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Abstract: The dynamic behaviour of slab and ballast tracks was investigated using measurements and calculations. Hammer 
impacts and train passages were analysed and measurements were made using geophones (velocity transducers) which had been 
time-integrated to displacements. The calculations were carried out in the frequency-wavenumber domain for multi-beam- 
on-continuous soil models. The characteristics of the different tracks and track elements were established in theory and by ex-
periment. The frequency-dependent compliances (displacement transfer functions) showed clear rail-on-railpad resonances or 
highly damped track-soil resonances. Compared to the rail and sleeper, the track slab had much lower amplitudes. The slab track 
usually had the highest rail amplitudes due to soft railpads. Train passage yielded track displacements which were a superposition 
of the axle loads from the two neighbouring axles of a bogie and from the two bogies of two neighbouring carriages. This global 
behaviour was characteristic of the track slab of the slab track, whereas the rails of the slab and the ballast tracks behaved more 
locally with only one bogie of influence. The measurements agreed very well with the theory of continuous soil in the case of the 
six measured slab tracks and acceptably well for the six measured ballast tracks. The measurements allowed us to find appropriate 
model parameters and to check the models. For example, the Winkler model of the soil was found to be less appropriate because it 
reacted more locally. 
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1  Introduction 

 
The analysis of dynamic track behaviour has 

several applications. A track model is useful for the 
design of tracks (Selig and Waters, 1994; Esveld, 
2001; Steenbergen et al., 2007), for understanding the 
deterioration of tracks (Fröhling, 1997), and for 
making maintenance decisions (Li and Berggren, 
2010). Track measurements can help to identify track 
parameters (Galvín and Domínguez, 2009; Alves 
Costa et al., 2012; Connolly et al., 2013; Romero et 
al., 2013; Kouroussis and Krylov, 2019) and to pre-
vent damage (Bowness et al., 2007; Zhu and Cai, 

2014; Ren et al., 2017). Track models can be coupled 
with vehicle models and the analysis of the vehicle- 
track interaction yields the dynamic axle loads 
(Nielsen and Igeland, 1995; Maldonado, 2008; Au-
ersch, 2010). These generate the ground vibrations 
and establish the ground vibration reduction of spe-
cial track forms (Jones, 1994; Nelson, 1996; Lomba-
ert et al., 2006b; Auersch, 2012; Zhu et al., 2017). 

Fifty years ago, all track models were based on a 
Winkler soil (Fryba, 1972) consisting of a series of 
springs. Later, the theory and numerical models for 
continuous soils and foundations on continuous soils 
developed rapidly (Wolf, 1985). After the year 2000, 
many numerical models of railway tracks on contin-
uous soil were published, based on semi-analytical 
methods (Takemiya and Bian, 2005), wavenumber 
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methods (Jones, 1994; Sheng et al., 1999; Lombaert 
et al., 2006a; Maldonado, 2008; Auersch, 2012), fi-
nite element methods (FEMs) (Ju and Lin, 2008; 
Connolly et al., 2013; Kouroussis and Krylov, 2019), 
and boundary element methods (FEBEM) (Auersch, 
2005; Romero et al., 2013). The 2.5D method com-
bines a wavenumber approach along the track with an 
FEM or FEBEM model across the track (Sheng et al., 
2006; Galvín et al., 2010; Alves Costa et al., 2012). 
Whereas some of these methods have been applied to 
Rayleigh trains, which are as fast as the waves in the 
soil, in this study we considered only lower train 
speeds. 

Measurements of ballast tracks have been pre-
sented by Takemiya and Krylov (2001), de Man 
(2002), Bowness et al. (2007), Kaewunruen and 
Remennikov (2007), Galvín and Domínguez (2009), 
Alves Costa et al. (2012), Connolly et al. (2013), 
Romero et al. (2013), Arlaud et al. (2016), and Kou-
roussis and Krylov (2019). Most of these measure-
ments relate to a position on the rail of a ballast track 
at one site. Maldonado (2008) made measurements at 
four sites on two slab tracks. Compared to these pub-
lished measurements, the measurements in this study 
were more complete: they included all components of 
slab and ballast tracks at several sites, hammer and 
train loading, and showed deflection shapes and 
complete transfer functions (amplitude and phase). 
There was a wide variety of track measurements. 
Nevertheless, more track measurements of BAM 
(Federal Institute of Material Research and Testing) 
were reported by Auersch (2005). 

This paper contains two method sections, Sec-
tion 2 for the wavenumber domain calculations and 
Section 3 for the measurement methods, and four 
results sections. The results are organised as transfer 
functions (hammer impacts) from theory (Section 4) 
and from measurement (Section 5), followed by train 
passages from theory (Section 6) and from meas-
urement (Section 7). The conclusions (Section 8) 
summarise the characteristics of rails and sleepers of 
slab and ballast tracks, following impact and train 
passages in theory and from measurement. Appendix 
A presents a detailed comparison of measured and 
calculated slab tracks. 

2  Wavenumber domain method for the cal-
culation of ballast and slab tracks 

 

A slab track and a ballast track can both be 
modelled as multiple-beam systems (Fig. 1). The first 
beam represents the two rails, the second represents 
the track slab and the sleepers, and the third beam 
could be used as an under-ballast plate (Auersch and 
Krylov, 2019) or the base plate of a floating slab track 
(Auersch, 2012). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Each beam is described by EIj (the bending 

stiffness) and mj' (the mass per unit track length), 
which are assembled in a diagonal stiffness matrix EI 
and a diagonal mass matrix m'. The multi-beam sys-
tem fulfils the set of differential equations for the 
beam displacements uT under the track load FT' per 
unit track length. 
 

T T T T 1,' '   EIu m u K u F e                 (1) 
 

where K′ is the global stiffness matrix (per unit track 
length) which includes the dynamic stiffnesses of all 
track elements, and the base vector e1 indicates that 
the force acts on the first beam (the rail). This equa-
tion is transformed to the frequency-wavenumber 
domain: 
 

4 2
T T 1( ,)yξ ω + =EI K u F em                 (2) 

 

where =2f is the circular frequency (f is the fre-
quency) and y is the wavenumber along the track 

Fig. 1  Multi-beam-on-soil model for a slab track (a) and a 
ballast track (b) 
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axis. Note that the wavenumber transform of the ver-
tical point load FT'(y)=FT(y) has the constant force 
amplitude FT.  

The dynamic stiffness matrix 
 

  4 2
T ,y yf ξ ω +ξ =  K EI m K               (3) 

 
must be coupled with the dynamic stiffness matrix of 
the soil. 

The track beams are connected by elastic track 
elements: the railpads between the rail and sleeper, 
the sleeper pads or the contact spring between the 
sleeper and the ballast, the ballast, and the ballast mat 
under the ballast or the slab mat between the track 
slab and the base plate (Fig. 1). The elastic elements 
are characterized by complex stiffnesses which are 
assembled in the global stiffness matrix (per unit track 
length): 
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where kR' is the railpad stiffness per unit track length 
and kij' (i, j=1, 2) are the elements of the dynamic 
stiffness matrix KB' of the ballast: 
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The ballast is described by the static stiffness kB' 

per unit track length, the height hB, and the wave-
number B=/vB of the longitudinal (vertical) wave 
velocity vB. If the ballast is between other elastic 
elements (the sleeper pads or ballast mat), transfer 
matrices are used to derive the dynamic stiffness 
matrix of the pad-ballast-mat support section (Au-
ersch, 2017). 

The dynamic stiffness matrix Eq. (3) must be 
coupled with the dynamic stiffness matrix of the soil, 
which is calculated as follows. The soil compliance 
uS/FS''=HS(x, y, f) between the displacement uS and 
the stress FS'' of the surface of a homogeneous or 
layered half-space can be calculated in frequency- 
wavenumber domain (with x and y the wave-
numbers across and along the track) by different ma-

trix methods (Wolf, 1985; Auersch, 1994). This 
compliance HS for plane waves along the soil surface 
can be integrated across the track to obtain the com-
pliance uS/FS'=HS'(y, f) of the track-soil interface for 
waves along the track: 
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      (6) 

 
In Eq. (6), the wavenumber transform is: 

 

( )1
sin( /2)

.
/2

x
x

x

ξ a
p ξ =

ξ a
                        (7) 

 
The wavenumber transform of the uniform load dis-
tribution across the track width a has been used and 
the average of the response across the track has been 
taken. The inverse  
 

   S
S

1
, ,
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y

K ξ f =
H ξ f




                   (8) 

 
the soil stiffness KS'(y, f) per unit track length, is used 
for coupling the soil with the track as 
 

      T
TS T 3 S 3, , ,,y yyf = fξ ξ + K fξ  K K e e      (9) 

 
at the last (the third) diagonal matrix element (indi-
cated by the third base vector e3), and the dynamic 
stiffness matrix KTS'(y, f) of the track-soil system is 
established. 

The displacements in the frequency-wavenumber 
domain are calculated by the inversion of this matrix: 
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u K F

K F e

-
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        (10) 

 
and the wavenumber transform FT'(y, f) of the exci-
tation force on top of the track. Finally, the dis-
placement distribution along the track can be calcu-
lated by the Fourier integral of the wavenumber do-
main solution: 
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(11) 
 

The details of the numerical integration of this 
equation are reported by Auersch (2017). The solu-
tion Eq. (11) holds for a symmetric pair of point 
loads. It could be extended to an antimetric pair of 
point loads as given by Lombaert et al. (2006b)  
and Maldonado (2008), but the main interest in  
vehicle-track-soil interaction is in symmetric wheel-
set loads. 

 
 

3  Methods for the measurement of train 
passages and hammer impacts 

 
Track vibrations during hammer impacts and the 

passage of trains (Fig. 2) were measured with velocity 
transducers (geophones). The geophone measurement 
data were corrected for the frequency-dependent 
complex transfer function of the geophones (eigen 
frequency 4.5 Hz) and then time-integrated to obtain 
the displacements of the track elements. In addition, a 
base-line correction was necessary (please refer to 
Milne et al. (2018) for a similar procedure). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Using an instrumented hammer, the transfer 

functions of the track and of the soil can be evaluated. 
The impact on the right rail, the left rail or both can be 
measured to give a one-rail transfer function of the 
track. Averaging the transfer functions from the left 

and right rail impacts yields the two-rail transfer 
function of the track under a wheelset load, which is 
the main interest of the vehicle-track-soil interaction 
analysis. Instead of averaging the left and right rail 
impacts, it is also possible to average the left and right 
side responses to a single side impact. Taking half of 
the one-rail transfer function yields an acceptable 
approximation of the two-rail transfer function for the 
rail. The observed correction factors (two-rail to 
one-rail transfer function) for the other track elements 
were between 0.5 and 0.8. In this study, the original 
one-rail measurement results are presented, and a 
reduction to the two-rail transfer function must be 
observed. 

Hammer impacts and a measurement line on the 
soil were used to determine the wave velocities and 
the damping of the different soils whenever space and 
time were available (Auersch and Said, 2015). Some 
shear wave velocities of the measuring sites are given 
in Tables 1 and 2. Most of the sites are on medium 
soft soil (glacial sand and marl) in northern Germany. 
Two sites (sites D and H) are on fluvial deposits 
(sand) in southern Germany, and only site G has 
near-surface rock material. 

 
 
 
 
 
 
 
 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 1  Parameters of the measured slab tracks 

Site vS (m/s) kR (kN/mm) DR (%) hP (m) 

A 150 100 20 0.45 

B 200 25 10 0.45 

C 300 30 20 0.45 

DS1 200 12.5 5 0.45 

DS2 150 25 20 0.45 

ES 300 25 5 0.45 

vS: soil shear wave velocity; kR: railpad stiffness; DR: railpad 
damping; hP: thickness of the slab  

Table 2  Parameters of the measured ballast tracks 

Site vS (m/s) kR (kN/mm) vB (m/s) kS (kN/mm)

DB 200 80 600 50 

EB 150 300 600 12.5 

F 150 300 600 150 

G 300 150 600 100 

H 300 150 600 50 

I 200 – – – 

vB: ballast longitudinal wave velocity; kS: contact stiffness  

Fig. 2  Measurements of the dynamic track behaviour due 
to hammer impacts (a) and train passages (b and c) 
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4  Theoretical results for hammer impacts– 
transfer functions of the track 

 
Slab track and ballast track models were calcu-

lated using the wavenumber domain method. The 
standard track parameters given in Table 3 apply 
throughout this study unless otherwise stated.  
Frequency-dependent complex compliances u/F(f) 
were calculated for a two-rail wheelset excitation in 
the frequency range of 0–150 Hz, which is typical for 
the track-soil interaction. The complex compliances 
are presented as amplitude phase in Figs. 3–7. 

The transfer functions of the rail of the slab track 
in Fig. 3a clearly show the strong influence of the 
elastic railpad. The static compliance can be above 
1×10−8 m/N (=10×10−9 m/N), which means 1 mm 
displacement per 100 kN axle load. Rail-on-railpad 
resonances appear at 85 and 120 Hz for railpads of 
kR=10 and 20 kN/mm. The resonance amplitudes 
reach compliance values of 4×10−8 m/N. The reso-
nances can also be found in the response of the track 
slab (Fig. 3b), but with smaller amplitudes. The slab 
amplitudes are much smaller than the rail amplitudes, 
and the difference can be more than 1×10−8 m/N. The 
low-frequency compliance of the slab is determined 
mainly by the stiffness of the soil.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 
 

The behaviour of the ballast tracks is simpler, as 
the differences between the rail and sleeper are usu-

ally small. This can be seen in Fig. 4, for the stiff 
railpads. The medium stiff railpads yield a rail-on- 
railpad resonance at about 150 Hz and higher static 
compliances. The realistic stiff railpads have no res-
onance (up to 150 Hz) and lower static compliances. 
The sleeper compliances (Fig. 4b) are similar and are 
determined by the soil. The softest railpad yields the 
lowest sleeper displacement because of a wider load 
distribution. The sleeper and rail displacements were 
more similar for the stiff railpads. These stiff railpads 
of kR=300 kN/mm were used as a standard for the 
ballast track. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 3  Standard parameters of the calculated slab and 
ballast tracks  

Parameter Value 

Bending stiffness of rail, EIR (N/m2) 6.3×106

Mass per rail length, mR' (kg/m) 60 

Railpad stiffness, kR (kN/mm) 300* 

Railpad damping, DR (%) 10* 

Track slab thickness, hP (m) 0.45 

Track slab width, aP (m) 3.0 

Young’s module of concrete, EP (N/m2) 3×1010

Mass density of concrete, P (kg/m3) 2500 

Sleeper mass, mS (kg) 338 

Contact stiffness, kS * 
Contact damping, DS (%) 40 

Ballast longitudinal wave velocity, vB (m/s) 600* 

Ballast height, hB (m) 0.35 

Soil shear wave velocity, vS (m/s) 300* 

Mass density of soil, S (kg/m3) 2000 

Note: the values marked with * were varied 
Fig. 3  Calculated frequency-dependent compliances of 
slab tracks, represented as amplitude (top) and phase 
(bottom), with the variation of the railpad stiffness: (a) 
rail; (b) track slab 

(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(b) 
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The influence of the soil on the ballast track is 
shown in Fig. 5. The maximum effect can be seen at 
the low frequencies where the compliance is deter-
mined by the soil. The compliances reach almost 
1×10−8 m/N for the softest soil. The softest soil results 
also in the strongest phase delay at the low frequen-
cies. For higher frequencies, the transfer functions of 
the ballast tracks on different soils are more similar at 
lower amplitudes. Due to the continuous soil, the 
stiffness of a ballast track turns from soft to stiff as 
frequencies increase. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Whereas the soil has the strongest influence at 
lower frequencies, the ballast has its strongest influ-
ence at higher frequencies (Fig. 6). The softest ballast 
yields a small resonance at 100 Hz together with the 
sleeper and rail mass. The ballast material can be soft, 
but also, the contact between the ballast and the con-
crete sleeper can be soft due to the small number of 
ballast stones which are in contact with the sleeper. 
The effect of such a soft contact between the ballast 
and sleeper is shown in Fig. 7. The contact stiffness 
yields higher low-frequency compliances of up to 
2×10−8 m/N. According to the assumed contact spring 
stiffness, a drop of amplitudes and phases starts  
at frequencies between 25 and 100 Hz. This phe-
nomenon could be attributed to a highly-damped 
resonance of the sleeper and rail mass on the contact 
spring. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 

5  Measured results for hammer impacts– 
transfer functions of the track 
 

Results for six different slab tracks at six dif-
ferent sites are presented in Fig. 8. Fig. 8a shows the 
transfer functions of the rail, and Fig. 8b the transfer 
functions of the track slab (or the sleeper). In Fig. 9 
(p.28), these measurement results are compared with 

Fig. 5  Calculated frequency-dependent compliances of 
the rail of ballast tracks, with the variation of the wave 
velocity of the soil: (a) amplitude; (b) phase  

(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 

(b) 

(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) 

Fig. 4  Calculated frequency-dependent compliances of 
ballast tracks, represented as amplitude (top) and phase 
(bottom), with the variation of the railpad stiffness: (a) 
rail; (b) sleeper 
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similar results from calculations with the appropriate 
parameters of Table 1. A detailed comparison be-
tween measurement and theory can be found in  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Appendix A. For such a comparison it must be noted 
that the compliance of the track is higher for the 
asymmetric hammer impact measurements on one rail 
than for the symmetric wheelset excitation on two 
rails of the calculation. 

The most characteristic items of the rail of the 
slab tracks (Fig. 8a) are the resonances of the rail on 
the railpad. Four of the slab tracks had nearly the 
same resonance at 140 Hz, indicated also by a cross-
ing of four phase curves at −90°. Site C had its reso-
nance at 215 Hz (above the plotted frequency range), 
and site DS1 had a lower resonance at 90 Hz due to  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 8  Measured one-rail frequency-dependent compli-
ances of six slab tracks, represented as amplitude (top) 
and phase (bottom): (a) rail; (b) track slab 

(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) 

Fig. 7  Calculated frequency-dependent compliances of 
the rail of ballast tracks, with the variation of the contact 
stiffness between ballast and sleepers: (a) amplitude; (b) 
phase 

(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 

(b) 

Fig. 6  Calculated frequency-dependent compliances of 
the rail of ballast tracks, with the variation of the wave 
velocity of the ballast: (a) amplitude; (b) phase 

(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) 
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very soft railpads. The rail-on-railpad resonance 
could also be found on the track slab, but not so 
clearly and with an anti-phase (for example, see site 
DS1 with the lowest resonance frequency of 90 Hz 
and a strong phase drop). The phases decreased line-
arly at low frequencies, reaching an asymptotic value 
of −130° before they dropped down due to the 
rail-on-railpad resonance at high frequencies. The 
static compliances of the rail were between 1×10−8 
and 2×10−8 m/N, and of the track slab between 1×10−9 
and 4×10−9 m/N, which is about one tenth of the rail 
compliances. The compliance of the rail depended on  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

the stiffness of the railpad, whereas the compliance of 
the track slab depended on the stiffness of the soil. 
This corresponds well with the calculated results in 
Fig. 9 in which the railpad as well as the soil was 
varied. 

Corresponding results for the rail and sleeper 
compliances measured at five ballast tracks are pre-
sented in Fig. 10. The transfer functions varied con-
siderably from site to site. The static compliances 
were in the range of 7×10−9 (at site G) to 3×10−8 m/N 
(at site EB). The compliances were determined by the 
stiffness of the soil or the stiffness of the ballast. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 10  Measured one-rail frequency-dependent com-
pliances of five ballast tracks, represented as amplitude 
(top) and phase (bottom): (a) rail; (b) sleeper 

(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) 

Fig. 9  Calculated two-rail frequency-dependent compli-
ances of six slab tracks, represented as amplitude (top) 
and phase (bottom): (a) rail; (b) track slab 

(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) 
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No resonance amplification occurred up to 150 Hz. A 
strong drop in the amplitudes was found at frequen-
cies of 40 Hz (at site DB), 50 Hz (at site EB), 60 Hz 
(at site H), 70 Hz (at site G), and 120 Hz (at site F). 
The strong drop in amplitudes was accompanied by a 
strong drop in the phase. This indicates a strongly 
damped resonance of the track-soil system. The small 
difference between the rail and the sleeper amplitudes 
indicates a stiff railpad which does not yield a 
rail-on-railpad resonance below 150 Hz. The phase of 
the sleeper was a little lower (more negative) than the 
phase of the rail. All these details can also be found in 
the calculated results for the ballast track in Fig. 11, 
which are based on the roughly approximating pa-
rameters of Table 3. To cover the high low-frequency 
amplitudes, it is necessary to include a soft element in 
the model. In this study, a soft contact stiffness be-
tween the ballast and sleeper was assumed. Depend-
ing on the contact stiffness, different amplitudes and 
different cut-off frequencies were observed in 
agreement with the experimental results. 
 
 
6  Theoretical results for train passages 
 

In Figs. 12 and 13, the responses of the slab and 
ballast track are presented for the most important 
parameter variations. The displacement histories of 
the rail and slab of the slab track, and for the rail and 
the sleeper of the ballast track, are shown for the 
passage of four bogies where the axle load is 100 kN 
and the train speed is 160 km/h. The rail displace-
ments of the slab track are ruled by the railpad stiff-
nesses (Fig. 12a), whereas the displacements of the 
ballast track are ruled by the soil stiffness (Fig. 13a). 
The results for the maximum static displacements are 
the same for the transfer function as for the quasi- 
static passage of a single axle. The displacement of 
1 mm for an axle load of 100 kN is the same as a 
compliance of 1 mm/100 kN=1×10−8 m/N. As an axle 
load also has an influence on the neighbouring axle, 
the displacements for a train passage are somewhat 
greater than for a single axle. If this effect is strong, 
the track behaves more globally; if the effect is small, 
the track behaves locally (the displacements under an 
axle are influenced only by the load of that axle). 

Whereas the transfer functions show the de-
pendency on frequency, the time histories of train 

passages show the static displacements along the 
track. The rail of the slab track (Fig. 12a) and the rail 
of the ballast track (Fig. 13a) both react locally. The 
sleeper of the ballast track (Fig. 13b) reacts less lo-
cally, and the slab of the slab track (Fig. 12b) has the 
most global reaction of all tracks and components. 
The global behaviour of the track slab yields a trough 
of displacement for the whole bogie, whereas all other 
elements show pulses for each axle. If rail and  
sleeper/slab are plotted together as in Figs. 12c, 12d 
and 13c, 13d, a strong difference can be found for the  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 11  Calculated two-rail frequency-dependent com-
pliances of five ballast tracks, represented as amplitude 
(top) and phase (bottom): (a) rail; (b) sleeper  

(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) 



Auersch and Said / J Zhejiang Univ-Sci A (Appl Phys & Eng)   2021 22(1):21-36 
 

30

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 13  Calculated train passages (one carriage+two half carriages) over ballast tracks 
Rail displacements (a) and sleeper displacements (b) for different wave velocities of the soil; Rail and sleeper displacements for 
vS=150 m/s (c) and vS=300 m/s (d) 

Fig. 12  Calculated train passages (one carriage+two half carriages) over slab tracks 
Rail displacements (a) for different railpad stiffnesses; Slab displacements (b) for different wave velocities of the soil; Rail and 
slab displacements for kR=80 kN/mm (c) and kR=20 kN/mm (d) 
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slab track with the soft railpad (Fig. 12d). The ballast 
track displacement shows minor differences between 
the rail and sleeper (Fig. 13c), which are almost con-

stant du0.1 mm for the railpad stiffness of kR= 
300 kN/mm, independent of the soil stiffness.  

Local or global behaviour can be observed from 
the displacements between two axles or between two 
bogies. Higher inter-axle and inter-bogie displace-
ments indicate a more global behaviour. A zero in-
ter-axle displacement would mean that the neigh-
bouring axles have no influence on the midpoint 
between them. The following values have been ob-
served and translated to relative displacements. In 
Figs. 12c and 13c, the rail has the same maximum 
displacement of 0.5 mm for the slab and the ballast 
track. In that case, the inter-axle displacements have 
the same value of 0.35 mm (70%) and the inter-bogie 
displacements are at 0.2 mm (40%). The sleeper of 
the ballast track has the same absolute displacements, 
but due to the smaller maximum of 0.43 mm, the 
relative values are higher (80% and 47%, respec-
tively). The track slab of the slab track behaves 
completely differently. There is no separate inter-axle 
displacement (100%, 0.3 mm) and the inter-bogie 
displacement (70%) is higher than that of the rail. In 
the case of softer railpads or softer soils (Figs. 12a and 
13a) the behaviour becomes more global as shown by 
the higher inter-axle displacements. 

Note that the Winkler model of the track soil 
system cannot represent the global behaviour of the 
ballast track or of the track slab of the slab track. As 
the Winkler soil, by definition, reacts locally to any 
load, it can behave only locally, which means with 
sharper pulses and small lift-ups which were not ob-
served in the present measurements (Auersch, 2005, 
2017). 

 
 
7  Measurement results for train passages  
 

Passages of intercity express (ICE) trains were 
measured at all six slab track sites (Fig. 14) and at 
four ballast track sites (Fig. 15). The axle loads 
(130–160 kN) were somewhat higher than the calcu-
lated load of 100 kN. The time histories were not as 
regular as for the calculations with static loads be-

cause the measurements also included the response to 
small dynamic train loads (for example from track 
irregularities). The highest amplitudes, in the range of 
0.7 to 1.5 mm, were found for the slab track rails. This 
was due to the soft and very soft railpads used in the 
slab tracks. The displacements of the rails of the bal-
last tracks ranged from 0.5 to 1.0 mm. The high val-
ues were due to the relatively soft railpads at the sites 
DB and H. The difference between the rail and sleeper 
of a ballast track is usually small, but due to the softer 
railpads, this difference reached 0.5 mm. The absolute 
sleeper displacements were between 0.3 and 0.5 mm. 
In contrast, for the slab track, the sleeper or slab am-
plitudes were much smaller than the rail amplitudes 
(up to 1.1 mm difference). The displacement ranged 
from 0.15 to 0.4 mm due to the different soil stiff-
nesses. The differences between the rail and the 
sleeper or track slab amplitudes indicate the stiffness 
of the railpad. The differences were between 0.5 and 
1.1 mm for the measured slab tracks with soft rail-
pads, between 0.2 and 0.3 mm for the slab tracks with 
medium railpads, and between 0.15 and 0.5 mm for 
the measured ballast tracks with medium to stiff 
railpads. 

The ballast track at site G also had smaller dis-
placements, which can be explained by the stiffest soil 
of all sites with a measured wave velocity of 
vS=300 m/s. A stiff soil yields smaller amplitudes and 
a more local behaviour with sharper axle pulses. 
Sharp axle pulses were also found for the slab track 
rail at site A. All other slab track rails had less sharp 
axle pulses due to the very soft railpads. The railpads 
of ballast tracks are usually stiffer, but the axle pulses 
showed a similar global behaviour as those of the slab 
track due to the soft support provided by the sleepers 
on the soil. All ballast track sleepers showed smaller 
axle pulses and a more global behaviour than the 
ballast track rails. The track slabs of the slab tracks 
showed the most global behaviour with only a smooth 
bogie pulse, but no axle pulses. These different global 
behaviours can also be quantified by the inter-axle 
and the inter-bogie displacements. The strongest 
global behaviour of the track slab showed 100%  
inter-axle displacements and 50% to 90% inter-bogie 
displacements. The other components had almost 
zero inter-bogie displacements (i.e. separated bogie 
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Fig. 14  Measured train passages (one carriage+two half carriages) over slab tracks 
Rail and slab displacements at sites A (a), B (b), C (c), DS1 (d), DS2 (e), and ES (f) 

Fig. 15  Measured train passages (one carriage+two half carriages) over ballast tracks 
Rail and sleeper displacements at sites DB (a), EB (b), G (c), and H (d) 
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pulses). The inter-axle displacements of the ballast 
track sleepers (60% to 90%) were a little higher than 
those of the rails (50% to 80%). 

All these characteristics of train passages are in 
good agreement with the theoretical results of Section 
6, if the higher static axle loads of the ICE trains are 
considered. Results for other trains are shown in 
Fig. 16. A very short regional train consisting of only 
one carriage was measured at site I (Figs. 2b and 16a). 
The measured sleeper displacement of 0.4 mm was in 
the range of the sleeper displacements of the other 
ballast tracks. At site H another regional train was 
measured consisting of two units of five carriages, 
with two carriages sharing one bogie (Figs. 2c and 
16b). The rather high rail amplitudes of 0.9 mm were 
due to the higher axle load and the rather soft railpads. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

8  Conclusions 
 

The dynamic behaviour of slab and ballast tracks 
was analysed by frequency-wavenumber domain 

calculations and by measurements of hammer impacts 
and train passages. The compliances of the different 
tracks and track elements were analysed as frequency- 
dependent transfer functions and as distributions 
along the track. Clear resonances were observed for 
the rail on a soft railpad in the case of the slab track. 
The measured strong drop in amplitudes and phases 
could be explained by the highly damped track-ballast 
or track-soil resonances of the ballast track. Namely, a 
soft contact between ballast and sleepers was as-
sumed. There was a strong influence of the soil on the 
low-frequency behaviour of the ballast track and the 
track slab. The track slab of the slab track had the 
smallest compliance and the most global deformation 
of all track elements, whereas the rail of the slab track 
had the greatest compliance and the most local de-
formation. The measurement results agreed well with 
the calculated results in general, but also in many 
details if appropriate parameters were chosen for the 
track models. 
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Appendix A  Comparison of the theory and 
the measurements for the hammer impacts/ 
transfer functions at six sites 

 
Fig. A1 shows the response to the hammer im-

pact (the transfer functions), for each slab track and 
compares measured and calculated compliances. The 
measured hammer impacts were excitations on one 
rail and therefore had higher amplitudes than the 
calculated compliances for the wheelset loading on 
both rails. Nevertheless, the characteristics of the 
compliances could be well studied. The parameters 
for each site are given in Table 1. 

The following results can be gleaned from these 
figures. The softest railpad of 12.5 kN/mm yielded the 
lowest rail-on-railpad resonance at 90 Hz (Fig. A1d). 
The stiffest railpad of 100 kN/mm (Fig. A1c) yielded 
a resonance at 215 Hz, which is not in the frequency 
range of the figures. The soft railpads of 25 and 
30 kN/mm yielded a resonance at 140 Hz (Figs. A1b, 
A1e, and A1f). The resonance amplification de-
pended on the damping of the railpad and was highest 
for DR=5% (Figs. A1d and A1f) and lowest for DR= 
20% (Figs. A1b, A1c, and A1e). The damping yields 
a complex stiffness as kR=kR0(1+2DRi) with the im-
aginary unit i. The static compliances of the rails 
agreed well with these railpad stiffnesses, with the 
highest compliance for the softest railpad, and the 
lowest compliance for the stiffest railpad. The com-
pliances of the track slabs were in the order of the soil 
stiffnesses. The soft soil of vS=150 m/s had the high-
est slab compliance, the medium soil of vS=200 m/s 
had a medium slab compliance, and the stiff soil of 
vS=300 m/s had the lowest slab compliance. Except 
for the uncertain difference between the one-rail 
hammer excitation of the measurements and the 
two-rail wheelset excitation of the calculation, the 
agreement between the measured and calculated 
compliance details was good. 
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 Fig. A1  Transfer functions of slab tracks by one-rail hammer measurements and two-rail calculations of the rail and 

track slab: (a) site A; (b) site B; (c) site C; (d) site DS1; (e) site DS2; (f) site ES 
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