
⎡
⎤
1 4(σε Lε u j ) 1+ 755.2 ⎣ωLε (2πu j )⎦
S jj (ω) =
,
11
6
2
2π
(28)
1+ 283.2 ⎡⎣ωLε (2πu j )⎤⎦

εε

{

}

ε = v, w,
LP
Membrane

Cable

L

A

HP

HP
LP

(a)
L
HP
A

h

Cable
Membrane
LP

S uu
jj (ω ) =

1
2π

4σ Lu / u j
2
u

{1 + 70.8 ⎡⎣ω L /(2πu )⎤⎦ }

2 5/6

u

,

(b)

(27)

Fig.2 FEM model of the structure. (a) Top view; (b) Front
view. HP: high position; LP: low position

j

−1.0

θ

0
−0.5

−0.3

−0.9
−
−

Fig.3 Shape coefficients of the wind loads under six longitudinal wind azimuths θ. (a) θ=0°; (b) θ=15°; (c) θ=45°;
(d) θ=60°; (e) θ=75°; (f) θ=90°. HP: high position; LP: low position
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σ α2 = γ α (u∗ ) 2 ,

(29)

where γα is named as the turbulence intensity factor.
Empirical formulae for γα of three wind directions
developed by Solari and Piccardo (2001) are

γ u = 6 − 1.1 arctan[ln z0 + 1.75],
γ v = 0.55γ u , γ w = 0.25γ u ,

(30)

where Lα is the integral length scale of turbulent and
expressed as
Lu = 300( z j / 200)0.67 + 0.05 ln z0 , Lv = 0.25Lu , Lw = 0.1Lu .
(31)
According to the design code (GB50009-2001,
2002), we assume that the structure is on the location
of Type B, thereby the two important parameters are
taken as z0=0.02 m, u*=1.82 m/s.
(2) Three types of coherence functions (COHFs)
1) The spatial COHF Cohαα
jk (ω ) represents the
correlation of Nodes j and k in the same wind direction
(Simiu and Scanlan, 1986)

⎧ ω ∑ C 2 | r − r |2 ⎫
j
k
⎪
⎪
r rα
Coh jk (ω ) = exp ⎨−
⎬,
π[u j + uk ]
(32)
⎪⎩
⎪⎭
j ≠ k , rj = x j , y j , z j , rk = xk , yk , zk ,
αα

where Cxu=3.0, Cxv=3.0, Cxw=0.5, Cyu=10.0, Cyv=6.5,
Cyw=6.5, Czu=10.0, Czv=6.5, Czw=3.0.
2) The point COHF Cohuw
jj (ω ) describes the relationships of turbulent components u and w at Node j.
It can be written as (Solari and Piccardo, 2001)
Cohuw
jj (ω ) = −

1

1

κ uw 1 + 0.4[ ω Lu (2πu j ) ]

,

(33)

where κuw termed the point coherence scaling factor
and

κ uw =

Buwσ u ( z j )σ w ( z j )
(u∗ )

2

⎛L ⎞
, Buw = 1.11⎜ w ⎟ 0.21. (34)
⎝ Lu ⎠

3) The spatial and point COHF Cohuw
jk (ω )
represents the relationship of Node j and Node k between turbulent components u and w. It is defined as
(Solari and Piccardo, 2001)
uw
Cohuw
Cohuw
jk (ω ) = −
jj (ω ) Cohkk (ω )

×

(35)

ww
Cohuu
jk (ω ) Coh jk (ω ).

The 3D stochastic wind velocity field with 200
spatial nodes is generated. To improve computational
efficiency, a method provided by Luo and Han (2008)
is used in computation. The simulation time is 204.8 s.
The time interval Δt is 0.025 s. A comparison of the
target self-correlation functions and the selfcorrelation functions of the simulated samples is
shown in Fig.4. It can be seen that the simulation
results coincide with the target ones well. Therefore,
the wind loads generated by the proposed method is
applicable to wind response analysis of the structure.
Now, the time-history response analyses under
different wind azimuths are conducted by the commercial software ANSYS. There are five loadcases
taken into account: (A) Only a longitudinal wind load
without considering the modified wind pressure force;
(B) The uncorrelated longitudinal and vertical wind
loads without the modified wind pressure force; (C)
The uncorrelated longitudinal, lateral and vertical
wind loads without the modified wind pressure force;
(D) The correlated longitudinal, lateral and vertical
wind loads without the modified wind pressure force;
(E) The correlated longitudinal, lateral and vertical
wind loads with the modified wind pressure force.
In computation, the modified wind pressure

Target
Correlation function (m2/s2)

where σα2 is the variance of the turbulent velocity of
component α and defined as

30

(a)

Sample
(c)

(b)

15

0
0

50

0
50
Time lag (s)

0

50

Fig.4 Verifications of the self-correlation functions of
Node A. (a) u; (b) v; (c) w
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λσ kj
m kj

2.5

2.0

1.5
3.0
(b)
2.5

,

(36)

βk

β jk = 1 +

Loadcase (A)
Loadcase (B)
Loadcase (C)
Loadcase (D)
Loadcase (E)
3.0
(a)

βk

force is described by the Matrix 27 element of the
software. In addition, it should be mentioned that the
SPSDFs and corresponding parameters are also applied to generate the three uncorrelated wind loads for
comparisons with the correlated loads cases.
Five types of response are considered: (a) stress
of the cable; (b) stress of the membrane; (c) nodal
displacement x; (d) nodal displacement y; (e) nodal
displacement z. Since the traditional gust loading
factor is no more available for the case of the structural nonlinearity, the gust response factor (GRF) is
adopted and given by (Shen et al., 2006)

2.0

1.5
2.5
(c)
2.0

βk

where βjk is the GRF for the jth element of the kth type
of the response; σjk, mjk are the standard deviation and
the mean value, respectively. λ is the peak value factor
and equals 3.5. Note that a small value of mjk will lead
to an unreasonable value for βjk. Actually, the maximum value of the response is a determinate factor for
design. Thus, instead of Eq.(36), the GRF of the kth
type of response is applied (Chen et al., 2005) as

1.5

{| m kj |}max

,

(37)

where {|βjkmjk|}max is the maximum absolute value of
the kth type of the response. In this way, the GRFs for
the response are shown in Figs.5(a)~5(e). It can be
seen from the results that
(1) The values of βk are close to each other for
Loadcases (A), (B), and (C). That means there are no
obvious differences of the responses while the three
uncorrelated wind loads are applied to the structure.
(2) The results of Loadcase (D) are nearly the
same as those of Loadcase (E). Hence, the modified
wind pressure force has little influence on the dynamic response. The reason is that vibration velocity
of the structure changes so slowly that the force is not
large;
(3) The maximum stress GRFs of the cable and
the membrane for Loadcase (D) are both 2.5, while
those for Loadcase (C) are 2.0. The maximum node
displacement GRFs of Loadcase (D) in directions x, y,
z are 2.0, 2.3 and 2.0, respectively, while those of
Loadcase (C) are 1.8, 2.0, 1.6, respectively. Hence,

1.0
2.5
(d)

βk

{| β m |}max
k
j

2.0

1.5
2.4
(e)
2.0

βk

βk =

k
j

1.6

1.2

0

15
45
60
75
Wind direction (°)

90

Fig.5 GRFs of (a) cable; (b) membrane; (c) nodal displacement x; (d) nodal displacement y and (e) nodal
displacement z
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the amplifications of the GRFs for Loadcase (D) are
nearly 10%~25% larger than those of GRFs for
Loadcase (C). The fact indicates that the correlations
of the three wind load components have distinct effects on the responses of the structure. The correlations among the three wind load components need to
be considered for the time-history analysis of the
structure.

CONCLUSION
For a spatial 3D structure, such as a cablemembrane structure, the wind loading is a dominant
factor. A model for simulating a 3D wind velocity
field considering correlations of three orthogonal
turbulent components is first presented in this paper.
Then formulae of transforming the wind velocities
into wind loads are derived in detail, also the modified
wind pressure force is considered. Finally, the correlated 3D wind loads are applied to a typical spatial 3D
cable-membrane structure for the wind-induced
time-history response analysis. The results indicate
that the GRFs obtained by the proposed correlated
wind field model are 10%~25% larger than those by
the traditional uncorrelated wind field model. Moreover, the modified wind pressure force has little effect
on the time-history analysis. Therefore, it can be
concluded that the correlations of the three wind
turbulent components can not be neglected for
wind-induced vibration analysis of the 3D spatial
cable-membrane structure, while the modified wind
pressure force can be omitted.
It should be mentioned that dynamic properties
of a 3D spatial structure are very complicated, more
experiments and measurements are needed to investigate the application of the proposed theory. This is
an issue for future work.
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