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Abstract:    In actual engineering practice, the stress increment within a composite foundation caused by external loads may vary 
simultaneously with depth and time. In addition, column installation always leads to a decay of soil permeability towards the 
column. However, almost none of the consolidation theories for composite foundation comprehensively consider these factors 
until now. For this reason, a stress increment due to external loads changing simultaneously with time and depth was incorporated 
into the analysis, and three possible variation patterns of soil’s horizontal permeability coefficient were considered to account for 
the detrimental influence of column installation. These three patterns included a constant distribution pattern (Pattern I), a linear 
distribution pattern (Pattern II), and a parabolic distribution pattern (Pattern III). Solutions were obtained for the average excess 
pore water pressures and the average degree of consolidation respectively. Then several special cases were discussed in detail 
based on the general solution obtained. Finally, comparisons were made, and the results show that the present solution is the most 
general rigorous solution in the literature, and it can be broken down into a number of previous solutions. The consolidation rate is 
accelerated with the increase in the value of the top to the bottom stress ratio. The consolidation rate calculated by the solution for 
Pattern I is less than that for Pattern II, which in turn is less than that for Pattern III. 
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1  Introduction 
 

A system of stone columns combined with pre-
loading is one of the most commonly used and effec-
tive techniques to achieve a rapid consolidation and 
enhance the strength and stiffness of soft clay. Usu-
ally, an external load equal to or greater than the ex-
pected foundation loading is applied over the soil 

surface to accelerate consolidation. The acceleration 
of consolidation was accredited to stone columns for 
shortening the drainage path and relieving the excess 
pore water pressures by rapid pore water dissipation 
through the column.  

In a conventional approach, the external load is 
usually assumed to be applied instantly and the cor-
responding stress increment resulted within the foun-
dation is always considered to be uniformly distrib-
uted along the column depth. In fact, a number of con-
solidation theories for composite foundation (Basu and 
Prezzi, 2007; Castro and Sagaseta, 2009; Xie et al., 
2009) still utilized such a stress increment independent 
of time and depth for its simplicity and effectiveness in 
solving engineering problems. However, in actual  
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engineering projects, the external load is not applied 
instantly, but applied until the final load is reached. 
This is called ramp loading, and it is a commonly used 
loading method in practice (Wang et al., 2002; Leo, 
2004; Zhu and Yin, 2004). On the other hand, except 
for the time-dependence, another significant charac-
teristic of the external loads is that the stress incre-
ment caused is always depth-dependent. In fact, when 
the external load is applied on a limited area, it is only 
at the location close to the centerline that the stress 
increment is held constant in a vertical direction. 
Therefore, the stress increment due to the external 
loads should be a function dependent on time and 
depth. However, to our knowledge, almost none of 
the consolidation analyses of composite foundation 
reflected this characteristic of the stress increment 
due to external loads.  

As is well known, column construction always 
results in the disturbance of soil zone adjacent to the 
column, which inevitably reduces the permeability of 
the disturbed soil zone. The conventional method to 
consider this disturbance effect is to assume a reduced 
permeability that is held constant throughout the en-
tire disturbed soil zone. However, many researches 
(Indraratna and Redana, 1998; Chai and Miura, 1999; 
Sharma and Xiao, 2000) have indicated that the dis-
turbance of soil in the adjacent soil zone increases 
towards the column. As a result of this, the perme-
ability in the disturbed soil zone should be of con-
tinuous variation with a radial distance away from the 
column, and a linear (Zhang et al., 2006; Basu and 
Prezzi, 2007; Walker and Indraratna, 2007) or a 
parabolic distribution (Walker and Indraratna, 2006) 
of soil permeability within the disturbed soil zone was 
assumed. In the present paper, these three distribution 
patterns, including a constant distribution (Pattern I), 
a linear distribution (Pattern II), and a parabolic dis-
tribution (Pattern III) of the horizontal permeability 
coefficient in the disturbed soil zone, are incorporated 
to indicate the detrimental influence of column con-
struction on the surrounding soil. Moreover, the in-
fluence of various distribution patterns on the con-
solidation behavior of composite foundation will be 
compared and discussed. 

The excess pore water pressure within the soil 
could be larger than that within the column at the 
beginning of loading (Balaam and Booker, 1981; Han 
and Ye, 2002). Therefore, the conventional initial 

condition for the vertical drain, which assumed the 
excess pore water pressure within the soil is the same 
as that within the drain well, is no longer suitable for 
the consolidation of the stone column-reinforced 
composite foundation. For this reason, a new initial 
condition is proposed from the equal strain assump-
tion and equilibrium condition, and is utilized in 
solving the governing equations of the consolidation 
problem in this paper. 

The objective of this paper was to obtain a 
closed-form solution to the consolidation of compos-
ite foundation by comprehensively considering the 
above mentioned factors. These factors included a 
time- and depth-dependent stress increment caused by 
the external load together with three possible varia-
tion patterns of the soil permeability coefficient. 
Then, a new initial condition can be derived to solve 
the governing equations obtained for the consolida-
tion problem. In particular, in order to reflect the edge 
effect in the actual engineering, four types of distri-
bution patterns of the stress increment along the ver-
tical direction were presented in detail after the gen-
eral solution was obtained. 

 
  
2  Derivation of the solutions  

 
As shown in Fig. 1, a representative unit cell was 

selected to study the consolidation of the composite 
foundation, where a stone column is surrounded by 
the disturbed soil zone, which is in turn surrounded by 
the undisturbed soil zone. In order to obtain a simpli-
fied closed-form solution, the following basic as-
sumptions were made during the derivation: 

1. Each stone column has a circular influence 
zone, and no flow passes through the external radial 
surface and the bottom of the soil layer. In addition, 
the ground surface is always free-draining. 

2. Stone columns and the surrounding soil only 
deform vertically, and have an equal strain at any 
depth. 

3. Darcy’s flow is obeyed. 
4. The radial flow within the stone column is not 

considered. As revealed by Lu et al. (2010), this as-
sumption implied that the column is assumed to be 
infinitely permeable in the radial direction; that is, the 
excess pore water pressure within the column is uni-
form at any depth. 
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As shown in Fig. 2, in actual engineering prac-

tice, the external load was usually applied gradually 
until the final value was obtained, and was then kept 
unchanged. Additionally, the stress increment due to 
the external load was also linearly distributed but not 
held constant in the vertical direction. In respect of the 
depth-dependent characteristic, four types of distri-
bution patterns of stress increment are discussed, 
among which the most representative pattern is the 
trapezoidal one. Therefore, the average vertical stress 
increment in the composite foundation caused by the 
external load was assumed to be  
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where PT and PB are the final total average stresses at 
the top surface and bottom of a composite foundation, 
respectively, H is the column length, and tc is the 
loading period. 

In addition, three variation patterns of the hori-
zontal permeability coefficient of the disturbed soil as 
shown in Fig. 3 are included to consider the detri-
mental influence of column construction on the sur-
rounding soil. Similarly, a generalized expression of 
the horizontal permeability coefficient of soil for 
these three patterns is assumed to be 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

r h( ) ( ),k r k f r=                         (2) 
 
where kr(r) is the horizontal permeability coefficient 
of the surrounding soil at any point, increasing from ks 

to kh; ks is the horizontal permeability of soil at the 
column-soil interface; and kh is the horizontal per-
meability of the undisturbed soil. f(r) is a function 
depicting the variation pattern of the horizontal per-
meability throughout the surrounding soil zone, and 
different variation patterns of permeability coefficient 
have different f(r) expressions. 

The equilibrium condition is always valid for the 
soil-column system; that is, the total stress in a 
composite foundation is shared by both the column 
and the surrounding soil at any time: 

 
2 2 2 2

e c s c c eπ( ) ( , ) π ( , ) π ( , ),r r z t r z t r z tσ σ σ− + =    (3) 
 

Fig. 1  Schematic diagram of a cylindrical unit represent-
ing a stone column and the surrounding soil 
rc, rs, and re are the radii of the column, disturbed soil zone, and
influence zone, respectively; H is the column length; and r and
z denote the radial and vertical coordinates, respectively 
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Fig. 2  Total stress due to external loads within the entire 
composite foundation  
(a) Total stress varying with time; (b) Four types of distribution
patterns of stress increment along the column depth 
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where c ( , )z tσ  and s ( , )z tσ  are the average stress 
increments within the column and within the sur-
rounding soil, respectively, and rc and re are the radii 
of the column and the influence zone, respectively. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

With the equal strain assumption, the following 
relations can be obtained: 
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where Ec and Es are the compression moduli of the 
column and the surrounding soil, respectively. In 
actual engineering practice, Ec will vary with depth as 
the stone column is a granular material with high 
dependence on confining pressure. However, this 
characteristic is not considered in the analysis, and Ec 
is assumed to be independent of depth. εv is the ver-
tical strain of the column and the surrounding soil, 
uc (z, t) is the excess pore water pressure within the 
column at any depth, and s ( , )u z t  is the average  
 

excess pore water pressure within the surrounding 
soil, which is averaged in terms of radius as follows: 
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where us (r, z, t) is the excess pore water pressures 
within the surrounding soil at any point. 

From Eqs. (3) and (4), εv can be derived as 
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where the radius ratio n=re/rc; Y is the compression 
modulus ratio of the column to the surrounding soil, 
Y=Ec/Es; and ( , )u z t  is the average excess pore water 
pressure within the entire foundation at any depth, 
which is given by 
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As stated by the 4th assumption mentioned pre-

viously, in Eq. (7), cu  is the average excess pore 
water pressure within the column at any depth, which 
is equal to uc, because the column is assumed to be 
infinitely permeable in the radial direction, and hence 
the excess pore water pressure within the column is 
held constant along the radial direction.  

The rate of vertical strain can be expressed from 
Eq. (6) as follows: 
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Referring to the suggestion of Wang and Jiao 

(2004), the consolidation equation coupling the hori-
zontal and vertical flows in the soil can be written as 
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where kv is the vertical permeability coefficient of 
soil, and γw is the unit weight of water. 

The boundary conditions in the radial direction 
are as follows: 
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                       (10) 
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Integrating Eq. (9) with respect to r and the 

boundary condition in Eq. (10) yields 
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where f(r) is a function with respect to the radial dis-
tance from the column, which can describe the varia-
tion of the horizontal permeability coefficient of soil. 

Similarly, integrating Eq. (12) and the boundary 
condition in Eq. (11) yields 
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where ξ is the radial distance ranging from rc to r.  

The average excess pore water pressure within 
the surrounding soil at any depth can be obtained by 
substituting Eq. (13) into Eq. (5): 
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where Fc is a dimensionless parameter to reflect the 
influence of the variation pattern of the horizontal 
permeability of soil along with the geometric feature 
of the unit cell. The detailed derivation of parameter 
Fc can be found in Xie et al. (2009). 

Substituting Eqs. (7) and (8) into Eq. (15) yields 
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To solve the above equations, the flow continuity 

assumption at the soil-column interface, which as-
sumes that the water quantity flowing into the column 
is equal to that flowing out from the column, is 
needed. Considering the well resistance, the flow 
continuity assumption is given by 
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The following relation can be derived by substituting 
Eq. (12) into Eq. (19): 
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Substituting Eq. (15) into Eq. (20) and combining 
with Eq. (7) yield 
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where A is a positive constant, 
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Then, a nonhomogeneous partial differential 
equation with respect to the variable uc can be ob-
tained by substituting Eq. (21) into Eq. (18) as 
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where B and C are negative and positive constants, 
respectively, and they are given by 
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Eqs. (21) and (22) are the governing equations 
for the consolidation problem in this study. To solve 
these, the corresponding boundary conditions in the 
vertical direction and the initial condition are needed. 
As shown in Fig. 1, the top surface of the foundation 
is pervious and the bottom is impervious. Therefore, 
the boundary conditions in the vertical directions are 
as follows: 

 

c( , ) 0, ( , ) 0, 0,u z t u z t z= = =    (23) 

c ( , )( , ) 0, 0, .
u z tu z t z H

z z
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     (24) 

 
At the beginning of loading, no deformations 

occur in the column and the surrounding soil. 
Therefore the vertical strains either in the column or 
in the surrounding soil are equal to zero. Then the 
following relations can be derived from Eq. (4): 
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Substituting Eq. (25) into Eq. (3) and combining with 
Eq. (7) give the new initial condition as follows: 

 
( ,0) 0, 0.u z tσ= = =              (26) 

 
Referring to the solution for the homogeneous 

partial differential equation corresponding to the 
nonhomogeneous one developed by Zhang et al. 
(2006), the solution to Eq. (22) can be assumed as 
follows by introducing a Fourier series: 
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where Tm(t) is a function dependent on time, H is  
the thickness of the composite foundation, and 
M=(2m−1)π/2 (m=1, 2, …). The average excess pore 
water pressure in a composite foundation at any depth 
can be obtained by substituting Eq. (27) into Eq. (21): 
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Eqs. (27) and (28) satisfy the boundary conditions in 
Eqs. (23) and (24). 
 

By substituting Eq. (27) into Eq. (22), the partial 
differential equation can be rewritten as 
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For the orthogonality of the Fourier series, the fol-
lowing equation can be obtained by multiplying 
sin (Mz/H) on both sides of Eq. (29): 
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Combining with Eq. (1), Eq. (32) can be simplified as 
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Substituting Eq. (28) into the initial condition in 

Eq. (26) yields 
 

Tm(0)=0.                           (34) 
 

Eqs. (30) and (34) are the ordinary differential equa-
tion and its initial condition, respectively. By using 
Eq. (34), the solution for Eq. (30) can be readily ob-
tained as 

 

0
( ) e ( )e d .m m
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where τ denotes the time, and it ranges from zero to a 
certain moment t. 
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The solution of Tm(t) can be further obtained in 
detail by substituting Eq. (33) into Eq. (35) as 
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By substituting Eq. (36) into Eqs. (27) and (28), 

the average excess pore water pressures within the 
column and within the entire foundation at any depth 
can be then obtained as follows: 
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After obtaining the solution for excess pore wa-

ter pressure, the solution for the average degree of 
consolidation can be derived. Usually, the average 
degree of consolidation is defined as the average 
effective stress to the final average total stress in a 
composite foundation: 
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Substituting Eq. (38) into Eq. (39) and combin-
ing with Eq. (1), the average degree of consolidation 
can be determined as follows: 
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 (40) 
 
Until now, all the solutions for the consolidation 

problem under consideration are obtained. In the 
following section, the solutions for several special 
cases are presented in detail. 
 
 
3  Solutions for several special cases 

3.1  Solution for the case of rectangular distribu-
tion of stress increment 

When PT=PB, the trapezoidal distribution pattern 
can be reduced to the rectangular pattern. Therefore, 
the solutions for the case of rectangular pattern can be 
obtained by letting PT=PB in Eqs. (37), (38), and (40): 
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The above solution for the case of Pattern I, the 
same as that developed by Wang et al. (2002), only 
considered the first pattern (Pattern I) of the hori-
zontal permeability coefficient of soil within the dis-
turbed soil zone, without taking into account the 
gradual variation of the horizontal permeability coef-
ficient of soil in the disturbed soil zone. 

Furthermore, if letting tc→0, Eq. (43) can be 
reduced to 
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m
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This is the solution provided by Zhang et al. (2006), 
assuming that the external load was applied instantly 
and the stress increment in the composite foundation 
was kept constant along the column depth. However, 
Zhang et al. (2006) only considered the linear varia-
tion pattern of the horizontal permeability coefficient 
of soil in the disturbed soil zone (Pattern II). From the 
above analysis, it can be seen that the present solution 
can be reduced to the solution provided by Zhang et 
al. (2006) after two forms of degeneration by letting 
PT=PB and tc→0. 

3.2  Solution for the case of triangular distribution 
of stress increment 

Similarly, if letting PT=0, the solution for the 
case of the triangular distribution pattern can be de-
rived from Eqs. (37), (38), and (40) as follows: 
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3.3  Solution for the case of inverse triangular 
distribution of stress increment 

Similarly, the solutions for the case of the in-
verse triangular distribution of stress increment can 
be obtained by letting PB=0 from Eqs. (37), (38), and 
(40) as follows: 
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4  Comparisons 
 

In this section, the influence of various distribu-
tion patterns of stress increment in the vertical direc-
tion is firstly compared in Fig. 4. Th and Thc denote the 
horizontal time factors corresponding to the time 
moments t and tc, Th =cht/(4re

2), and Thc =chtc/(4re
2), 

where ch is the horizontal consolidation coefficient 
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of soil. It can be seen that the average degree of con-
solidation is at its maximum when the stress incre-
ment takes the inverse triangular distribution pattern. 
On the contrary, the average degree of consolidation 
is at its minimum for the case of triangular distribu-
tion. In addition, the trapezoidal distribution (PT>PB) 
always gives a larger average degree of consolidation 
than the rectangular distribution. In general, the av-
erage degree of consolidation increases with the in-
crease in the value of PT/PB.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
As shown in Fig. 5, a comparison is made to 

show the difference between the three variation pat-
terns of horizontal permeability coefficient of soil in 
the disturbed soil zone. It can be seen that under the 
same calculation conditions, the average degree of 
consolidation for Pattern I is less than that for Pattern 
II, which is in turn less than that for Pattern III. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Finally, a comparison is made between the pre-
sent solution for Pattern III and some available solu-
tions (Han and Ye, 2002; Wang et al., 2002; Zhang et 
al., 2006) (Fig. 6). The distributions of horizontal 
permeability of soil in solutions of Wang et al. (2002) 
and Zhang et al. (2006) are the same as Patterns I and 
II in this paper, respectively. For this reason, the 
consolidation rate by the present solution for Pattern 
III is greater than that by the solution of Zhang et al. 
(2006), which in turn is greater than that by the solu-
tion of Wang et al. (2002). As the solution of Han and 
Ye (2002) ignored the vertical flow in the surrounding 
soil, the consolidation rate is less than that for the 
other solutions. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

5  Conclusions 
 
This paper presented a general closed-form so-

lution to calculate the average degree of consolidation 
of a composite foundation by considering several 
important factors. These factors included a time- and 
depth-dependent stress increment and three variation 
patterns of the horizontal permeability coefficient of 
the soil in the disturbed soil zone. Moreover, four 
types of distribution patterns of stress increment with 
depth are discussed, and the solutions for them are 
presented in detail. Several comparisons were made, 
and the results show that the present solution is the 
most general closed-form solution, which can be 
reduced to many solutions in the literature. The av-
erage degree of consolidation increases with the in-
crease in the value of the ratio of the top to the bottom 
total stress. The solution for Pattern III always gives a  
 

 

Fig. 5  Average degree of consolidation calculated by the
solutions for three variation patterns of the horizontal
permeability coefficient of soil in the disturbed soil zone 
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Fig. 4  Average degree of consolidation with different dis-
tribution patterns of the total stress along the column 
depth (Pattern I) 
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Fig. 6  Comparison of the present solution with some
available solutions 
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larger consolidation rate than those of the other two 
patterns, whereas Pattern I produces the minimum 
consolidation rate amongst the three patterns. 
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