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Abstract: Given the definition of the reference Knudsen number for micro gas journal bearings, the range in the number is
related to the viscosity of air at different temperatures. A modified Reynolds equation for micro gas journal bearings based on
Burgdorfer’s first-order slip boundary condition is proposed that takes into account the gas rarefaction effect. The finite difference
method (FDM) is adopted to solve the modified Reynolds equation to obtain the pressure profiles, load capacities and attitude
angles for micro gas journal bearings at different reference Knudsen numbers, bearing numbers and journal eccentricity ratios.
Numerical analysis shows that pressure profiles and non-dimensional load capacities decrease markedly as gas rarefaction increases. Attitude angles change conversely, and when the eccentricity ratio is less than 0.6, the attitude angles rise slightly and the
influence of the reference Knudsen number is not marked. In addition, the effect of gas rarefaction on the non-dimensional load
capacity and attitude angle decreases with smaller bearing numbers.
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1 Introduction
The velocity slip phenomenon of rarefied gases
has remained an intriguing problem in the fluid flow
of micro-electro-mechanical systems (MEMS) devices, such as in the air lubrication of the head-disk
interface of disk drives in the data storage industry
(Gad-el-Hak, 1999; Myong, 2004; Karniadakis and
Beskok, 2005). Similarly, because the rotor in a micro
gas journal bearing-rotor system has an extremely
high rotation velocity, the surface speed of the journal
comes close to the speed of sound and the gap between the journal and the bearing is only ten or so
microns, a gas lubrication film of even a few microns
will become rarefied because of the large velocity
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gradient (Schaaf and Chambre, 1958).
According to the theory of rarefied gas dynamics
(Kennard, 1938; Shen, 2003), when a gas becomes
rarefied, velocity slip will occur at the surface of the
journal and then the speed distribution of the gas
lubrication film will change. This will obviously have
an effect on the performance of micro gas bearings.
Burgdorfer (1959) first proposed a Reynolds equation
based on first-order velocity slip boundary condition
to investigate the influence of rarefied gas on the
performance of gas bearings. Hsia and Domoto (1983)
later presented a second-order velocity slip model and
the corresponding Reynolds equation by considering
the second-order molecular slip effects. Mitsuya
(1993) modified the coefficient of the second-order
slip term in the second-order velocity slip model, to
produce a 1.5-order velocity slip model. Beskok and
Karniadakis (1999) proposed an empirical model by
modifying the first-order slip coefficient, but the coefficients are unknown and can be obtained only by
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related theory or experiments. Sun et al. (2002) developed a new velocity slip model incorporating
molecular dynamics to take into account the impact of
molecular collisions, which play an important role in
the interactions between molecules and the solid
surface. Wu and Bogy (2003) modified the length
scale of Taylor’s expansion in the second-order velocity slip boundary condition in accordance with
kinetic theory and obtained a new model of first-order,
second-order velocity slip boundary condition. Shen
et al. (2007) proposed a new model of first-order
velocity slip boundary condition based on kinetic
theory. Recently Wu (2008) derived a slip model for
rarefied gas flows at an arbitrary Knudsen number
using a somewhat more physical approach. Recent
research showed that although the slip boundary can
be classified into first-, second- and higher orders,
only the first-order slip boundary model has actual
physical interpretation. The others are based mainly
on mathematical theory. The basic equation describing rarefied gas dynamics, the Boltzmann equation, is
first-order in nature and thus the slip boundary should
be first-order rather than higher orders. Moreover, the
first-order velocity slip can avoid the ambiguity of
determining the coefficients of the high order term in
high order slip boundary condition.
Micro gas journal bearings have been investigated widely at home and abroad. Orr (2000) magnified the configuration of the micro gas journal bearing
to study its performance using a macro gas journal
bearings model. Piekos (1999; 2002) used numerical
simulation to assess the performance of the micro gas
journal using the orbit method. Liu et al. (2005) and
Liu and Spakovszky (2007) proposed a new analytical model for axially fed gas journal bearings and
used experimental testing of micro gas bearings to
characterize and investigate their rotor dynamic behavior. Teo et al. (2006; 2008) investigated the unsteady flow effects in the bearing gap to quantify their
impact on the bearing dynamic behavior. He developed a gas-bearing supported micro-air turbine to
demonstrate repeatable, stable high-speed gas-bearing
operation and verified the new micro-gas-bearing
analytical models. None of the above studies considered the gas rarefaction effect. Lee et al. (2005) considered the gas rarefaction effect in an analysis of
micro gas journal bearing performance in the
first-order boundary condition. However, they ig-

nored the influence of ambient pressure on the degree
of gas rarefaction. Research on micro gas journal
bearings started only recently in China. Based on the
first-order, second-order slip boundary condition,
Huang et al. (2006) investigated the steady characteristics of micro gas journal bearings at different
bearing numbers and different eccentricity ratios.
Zhou et al. (2007) analyzed the influence of gas
temperature on the performance of micro gas journal
bearings in the second-order slip boundary condition,
based on the bearing number, gas temperature and the
length/diameter ratio of the bearings. Huang et al.
(2006) and Zhou et al. (2007) considered the gas
rarefaction effect in the micro gas journal bearing, but
ignored ambient pressure and temperature effects, or
considered only the gas temperature.
When the bearing configuration is determined,
the Knudsen number symbolizing the degree of gas
rarefaction is proportional to the molecular mean free
path, which is related to the gas viscosity, pressure,
and temperature. Because gas viscosity is related
mainly to temperature, the Knudsen number is influenced by two factors, pressure and temperature.
This paper first gives the definition of the reference
Knudsen number Kn0 for micro gas journal bearings,
and then presents reference Knudsen numbers at different temperatures for a range of viscosity values. A
modified Reynolds equation for the micro gas journal
bearings based on Burgdorfer’s first-order slip
boundary condition is then proposed. The finite difference method (FDM) is applied to solve the modified Reynolds equation to obtain the steady characteristics of micro gas journal bearings at different
reference Knudsen numbers, bearing numbers and
eccentricity ratios.

2 Variation in reference Knudsen number
with temperature
The viscosity of gases, a physical property, can
be obtained from experiments or from approximate
calculations from theoretical models. The values of
viscosity for air increase gradually with increasing
temperature (Fig. 1).
In micro gas journal bearings, the reference
Knudsen number Kn0 is defined as: Kn0=λ/c, where

λ = μ πRT / 2 pa , the molecular mean free path, c
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is the average radial clearance, μ is gas viscosity, R is
a gas constant, T is the ambient temperature, and pa is
the ambient pressure. According to Irvine and Liley
(1984), Fig. 2 is given to show the range of reference
Knudsen numbers for a gas lubrication film of 10 μm
average radial clearance at different ambient pressures and increasing temperature, where p0 stands for
a standard atm. The reference Knudsen number Kn0
increases with increasing temperature. Thus, air becomes more rarefied at higher temperatures. As the
ambient pressure increases, Kn0 decreases. When the
ambient pressure changes from one to ten standard
atm, the values of Kn0 are in the range between 10−3
and 10−1. According to the kinetic theory of gases, the
flow is located in the slip region. So the velocity
boundary with the slip at the gas-solid interface
should be taken into account.

3 Reynolds equation for micro gas journal
bearings
In Fig. 3, the inner circle represents the journal,
and the outer shadowed ring, the bearing. The journal
rotates at a high angular velocity, ω, inside the stationary bearing. The radius of the journal is r, and of
the bearing is r+c, where c is the average radial
clearance. The distance e between Ob and Oj is the
eccentricity, φ is the attitude angle, and L is the width
of the bearing. For convenience, the flows in and out
of the sides of the bearing are ignored, the flow is
assumed to be isothermal and the time-dependent
effect is not considered. Based on first-order slip
boundary condition, the modified Reynolds equation
is given as
⎡ 3 ∂p ⎛
λ ( p, T ) ⎞ ⎤
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⎜1 + 6 h ⎟ ⎥
∂
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Fig. 1 Viscosity of air at different temperatures
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where p is the gas film pressure, h the gas film
thickness, λ the molecular mean free path, r the radius
of the journal, u0=rω, the surface velocity of the
journal, Θ and y are the coordinate variables along the
circumferential and axial directions respectively, and
ζ is the dimensionless form for y.
Written in the dimensionless form, Eq.(1) becomes
z
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Fig. 2 Reference Knudsen numbers under different
ambient pressures

Fig. 3 Enlarged schematic sketch of micro gas journal
bearings
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∂
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4 Numerical analysis

(2)

∂
( PH ),
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ζ=y/r,

P=p/pa.

The

bearing

number

6μ(T)ω ⎛ r ⎞
, pa is the pressure at a reference
pa ⎜⎝ c ⎟⎠
2

Λ( pa ,T) =

position and T is the temperature. H = h / c = 1
+ε ⋅ cosθ and ε is the eccentricity ratio, ε=e/c.
For convenience, the reference Knudsen number
is defined as the ratio of the molecular free path λ to
the average radial clearance c, i.e., Kn0(pa, T)= λ(pa,
T)/c, which indicates the degree of rarefaction of the
gas lubrication flow and is determined by the ambient
pressure and temperature of the gas flow.
The boundary condition for solving Eq. (2) is as
follows:
(a) The gas pressure on both ends of the bearing
L⎞
⎛
equals the ambient pressure pa, i.e., P ⎜ θ , ± ⎟ = 1.
2
r⎠
⎝
(b) The gas pressure P is an even function for ζ,
i.e., P(θ, ζ)=P(θ, −ζ).
(c) The gas pressure P is continuous at ζ=0, i.e.,
∂P
∂ζ

= 0.
ζ =0

(d) The gas pressure P is a periodic function for
Θ, i.e., P(θ, ζ)=P(θ+2π, ζ)
The load capacity of micro gas journal bearings
consists of two components, one along the line of
centers and the other normal to the line of centers
(Fig. 3). The corresponding load capacities for micro
gas journal bearings are given as
WH = 2∫

L/2

WV = 2∫

L/2

0

0

∫

2π

∫

2π

0

0

prcosθ dθ dy,

(3)

prsinθ dθ dy.

(4)

The dimensionless load capacity and attitude
angle are given by
W = WH2 + WV2 ( pa 2πrL),

(5)

φ = arctan(WV / WH ).

(6)

In micro gas journal bearings, the modified
Reynolds equation is a nonlinear partial differential
equation. As an analytical solution for such an equation is difficult to obtain, a numerical method is applied for its solution. In this study, the central finite
difference scheme is used to discretize the modified
Reynolds equation in the θ and ζ directions. For simplicity, a uniform mesh size is employed. Therefore,
Eq. (2) can be transformed into

(

Pi ,( kj ) H i3, j + 6 Kn0 H i2, j

)

Pi (+k1,+j1) − 2 Pi ,( kj +1) + Pi −( k1,+j1)

(

+ Pi ,( kj ) H i3, j + 6 Kn0 H i2, j
= ΛH i , j

Pi +( k1,+j1) − Pi −( k1,+j1)
2Δθ

(Δθ )2

)

Pi ,( kj ++11) − 2 Pi ,( kj +1) + Pi ,( kj −+11)

+Λ

(Δζ )2
∂H i , j
∂θ

(7)

Pi ,( kj ) ,

where Pi ,( kj +1) , Pi ,( kj ) are the current and last iteration
values respectively, for the pressure of grid point (i, j).
The successive over relaxation (SOR) method is used
and the pressure distribution for the bearing can be
obtained using an iterative calculation process.
The values of the main parameters for the bearing in the analysis are as follows: r=2.0 mm, L=0.4
mm, pa=1.033×105 N/m2, μ=1.88×10−5 Pa·s. The
circumferential dimensionless pressure profiles in the
middle section of the micro gas journal bearings are
given in Fig. 4, where the bearing number L is 2.4 and
the reference Knudsen number is 0, 0.01, 0.1 or 0.5.
The results show that the reference Knudsen number
has a significant effect on the pressure profiles of
micro gas journal bearings. As the reference Knudsen
number Kn0 increases (i.e., the degree of gas rarefaction increases), the dimensionless pressure decreases
significantly. In particular, the pressure becomes quite
low when Kn0 is above 0.5. From the results, we
conclude that a high degree of gas rarefaction would
result directly in a low load capacity, which would
impair the performance of micro gas journal bearings.
Fig. 5 shows the dimensionless load capacities W
and Fig. 6 the attitude angles φ for micro gas journal
bearings under different journal eccentricity ratios
when the bearing number is 2.4.
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Fig. 4 Pressure profiles in the middle section of micro
gas journal bearings (ζ=0)
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capacity shows a similar trend. Moreover, as the eccentricity ratio increases, the dimensionless load capacity increases.
In contrast, for a given eccentricity ratio, the attitude angles for micro gas journal bearings increases
as the Knudsen number Kn0 increases. The attitude
angles show a similar trend at different eccentricity
ratios, but when the eccentricity ratios increase, the
change in the attitude angles increases. The influence
of the Knudsen number on the attitude angle is not
obvious when the eccentricity ratio is below 0.6, and
the attitude angles are above 80°. According to fluid
lubrication theory, the smaller are the attitude angles,
the smaller is the vertical component of lubrication
film force, and the more stable is the bearing.
Therefore, the stability of micro gas journal bearings
declines with larger reference Knudsen numbers.
The dimensionless load capacities and the attitude angles for micro gas journal bearings under different reference Knudsen numbers are given in Figs. 7
and 8, respectively. The dimensionless load capacities
increase as the bearing number increases. With the
same bearing numbers, the dimensionless load capacities decrease as the reference Knudsen number
increases.
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Fig. 5 Load capacities for micro gas journal bearings
under different eccentricity ratios
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Fig. 6 Attitude angles for micro gas journal bearings
under different eccentricity ratios

For a given eccentricity ratio, the dimensionless
load capacity for micro gas journal bearings decreases
as the Knudsen number Kn0 increases. When the eccentricity ratio e is changed, the dimensionless load
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Fig. 7 Load capacities for micro gas journal bearings
under different Kn0

Unlike the dimensionless load capacities, the attitude angles decrease as the bearing number increases, and the change in attitude angles declines
with increasing reference Knudsen numbers. However, when the bearing number is low (i.e., when the
journal angular velocity is low), the effect of different
reference Knudsen numbers on the dimensionless
load capacity and the attitude angle is reduced.
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capacities decrease markedly and the attitude angles
increase. With the same bearing numbers, the influence of reference Knudsen number on nondimensional load capacity and the attitude angle is
significant. Therefore, the effect of gas rarefaction
should not be ignored in the analysis and design of
micro gas bearings.
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From the above discussion, rarefied gas lubrication flow can have a significant effect on the characteristics of micro gas journal bearings. The unique
performance of the bearings derives from the fact that
they operate at a micro scale and rarefied gas changes
the gas-solid boundary condition for the bearings and
introduces velocity slip.

5 Conclusion

In MEMS devices, the characteristics of micro
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journal bearings. The conventional boundary condition is changed and a modified Reynolds equation is
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different temperatures. A modified Reynolds equation
for micro gas journal bearings, based on Burgdorfer’s
first-order slip boundary condition, is given which
takes account of the effects of gas rarefaction. The
finite difference method is applied to solve the modified Reynolds equation to obtain the pressure profiles,
load capacities and attitude angles for micro gas
journal bearings at different reference Knudsen
numbers, bearing numbers and eccentricity ratios.
Numerical analysis confirmed that the reference
Knudsen number has considerable influence on the
performance of micro gas journal bearings. With
larger reference Knudsen numbers, i.e., increased
rarefaction, the pressure and non-dimensional load
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