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Abstract: We present a novel method to implement the radix-2 fast Fourier transform (FFT) algorithm on field programmable
gate arrays (FPGA). The FFT architecture exploits parallelism by having more pipelined units in the stages, and more parallel units
within a stage. It has the noticeable advantages of high speed and more efficient resource utilization by employing four ganged
butterfly engines (GBEs), and can be well matched to the placement of the resources on the FPGA. We adopt the decimation-in-
frequency (DIF) radix-2 FFT algorithm and implement the FFT processor on a state-of-the-art FPGA. Experimental results show

that the processor can compute 1024-point complex radix-2 FFT in about 11 us with a clock frequency of 200 MHz.
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1 Introduction

Fast Fourier transform (FFT) (Cooley and Tukey,
1965), as a fast version of discrete Fourier transform
(DFT), has benefited science and engineering com-
munities in numerous ways. As an efficient algorithm
for computing DFT, FFT plays an important role in
many signal processing domains, such as television
broadcasting (Camarda et al., 2009), frequency do-
main modulation (Chalermsuk et al., 2008), and
spectral analysis (Thoen et al., 2009).

Nowadays, FFT processors are based mainly on
the application specific integrated circuit (ASIC)
(Pitkanen and Takala, 2009), digital signal processing
(DSP) (Sun and Yu, 2009), or field programmable
gate arrays (FPGA) (Kee et al., 2009). Compared
with ASIC and DSP, FPGA has the advantages of
more flexibility, less design time, and lower cost. As
FPGA advances, the amount of parallelism to be ex-
ploited grows rapidly with the increasing resources on
the FPGA.. The performance of FPGA is growing fast,
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and FPGA-based designs outperform CPU-based
designs in some applications (Asano et al., 2009).
Much of the parallelism of the FFT algorithm can be
exploited, and it is a good way to implement efficient
FFT processors on the FPGA.

FFT architectures can be classified into two
main categories: memory-based architecture and
pipeline architecture. Several pipeline architectures
have been proposed (He and Torkelson, 1996; Gar-
rido et al., 2009; Liu et al., 2011), such as radix-2
multi-path delay commutation, radix-2 single-path
delay feedback, and radix-22 single-path delay feed-
back. The pipeline architectures employ many proc-
essing engines (PEs) to achieve higher performance;
in contrast, the memory-based architecture usually
requires only one butterfly PE, as well as some block
memories for storing input and intermediate data. Yeh
and Truong (2007) analyzed the area and speed per-
formances of some memory-based FFT processors
that feature low speed with low hardware consump-
tion. The main approaches to making FFT processors
perform much better are more resource consumption,
a higher-radix algorithm, and more parallelism. The
resources are limited on a certain FPGA, and
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higher-radix algorithms increase complexity and re-
duce flexibility. Thus, we improve the performance of
the FFT processor by exploiting more parallelism
with better resource utilization on the FPGA. In this
paper, we present an efficient FFT processor, named
the GBE processor, as it employs four ganged butter-
fly engines. The GBE architecture balances the high
speed and low resource usage requirements, and can
be well matched to the placement of the resources on
FPGA.

2 Fast Fourier transform algorithm

FFT is an efficient algorithm for computing the
DFT of sizes that are positive integers power of 2. The
DFT function of X(k), which is an N-point sequence
of x(n), is defined as

N-1
X (k)= > x(n)e ™M o<k <N -1

=0

>

FFT can be used to effectively decompose and
compute a DFT by using the symmetry and periodic-
ity of the complex sequence. The algorithm for
radix-2 decimation-in-frequency (DIF) FFT is de-
fined below, where Wy=e 2™ is often referred to as
the twiddle factor:

N/2-1

X(k)= > (x(n)+(—1)kx(n +%DWNK”, 0<k<N-1.

n=0

Fig. 1 shows the schematic of basic radix-2 but-
terfly computation, which contains two additions and
one multiplication. The FFT algorithm can be calcu-
lated by replicating radix-2 butterfly computations.

In N-point DIF FFT computation, the input data
of x(n) is in natural order, while the output data is in
bit reversed order. The N-point FFT computation is
done in logyN stages, and each stage contains N/2
butterfly computations. The total amount of butterfly
computation is (N/2)log;N. Fig. 2 gives an example
of the 16-point radix-2 DIF FFT algorithm.

The radix-2 algorithm yields the smallest but-
terfly unit, which allows for greater flexibility in the
design space. High radix algorithms reduce the
number of operations, but increase complexity and
reduce flexibility. For example, a typical radix-4 FFT
algorithm does not support the FFT algorithms whose

points are not positive integers of 4, and radix-4 PE is
more complex than radix-2 PE. We adopt the DIF
radix-2 FFT algorithm in our design.

x(n) o 6 x(n)+x[n+%)

x(n +%}; >o [x(n)—x[n+%)jw,j"

Fig. 1 Radix-2 butterfly computation
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Fig. 2 An example of the 16-point radix-2 decimation-in-
frequency (DIF) FFT algorithm

3 Architectures of fast Fourier transform
processors

3.1 Memory-based architecture

A typical radix-2 memory-based architecture
contains one radix-2 butterfly PE and one or more
RAMs (Fig. 3). Compared with RX2-B1 (Fig. 3a) that
processes only one data sample, RX2-B2 (Fig. 3b)
can process two data samples in parallel. RX2-B2
achieves twice the speed performance compared with
RX2-B1, while the resources of the ROM and PE are
the same, as is the total size of the RAMs. The dif-
ference between these two architectures is that
RX2-B2 has two separate RAMSs, while RX2-B1 has
only one, whose size is twice that of RX2-B2. For
N-point RX2-B1 or RX2-B2 FFT architecture, the
total size of RAMs is N, and the ROM size is N/2.

3.2 Pipeline architecture

A typical N-point radix-2 pipeline FFT archi-
tecture has log, N butterfly PEs (Fig. 4). The N-point
FFT computation is done in logz N stages, and in each



Ma et al. / J Zhejiang Univ-Sci C (Comput & Electron) 2011 12(4):323-329

stage RAMs and ROMs are used to store the inter-
mediate data and the twiddle factors. In this way, the
pipeline FFT processor can simultaneously do but-
terfly computations, load input data, and unload the

result.
ROM for
twiddles
Input data Data Radix-2
’::ij > RAMO > putterfly (PE) _I
a L——» Output data
(a) P
ROM for
twiddles
Input data Data
RAMO[T™1 Radix-2
- Data i (% butterfly (PE)
RAM1
(b) ::D—’ Output data

Fig. 3 Typical radix-2 memory-based architecture
(a) RX2-B1; (b) RX2-B2
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resources. There is always a balance of speed and
resource in FFT processor design.

3.3 The proposed architecture

For more efficient resource utilization on FPGA,

we should exploit the parallelism more. The paral-
lelism of FFT computation can be exploited in two
ways: pipelined units (parallelism in multiple stages)
and parallel units (parallelism within a stage). To this
end, we propose an efficient radix-2 GBE processor
(Fig. 5).

A GBE processor contains four butterfly PEs,
eight data RAMs, and two twiddle factor ROMs.
After all the data are written into RAMs 1-4, multi-
plexerO selects the data from switch 2. Each switch
contains four multiplexers (MUX), as shown in Fig. 6.

For N-point FFT computation, the size of each
RAM is N/4. Fig. 7 shows the data flow graph of
16-point FFT. The four data in each RAM are from
low address to high address (00 01 10 11). The size of
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Fig. 4 Typical radix-2 pipeline architecture

In modern FPGAs, RAM and ROM can be made
up of either the embedded block memory or the slices.
It consumes a lot of slices to form large memories. In
a typical pipeline FFT architecture, the sizes of RAM
and ROM decrease by half as the stage number in-
creases by one. Unfortunately, the size of block
memory in FPGA is fixed. For example, if the block
memory size is fixed to 1024-point, four separate
256-point storage elements consume four block
memories, although their total size is 1024-point.
Implementing small RAMs using block memories in
pipeline architectures has proven wasteful (He and
Torkelson, 1998). In an N-point pipeline FFT proc-
essor, the resources of the RAM, ROM, and butterfly
PE increase when the value of log, N increases. The
pipeline large point FFT is not efficient on the FPGA,
as it consumes many resources including block
memories and slices.

Typical memory-based FFT processors consume
fewer resources, but the speed is quit low. Pipeline
architectures achieve higher speed at the cost of more
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Fig. 5 Architecture of the ganged butterfly engine (GBE)
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Stage 1 Stage 2 Stage 3 Stage 4
RAM1 RAMS5 RAM1 RAMS5 RAM1
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Fig. 7 Data flow graph of 16-point FFT

the data in RAMs is also stored from low to high
addresses. After the end stage of stage 4, the result
data are stored in RAMs 1-4 in bit reversed order.
Additional RAMs are required for reordering to ar-
range the result data in a more natural way.

In the GBE processor, each stage takes N/4 clock
cycles. For N=16, each stage contains four clock cy-
cles, where two-bit counters (wi, wp) and (ry, ro) are
used to count the clock cycles at each stage. Inter-
estingly, the control signals for MUXs, RAMs, and
ROMs can be represented in terms of the counters at
each stage (Table 1).

Table 1 Control signals of MUX, RAM, and ROM with
N=16

S M1 M2 M3 M4 —RAMWA ROML
57 6,8 RA

Owwo;

1 0 10 10 1 ww, wWwy 1W;Wo
3 Wo 0 Wg OWO \Tvg W1Wy Wy Wo WoOO

S M5 Me M7 Mg AMWA ROMZ
1,3 2,4 RA

2 n A r 4 riro (A rire0

4 0 1 0 1 r1ro [E10) 000
S: stage. WA: write address; RA: read address

Twiddle factors are pre-computed and stored in
ROMs. The N-point FFT needs N/2 twiddle factors. In
the first stage, the data in ROM1 with address Ow;wy
are read to PE 1, and the data with address 1w;wg are
read to PE 2. PEs 1 and 2 share the same twiddle
factor after the first stage, as well as PEs 3 and 4. The
write addresses of the RAMs are shown in Table 1,
and the read addresses are always from low to high.

Table 2 shows the control signals of 64-point
FFT. Only the first stage is different from the other
stages, and one can easily extend this to any pattern N.
Thus, the control circuitry is simply composed of the
counters. For structural simplicity and regularity, we
use simple finite state machines (FSMs) to produce
the control signals and increase flexibility. The GBE
processor is scalable in point size and supports
smaller point FFT computations.

Table 2 Control signals of MUX, RAM, and ROM with
N=64

S M1 M2 M3 M4 7RAM WA ROM1
57 6,8 RA

1 0 10 10 1 wawy  WaW,  OwaWowiWg;
WiWy  WyWy  Iwiawowy Wy

3 w, 0 W, Ow, W,  Waw, WsW, WoW1Wo00
WiWo  wywy

5 wy 0 W, 0wy W, waw, WsWp w0000
wWiwy Wi Wo

S M5 M6 M7 M8 M ROM2
1,3 2,4 RA

2 13 T r3 T, rgr, LIy  Iararrg0
rrg 10

4 ry Fl Iy Fl rar, rar, r1r,000
rilo Fl )

6 0 1 0 1 rar; rar; 00000
[E10) rilo

S: stage. WA: write address; RA: read address

Normal butterfly computation is as shown in
Fig. 1. In contrast, in the GBE processor the two input
data of the butterfly PEs are sometimes reversed. We
guarantee the correctness of the result using the
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negative of the twiddle factors (Fig. 8). The control
signal can also be represented in terms of the counters.
For example, in 64-point FFT computation (Table 2),
the reverse order of input data occurs when ws=1 in
stage 3, r,=1 in stage 4, w;=1 in stage 5, and ro=1 in
stage 6.

&

x(n) (x(n) —x(n +NDWNK”
1w 2

x(n) + x(n +%]

Fig. 8 Reverse input of radix-2 butterfly computation

Fig. 9 shows the parallelism of the GBE proc-
essor. When N/8 data have been written into RAMs
1-4, PEs 1 and 2 start to do butterfly computation.
After butterfly computation, the intermediate result
data are written into RAMs 5-8 through switch 1.
When N/8 data have been written into RAMs 5-8, the
data are soon read out to PEs 3 and 4. When N/8 data
have been written into RAMs 1-4, the data are read
out to PEs 1 and 2. The process repeats until it reaches
the end stage of FFT. After the end stage, the result
data are unloaded. We name the PEs as ganged but-
terfly engines, as they do two-stage butterfly com-
putations simultaneously and the processing mecha-
nism is analogous to a gear. Thanks to the method of
employing four GBEs, the parallelism in FFT com-
putation is well exploited.

Compared with typical memory-based FFT ar-

Another important advantage is that the GBE
processor can be well matched to the placement of the
resources on the FPGAs (Fig. 5). On the FPGAs, the
slices and multiplication macros are placed between
the block memories. Hence, the GBE processor can
be readily mapped and routed at a high frequency on
the FPGA.

4 Results and analysis

We used Xilinx ISE 10.3 and MATLAB R2006a.
We configured the FPGA and used ChipScope soft-
ware (in ISE 10.3) to capture the relational signals.
Then we compared the result data of the GBE proc-
essor with the result data computed using MATLAB.

Speed performance was measured in clock cycle,
from loading the first data to storing the last result
data (Fig. 9). The latency of the GBE processor is
computed with Eq. (1):

N N 3N
Ttotal ~ (E + Tpe_delayj Iogz N + Z + ?! (1)

where Tpe_gelay IS the delay of PE.

The result data in the RAMs are in reversed or-
der and it takes 3N/8 clock cycles to make the reor-
dering for natural order. The speed performances of
two typical memory-based FFT processors are de-
fined below, excluding the cycles for reordering:

chitectures, the GBE architecture has the noticeable ~
o . Texom ~ (N +Tpe7de|ay) log, N +N, (2
advantage of high speed by employing four PEs, and T N/24T loa. N+ N /2 3
; ; r + 0 + .
exploits more parallelism between the PEs. rxesz pe_ceay ) 100 ()
kcxisﬂ mid | mid :mid
RAM1,2,3,4 Wriling Writing | | Wriking | The end stage
[€—N/4 cycles—» | f | I
PE1,2 : | Comput.ingl | | Computing | Computing
T T
' 1 \ midll / I \ I id
| 1t || | Imi
RAMS5,6,7,8 | il wrifpg [ |1 wrifing [ |
: :I il : il I mid |
PE3,4 | I i Computing | Computing |
| N8 | N/8 |
] | ke e ovel »le—N/4 cycles—
: Butterfly computing latency cycles | cycles Unload result
!: FFT computing tim ::: Peérdering time—bl

Fig. 9 Diagram of parallelism of the ganged butterfly engines (GBE) processor
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Table 3 shows the speed performance and block
memory resources of the FFT processors without
reordering. The latency is computed with a PE clock
delay of 0. The data and the twiddle factor are the
16-bit real and imaginary parts of a complex value,
respectively, and the block memory for each is con-
figured as a dual-port 1024x36 (36K) memory bank,
which can store 1024-point 32-bit data. When the
required memory size is larger than 1024-point, more
block memories are needed.

Table 3 Speed and memory resources comparison

Point FFT Block _ Latency
size design memory (cycles)
1024 RX2-B1 2 (1) 11264
RX2-B2 3(2/1) 5632
GBE 10 (8/2) 1536
2048 RX2-B1 3(2/1) 24576
RX2-B2 3(2/1) 12288
GBE 10 (8/2) 3328
4096 RX2-B1 6 (4/2) 53248
RX2-B2 6 (4/2) 26624
GBE 12 (8/4) 7168
8192 RX2-B1 12 (8/4) 114688
RX2-B2 12 (8/4) 57344
GBE 24 (16/8) 15360

" (RAM/ROM); ™ With a PE clock delay of 0

Table 3 shows that the number of block memo-
ries increases with the increase of point size N, when
the required memory size is larger than 1024-point.
When N>4096, the total size of block memories of the
GBE architecture is 3N-point, which is twice that of
RX2-B1/RX2-B2. The latency of GBE is about one
fourth that of RX2-B2.

Yeh and Truong (2007) introduced a metric to
measure the performance between two processors:
speed performance gain versus area gain (SP/A). The
ratio is measured between two designs and deter-
mined using Eq. (4):

difference in clock cycle

SPIA = , 4
IHU )

where IHU stands for increase in hardware utilization
and is measured in percent, and the difference is also
measured in percent.

A decrease in the number of clock cycles be-
tween the two designs is considered positive. In the
computation of IHU, the slice, multiplier, and block

memory resource account for one-third, respectively.
We fine-tune the metric by replacing IHU with RU
(resource utilization) using Eq. (5):

difference in clock cycle
RU '

SP/R =

(5)

RU is composed of the utilization of three parts:
control unit (CU), PE, and block memory (BM). Each
part accounts for one-third utilization. Thus, RU=
(CU_diff+PE_diff+BM_diff)/3, where CU_diff, PE_
diff, and BM_diff are differences in CU, PE, and BM,
respectively. An increase of consumed resources
between two designs is considered positive. The dif-
ferences and RU are measured in percent.

RX2-B2 consumes the same size of block
memory and the same number of PEs as RX2-Bl1,
while the processing latency of RX2-B2 is half that of
RX2-B1l. Hence, the SP/R between RX2-B2 and
RX2-B1 is about 2. CU is simple and regular in the
GBE processor, as the control signal is represented in
terms of a counter at each stage. The increasing
utilization of the CU between GBE and RX2-B2 is
slightly larger than 2, and we assume it to be 3. The
GBE processor has four PEs, while the RX2-B2
processor has only one. The memory size of RX2-B2
is 1.5N-point, and the memory size of GBE is
3N-point. The SP/R between GBE and RX2-B2 is

sp/r=N/2:log,N+N/2 (3+4+2]’ ©)
N/8-log,N+N/4/\3 3 3

which is about 1.238 when N=4096. In Eq. (6), the 3/3,
4/3, and 2/3 are the differences of CU, PE, and BM,
respectively.

Radhouane et al. (2000) presented a continuous
flow FFT implementation for VLSI architecture to
minimize the memory requirement. It takes N/2:1og,N
clock cycles to process and N/2 clock cycles to store
the result data with the memory size of 2N-point. The
SP/R between GBE architecture and Radhouane’s is

SP/R:N/2'|092N+N/2 (3+4+1.5j, @)
N/8-log,N+N/4/\3 3 3

which is about 1.31 when N=4096. In Eq. (7), the 3/3,
4/3, and 1.5/3 are the differences of CU, PE, and BM,
respectively.
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It is shown that the GBE architecture is also at-
tractive to large-point FFT VLSI design. The GBE
architecture has the noticeable advantage of more
efficient resource utilization, compared with typical
memory-based FFT architectures.

The N-point typical pipeline FFT processor
contains logoN PEs and many simpler control units.
The memory resource utilization is not efficient for
large-point pipeline FFT processors on the FPGA.
The processing latency of a typical N-point FFT
pipeline processor is N cycles, as it deals with the
streaming data. In the GBE processor, unloading of
the current frame and loading of the next frame can
occur simultaneously. Therefore, the latency of the
GBE processor can be computed using Eq. (8):

Ty (N /8+T

ve delay ) 109, N + N /4. (8)

Thus, the latency between two frames in the
1024-point GBE processor is about 1536 cycles with
a PE clock delay of 0. The GBE architecture is more
efficient in resource utilization, especially at a larger
point size.

In our experiment, we adopted the floating-point
radix-2 FFT algorithm. The GBE processor can
compute 1024-point complex FFT with the process of
reordering in about 11 ps with a clock frequency of
200 MHz.

5 Conclusions

We present a novel method to implement an ef-
ficient radix-2 FFT processor on the FPGA. We
compared our GBE architecture with some other FFT
architectures. It is shown that the GBE processor
achieves high speed, high clock frequency, and more
efficient resource utilization. The main contribution
of our FFT architecture is exploiting more parallelism
in radix-2 FFT processors by employing four ganged
butterfly engines. Another significant advantage is
that the GBE architecture can be well matched to the
placement of the resources on modern FPGAs, which
makes high-frequency implementation easier. The
GBE architecture is very suitable and efficient for
radix-2 FFT processor designs on FPGAs.
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