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Abstract: In this study, a new controller for chaos synchronization is proposed. It consists of a state feedback controller and a 
robust control term using Legendre polynomials to compensate for uncertainties. The truncation error is also considered. Due to 
the orthogonal functions theorem, Legendre polynomials can approximate nonlinear functions with arbitrarily small approxima-
tion errors. As a result, they can replace fuzzy systems and neural networks to estimate and compensate for uncertainties in control 
systems. Legendre polynomials have fewer tuning parameters than fuzzy systems and neural networks. Thus, their tuning process 
is simpler. Similar to the parameters of fuzzy systems, Legendre coefficients are estimated online using the adaptation rule ob-
tained from the stability analysis. It is assumed that the master and slave systems are the Lorenz and Chen chaotic systems, re-
spectively. In secure communication systems, observer-based synchronization is required since only one state variable of the 
master system is sent through the channel. The use of observer-based synchronization to obtain other state variables is discussed. 
Simulation results reveal the effectiveness of the proposed approach. A comparison with a fuzzy sliding mode controller shows 
that the proposed controller provides a superior transient response. The problem of secure communications is explained and the 
controller performance in secure communications is examined. 
 
Key words: Observer-based synchronization; Chaotic systems; Legendre polynomials; Secure communications 
https://doi.org/10.1631/FITEE.1601814 CLC number: TN919; O415 
 
 

1  Introduction 
 

Chaos is an interesting phenomenon that has 
been witnessed in various fields such as fluid dy-
namics, mechanical systems, electrical circuits, 
chemical reactions, and weather forecasting. Chaos 
can be considered a special case of nonlinear dy-
namics that shows high complexity (Grzybowski et 
al., 2009). Due to the high sensitivity to initial condi-
tions, predicting the behavior of a chaotic system is a 
challenging task. Nowadays, chaotic behavior has 
widespread applications in electrical and communi-
cation engineering. Chaos synchronization is  

important in secure communications, in which a 
controller is needed to reduce the synchronization 
error between the master and slave oscillators. Also, 
in the encryption process of secure communication 
systems, chaotic electrical circuits are used to produce 
random signals. 

The idea of chaos synchronization using the 
concept of master-slave (drive-response) systems was 
proposed by Pecora and Carroll (1991). Based on this 
idea, various synchronization approaches have been 
proposed, such as linear and nonlinear feedback con-
trol (Yassen, 2005; Effa et al., 2009), lag synchroni-
zation (Wang and Chen, 2006), back-stepping design 
(Laoye et al., 2009), and sliding mode control (Li XR 
et al., 2005; Naseh and Haeri, 2009; Li LL et al., 
2014). Several observer-based synchronization algo-
rithms based on nonlinear observers have been pre-
sented (Grassi and Mascolo, 1997, 1998; Pogromsky 
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and Nijmeijer, 1998; Cherrier et al., 2006; Bagheri et 
al., 2015; Yang et al., 2015). Various adaptive and 
robust control strategies have been applied to chaos 
synchronization (Wang and Ge, 2001; Lu et al., 2004; 
Shen et al., 2006; Nijsure et al., 2016; Wang et al., 
2016). Dealing with channel distortion in chaos-based 
secure communications using particle filters has been 
studied (Shi et al., 2008, 2013). Also, intelligent ap-
proaches, such as fuzzy systems and neural networks, 
have been used in the field of chaos synchronization 
(Lee et al., 2008; Liu and Zhang, 2008; Chen, 2009; 
Hsu, 2011; Lin et al., 2015). Neuro-fuzzy systems 
exhibit some outstanding features, making them ex-
cellent options for uncertainty estimation and com-
pensation. Their main characteristics are universal 
approximation and linear parameterization. Fuzzy 
systems with Gaussian membership functions (Wang, 
1997) and some neural networks, such as multi-layer 
perceptron (MLP) and radial basis functions networks 
(RBFN) (Gupta et al., 2005), are universal approxi-
mators and can approximate nonlinear functions with 
arbitrarily small errors. The output of fuzzy systems 
and neural networks can be represented by the prod-
uct of two vectors or matrices, one including the ad-
justable parameters and the other including mem-
bership functions of the fuzzy systems or activation 
functions of the neural network (Fateh and 
Khorashadizadeh, 2012a; Fateh et al., 2014a, 2014b). 
This form of representation considerably simplifies 
the stability analysis. 

In addition to the aforementioned advantages, 
there are some disadvantages in applying neuro-fuzzy 
systems to controller design. Sometimes, obtaining a 
satisfactory fuzzy controller for a complicated system 
requires the knowledge of some experts specialized in 
that field. Without this vital information, designing a 
proper fuzzy controller may be a tedious task due to 
the time-consuming trial-and-error procedures for 
tuning the parameters of the fuzzy system 
(Khorashadizadeh and Fateh, 2015; Khorashadizadeh 
and Mahdian, 2016). Although all the unknown pa-
rameters of the neuro-fuzzy controller can be calcu-
lated automatically using the adaptation rules, their 
initial conditions and learning rates (convergence 
rates) are selected in advance, which considerably 
influences the controller performance. As a result, 
there are different adaptation rules for unknown pa-
rameters of a neuro-fuzzy controller. Increasing the 

number of adaptation rules imposes additional com-
putational load on the controller, which is not desira-
ble and should be avoided. 

Recently, regressor-free control of nonlinear 
systems, such as robot manipulators using function 
approximation techniques, has been presented 
(Huang et al., 2006; Chien and Huang, 2012; Kai and 
Huang, 2013; Khorashadizadeh and Fateh, 2013; Fard 
and Khorashadizadeh, 2015; Izadbakhsh and 
Khorashadizadeh, 2017; Khorashadizadeh and Fateh, 
2017). In this approach, uncertainties such as the 
inertia matrix, Jacobian matrix, or gravity vector are 
estimated using Legendre polynomials. According to 
the orthogonal functions theorem (Kreyszig, 2007), 
Legendre polynomials can approximate nonlinear 
functions with arbitrarily small approximation errors. 
In other words, they are universal approximators. 
Consequently, they may play the role of fuzzy sys-
tems and neural networks. Similarly, they are linearly 
parameterized and the vector of Legendre coefficients 
can be calculated using adaptation rules. Legendre 
polynomials are simpler than neural networks and 
fuzzy systems since they have fewer tuning parame-
ters. The tuning parameters of Legendre polynomials 
are simply their coefficients, while those of fuzzy 
controllers include the center and width of the 
Gaussian membership functions, and also the weight 
of each rule. 

In this study, we present chaos synchronization 
of two different chaotic systems using Legendre 
polynomials. It is assumed that the master system is a 
Lorenz system, while the slave system is the Chen 
system (Kuo, 2011). Our proposed controller consists 
of a linear state feedback, a Legendre estimator, and a 
robust control term for compensation for the trunca-
tion error. The Legendre estimator is responsible for 
compensation for the lumped uncertainty, including 
parametric uncertainty and external disturbances. The 
state feedback gain is determined based on the pole 
placement algorithm (Ogata, 1995), and the Legendre 
coefficients adaptation rule and its additional term are 
calculated based on stability analysis. Since in secure 
communication systems only one state of the master 
chaotic system is sent through the channel, observer- 
based synchronization is required. Thus, in this study, 
observer-based chaos synchronization using Legen-
dre polynomials is proposed. The role of Legendre 
polynomials in the observer is to overcome external 
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disturbances. In simulations, the performance of the 
proposed synchronization is tested first. Also, a 
comparison between the proposed method and a 
fuzzy sliding mode controller (Kuo, 2011) is per-
formed. Then the problem of secure communications 
is explained and the effectiveness of the synchroni-
zation algorithm in recovering the message signal is 
examined. 

 
 

2  System and problem description 
 
As mentioned above, it is assumed that the 

master and slave systems are two different chaotic 
systems. A Lorenz system is defined as the master 
system as follows: 
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Suppose that the following Chen system (Effa et 

al., 2009) is defined as the slave system: 
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where u1, u2, and u3 are the control inputs attached to 
the slave system and d1, d2, and d3 are zero-mean 
Gaussian noises applied to the slave system. The 
parameters of the Lorenz system are set to a1=10, 
b1=28, and c1=8/3, and the parameters of the Chen 
system to a2=35, b2=28, and c2=3 (Kuo, 2011). Let 
X=[x1, x2, x3]

T. Thus, Eq. (1) can be given as the fol-
lowing state space representation: 
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Also, define Y=[y1, y2, y3]

T. Eq. (2) can be given as the 
following state space representation: 
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where I33×3 is an identity matrix. Define the syn-

chronization error as E=Y−X. Using Eqs. (3) and (4), 
one can obtain 
 

Δ ( ) ( ) .      f fE AE AY Y X Bu d     (5) 

 
 

3 Legendre polynomials and function ap-
proximation 

 
In a three-dimensional Cartesian coordinate, we 

can represent any arbitrary vector as a linear combi-
nation of unit vectors i=[1, 0, 0]T, j=[0, 1, 0]T, and 
k=[0, 0, 1]T, since they are linearly independent and 
mutually orthogonal, due to the dot product which is 
generally an inner product. This idea can be simply 
extended to the space of nonlinear functions, which 
results in an interesting technique for function ap-
proximation. Consider a typical inner product as 
given by Khorashadizadeh and Fateh (2015): 

 
*, ( ) ( )d , f g f x g x x                     (6) 

 
where f*(x) is the complex conjugate of the function 
f(x). If the inner product in Eq. (6) is zero for f(x)≠g(x), 
the functions f(x) and g(x) are called orthogonal. 
Suppose that V is the space of all real-valued  
continuous-time functions. According to Kreyszig 
(2007), a function h(x) defined on the interval [x1, x2] 
in this space can be represented as 
 

1

( ) ( ) ( ),
m

i i m
i
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                    (7) 

 

where the set {φ1(x), φ2(x), …, φm(x)} forms an or-
thogonal basis and εm(x) is the approximation error. 
The coefficient ai is calculated by 
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The approximation error εm(x) is bounded in the 

sense that (Kreyszig, 2007) 
 

2

1

2lim ( )d 0.
x

mxm
x x


                  (10) 

 
Considering the interval [−1, 1] and the inner 

product in Eq. (6), the Legendre polynomials, defined 
as 

 

0 ( ) 1,x                               (11) 

1( ) ,x x                              (12) 

 1 1( 1) ( ) (2 1) ( ),

1,2, , 1,
    

 
i i ii x i x x i x

i m

  
    (13) 

 
form an orthogonal basis (Kreyszig, 2007). Thus, a 
function h(x) defined on the interval [−1, 1] can be 
approximated using Legendre polynomials (Eq. (7)) 
where the coefficients ai (i=0, 1, …, m) are calculated 
according to Eqs. (8) and (9) and the polynomials φi(x) 
(i=0, 1, …, m) are given by Eqs. (11)–(13). Thus, 
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h x a x                (14) 

 
is the Legendre polynomial approximation of the 
function h(x) where 
 

 T0 1, , , ,ma a a α                    (15) 

 T

0 1, , , .mφ φ φ φ                   (16) 

 
In other words, h(x) can be represented as 
 

T( ) .mh x  α φ                      (17) 

 
Remark 1     The most important problem in applying 
orthogonal functions to control systems is that the 
function h(x) is not available. Thus, the coefficients ai 
cannot be calculated according to Eqs. (8) and (9). In 
control systems, these coefficients are adjusted online 

using adaptation laws derived from stability analysis 
(Khorashadizadeh and Fateh, 2015). In Section 5, this 
issue will be explained in detail. 
Remark 2   Another important issue about using 
orthogonal functions for function approximation in 
control systems is the fact that the functions φi(x) are 
mutually orthogonal only within the interval [−1, 1]. 
Outside this interval, φi(x) may not be mutually or-
thogonal. However, the uncertain functions which 
should be estimated in robust and adaptive control 
systems are generally functions of the variable time, 
which may increase to infinity and cannot be limited 
to the interval [−1, 1]. To solve this problem, we can 
let x=sin(ωt), in which ω is a predefined constant 
(Khorashadizadeh and Fateh, 2015). 

 
 

4  The proposed method 
 
In this section, two cases are discussed. First, a 

synchronization controller using Legendre polyno-
mials for uncertainty estimation is presented. Note 
that this proposed controller cannot be applied in 
secure communications, since it requires all the state 
variables. Then to solve this problem, an observer- 
based approach using Legendre polynomials is  
presented. 

4.1  Synchronization controller 

The control law consists of a state feedback and 
an uncertainty estimator using Legendre polynomials. 
In other words, 

 

r
ˆ ,   u kE f u                    (18) 

 

where k is the matrix of feedback gains and is de-
signed using the pole placement algorithm such that 
all the eigenvalues of matrix Ac=A−Bk are placed at 
some predefined desired points. The calculation of the 
controllability matrix pair (A, B) shows that the sys-
tem is controllable and thus, we can find a gain matrix 
k to place the poles of the closed-loop system in de-
sired positions. A and B are defined in Eqs. (3) and (4), 

respectively. The function f̂  is our uncertainty es-

timator using the first m terms of Legendre polyno-
mials, and ur is considered for compensation for the 
truncation error. Suppose that the first five polyno-

mials are selected. Accordingly, f̂  is of the form 



Khorashadizadeh and Majidi / Front Inform Technol Electron Eng   2018 19(9):1180-1190 1184

ˆ ˆ,f φθ                            (19) 

where 
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In Eq. (20), we have l1=x, l2=(3x2−1)/2, l3=(5x3−3x)/2, 
and l4=(35x4−30x2+3)/8. It should be emphasized that 
each zero in Eq. (20) is a 1×5 zero vector and 

x=sin(ωt). The vector θ̂  in Eq. (19) is of the form 
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where a0i, a1i, …, a4i are the Legendre coefficients. 
The Legendre coefficients are unknown and will be 
estimated using the adaptation law obtained from the 
stability analysis in the next section. Substitution of 
the control law (18) into Eq. (5) results in the fol-
lowing closed-loop system: 
 

r
ˆ( ) ( ),F t     E AE B kE f u

   
 (22) 

 
where F(t)=f(Y)−f(X)+ΔAY+d(t) is the vector of 
lumped uncertainty and d(t) is a zero-mean Gaussian 
noise. Suppose that F(t) can be approximated using 
Legendre polynomials as 
 

*( ) ( ),F t t φθ Δ                    (23) 

 

where θ* is the optimal bounded value of θ̂  that 
yields the minimum approximation error (truncation 
error) of Δ(t). In fact, the control term ur in the control 
law (18) is responsible for compensation for the 
truncation error Δ(t). It is assumed that Δ(t) is 
bounded as ||Δ(t)||≤ρ where ρ is a known constant. 
According to Eqs. (19) and (23), and using the defi-
nition Ac=A−Bk, we can rewrite Eq. (22) as 
 

c r( ( )),t   E A E B φθ u Δ            (24) 

 

where ˆ. θ θ θ*  

4.2  Observer-based secure communication 

In observer-based secure communication sys-
tems, only one state variable is sent through the 
communication channel, and instead of a slave cha-
otic system on the receiver side, an observer is used to 
estimate the required signals to perform the decryp-
tion process. Consider the following master system 
(Liao and Tsai, 2000): 

 

( ) ( ),f t  X AX y Bd                  (25) 

 
where y=[1, 0, 0]X=CX is the master output that is 
sent to the channel, f(y) is a real analytic vector, and 
d(t) is the bounded external disturbance. According to 
Eq. (23), it is assumed that d(t)=φθ*+Δ(t). Now, con-
sider the following observer: 
 

r
ˆˆ ˆ ˆ( ) ( ) ( ),f     

X AX L y y y B φθ u    (26) 

 

where X̂  is the observer state vector, L is a gain 
matrix obtained by the pole placement approach to set 

the observer poles at desired values, ˆφθ  is the un-

certainty estimator using Legendre polynomials (Eqs. 
(19)–(21)) to compensate for the external disturbance 
d, and ur is designed to compensate for the truncation 
error of the Legendre polynomials. Using Eqs. (25), 
(26), and Eqs. (19)–(23), the observer error dynamics 
is given by 
 

o r
ˆ ˆ ( ( )),E A E B φθ u Δ     t          (27) 

 

where Ao=A−LC and ˆ ˆ E X X  is the observer 
error vector. 

 
 

5  Stability analysis 
 
In this section, a Lyapunov-based proof for as-

ymptotic convergence of the synchronization error to 
zero is presented. The same proof can be followed for 
observer-based secure communications. 

To prove chaos synchronization using the pro-
posed controller, consider the following Lyapunov 
function candidate: 
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T T1 1
,

2 2
V

γ
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where P is a symmetric positive definite matrix sat-
isfying the Lyapunov equation (Slotine and Li, 1991): 
 

T
c c ,  A P PA Q                       (29) 

 
where Q is a positive definite matrix selected by the 
designer, and γ is a positive constant. The time de-
rivative of V is given by 
 

T T T1 1 ˆ( ) .
2

V


     E PE E PE θ θ           (30) 

 

Substituting E  from Eq. (24) into Eq. (30) with 
some simple manipulations results in 
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E QE θ φ B PE
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Assume that 
T Tˆ .γθ φ B PE                         (32) 

 
Then Eq. (31) can be rewritten as 
 

T T
r

1
( ( ) ).

2
V t    E QE E PB Δ u        (33) 

 
If we propose ur such that 
 

T
r( ( ) ) 0,t  E PB Δ u                (34) 

 

then 0V   is satisfied. To this end, suppose that ur is 
of the form 
 

T
r sign( ).ρu E PB                    (35) 

 
Now, it shows that this ur can satisfy inequality (34). 
Substituting Eq. (35) into inequality (34) yields 
 

T T T( ) sign( ) 0.t ρ E PΔ E P E P            (36) 

To ensure that inequality (36) is satisfied, we guar-
antee that 
 

T T|||| ( )|| || || 0.|| E PB E PB  t ρ              (37) 

 
In other words, 
 

T|| ||(|| ( )|| ) 0.E PB   t ρ                  (38) 

 
Since we have assumed that ||Δ(t)||≤ρ, inequality (38) 

is always true and 0V   is satisfied. Consequently, E 

and θ  are bounded (Slotine and Li, 1991), and we 
have 
 

( ( ), ( )) ( (0), (0)).V t t V θ E θ E             (39) 

 

As a result, θ̂  is also bounded. Therefore, the control 

signal in Eq. (18) and E  in Eq. (24) are bounded. 

Define Ω(t)=0.5ETQE. It is obvious that Ω(t)≤− .V  
Integrating it with respect to time yields 
 

0
( )d ( (0), (0)) ( ( ), ( )).

t
Ω τ V V t t    θ E θ E    (40) 

 

Because ( (0), (0))V θ E  is bounded and ( ( ), ( ))V t tθ E  

is non-increasing and bounded, the following result is 
obtained (Khorashadizadeh and Fateh, 2013): 
 

0
lim ( )d .

t

t
Ω  


                        (41) 

 

As mentioned above, E  is bounded. Thus, ( )  t  

TE QE  is also bounded. Now, Barbalat’s lemma 

(Slotine and Li, 1991) can be applied to prove that the 
synchronization error E asymptotically converges to 
zero. 
Lemma 1 (Barbalat’s lemma)    If f(t) has a finite time 

limit as t→∞ and ( )f t  is uniformly continuous (in 

other words, ( )f t  is bounded), then ( ) 0f t  as 

t→∞. 
Suppose that f(t) in Barbalat’s lemma is given by 
 

0
( ) ( )d .

t
f t Ω                             (42) 
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According to inequality (41), f(t) has a finite time 
limit as t→∞. It is obvious that 
 

T( ) ( ) .f t Ω t   E QE                   (43) 

 

As mentioned above, ( )Ω t  is bounded, which results 

in the boundedness of ( ).f t  Therefore, it follows 

Barbalat’s lemma that ( ) ( ) 0f t Ω t   as t→∞. 

Therefore, the asymptotic convergence of the syn-
chronization error is proven. 
Remark 3    The observer-based synchronization can 
be followed similarly to prove that the observer error 
asymptotically converges to zero. The vector E in 

Eq. (28) should be changed to ˆ ,E  and that in Eq. (30) 

should be substituted by 
̂

E  from Eq. (27). Also, Ao, 
instead of Ac, should be used in Eq. (29). 

 
 

6  Simulation results 
 
In this section, the influence of the proposed 

controller using Legendre polynomials on the syn-
chronization error is studied. Also, the estimation 
performance of the Legendre polynomials is investi-
gated. Then the results of the proposed controller are 
compared with those of a fuzzy sliding mode syn-
chronization controller (Kuo, 2011). Finally, the sat-
isfactory performance of the proposed controller in a 
secure communication problem is verified. 

6.1  Performance of the proposed controller 

Consider the master and slave oscillators de-
scribed in Eqs. (1) and (2) with the initial conditions 
of X(0)=[10, 10, 10]T and Y(0)=[2, 2, 2]T. To achieve 
satisfactory synchronization, the feedback gain k is 
selected such that the eigenvalues of the matrix 
Ac=A−Bk are placed at −64, −62, and −40. To find the 
desired k, we can run the MATLAB command 
 

place( , ,[ 64, 62, 40]),k A B             (44) 
 

resulting in 
 

54 10 0

28 61 0 .

0 0 37.33

 
   
  

k                 (45) 

If the poles are closer to the origin, the elements 
of the matrix k will be smaller, which results in an 
undesirable synchronization error. On the other hand, 
increasing the elements of the matrix k by using poles 
farther apart results in a large control input at initial 
times, or may lead to the chattering phenomenon. 
Thus, there should be a trade-off between the accu-
racy and the amplitude of the control signal. Suppose 
that the positive definite matrix Q is chosen as 
Q=400I3. The reason for this large Q can be explained 
by Eq. (30), which shows that increasing the eigen-

values of Q results in a more negative .V  Conse-
quently, the synchronization error reduces faster. To 
calculate the matrix P in Eq. (29), run the MATLAB 
command P=lyap(Ac

T, Q). Then we have 
 

3.125 0 0

0 3.2258 0 .

0 0 5

 
   
  

P                  (46) 

 
The initial values of all Legendre coefficients 

ˆ(0)θ  have been set to zero. It has been assumed that 

the upper bound of the truncation is ρ=0.1. The syn-
chronization performances for all the states are illus-
trated in Fig. 1. In spite of different initial conditions 
and different models of master and slave systems, 
they are synchronized rapidly when the controller is 
applied at t=3 s. The control signal u is given in Fig. 2. 
According to this figure, the control efforts are 
bounded without any chattering. 

As mentioned above, the Legendre polynomials 
are responsible for estimation of the lumped uncer-
tainty F(t)=f(Y)−f(X)+ΔAY=[F1, F2, F3]

T. The esti-
mation performance of Legendre polynomials is 
shown in Fig. 3. By applying the controller, Legendre 
polynomials can estimate the lumped uncertainty very 
well. To investigate the influence of uncertainty es-
timation using Legendre polynomials, consider the 
mean squared error (MSE) criterion defined by 
 

10 T

3

1
MSE ( ) ( )d .

7
t t t  E E                 (47) 

 
In the case of including Legendre polynomials in 

the control law, we have MSE=0.1667. If Legendre 
polynomials are omitted in the control law, we obtain 
MSE=2.877. Thus, uncertainty estimation using  
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Legendre polynomials considerably reduces the 
synchronization error. Optimization algorithms can 
be used to find the optimal values of controller pa-
rameters (Fateh and Khorashadizadeh, 2012b; Zadeh 
et al., 2016). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

6.2  Comparison with a fuzzy sliding mode syn-
chronization controller 

Consider the fuzzy sliding mode synchroniza-
tion controller presented by Kuo (2011). The master 
and slave models used in this study and their initial 
conditions are the same as those given by Kuo (2011). 
The synchronization error of the proposed controller 
is presented in Fig. 4. In comparison with Fig. 3c of 
Kuo (2011), it is obvious that our proposed controller 
is faster in reducing synchronization errors. After 
applying the controller at t=3 s, it takes about 3 s for 
the fuzzy sliding mode controller to reduce the syn-
chronization error to zero, while the proposed con-
troller is much faster. Moreover, it is clear that the 
design procedure of our proposed controller is sim-
pler since it is not engaged in the determination of the 
parameters used in membership functions. Fig. 2  Control inputs 
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Fig. 3  Performance of Legendre polynomials in esti-
mating F1 (a), F2 (b), and F3 (c) 
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6.3 Application to secure communications  
(observer-based synchronization) 

The procedure of secure communications is il-
lustrated in Fig. 5. The message m(t) is added to the 
output of the master chaotic system. We have as-
sumed that x1 is the master output. As a result, a new 
signal y′ is generated in which the message is hidden. 
This signal is transmitted to the slave chaotic system 
and injected into the transmitter chaotic system. Ac-
cording to Liao and Tsai (2000), the transmitter 
(Eq. (25)) is modified as 

 

( ) ( ), ( ).f m t m t      X AX y Bd L y CX (48) 

 
 
 
 

 
 
 
 
 

 
As a result, the observer is proposed as 
 

r
ˆˆ ˆ ˆ( ) ( ) ( ).f       

X AX y B φθ u L y y    (49) 

  
As guaranteed by the stability analysis given in 

Section 5 and Remark 3, the observer error will 
converge to zero as t→∞. Then we can write 
 

r
ˆ ˆlim ( ) lim( ) lim( ( ))

lim ( ),
t t t

t

m t m t

m t
  



    



y y y y
   (50) 

which implies that the message signal will be as-
ymptotically recovered at the receiver end. Suppose 
that the master system is a Chua’s circuit as described 
by Liao and Tsai (2000): 
 

1 2 1 1

2 1 2 3

3 2 3

1

1 1 1 1

10( ( )) ( ) ,

,

15 0.385 ,

[1,0,0] ,

( ) 0.5( )( 1 1),

( ) cos(2 ).

x x x f x d t

x x x x

x x x

y x

f x bx a b x x

d t t

   
   
   
   
      




CX X





   (51) 

 
Now, assume that the original message 
 

( ) 0.1sin(20 )m t t                       (52) 

 
is going to be recovered using this communication 
system (Liao and Tsai, 2000). The desired poles for 
the observer (eigenvalues of Ao=A−LC) have been set 
to po=[−50, −60, −70]. We can run the MATLAB 
command place(AT, CT, po) to calculate the vector L. 
The performance of the proposed observer in recov-
ering the message signal is shown in Fig. 6. After a 
transient state, the original and recovered messages 
are nearly the same. As shown in the magnified pic-
ture, the recovered message and the original message 
converge to each other within 0.1 s. 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
7  Conclusions 

 
A new algorithm for chaos synchronization has 

been proposed based on the universal approximation 
property of Legendre polynomials. Due to the  

Fig. 4  Synchronization error of the proposed method

Fig. 6  Original and recovered message signals (the
transient state is magnified) 
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Fig. 5  Block diagram of secure communications using
chaotic systems (adapted from Liao and Tsai (2000)) 
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orthogonal functions theorem, Legendre polynomials 
can approximate nonlinear functions with arbitrarily 
small approximation errors. From this point of view, 
Legendre polynomials are similar to neural networks 
and fuzzy systems. Also, observer-based chaos syn-
chronization using Legendre polynomials has been 
presented and applied to secure communications. A 
comparison between Legendre polynomials and a 
fuzzy sliding mode controller showed that the pro-
posed algorithm can reduce the synchronization error 
faster. Moreover, the structure of Legendre polyno-
mials is simpler since there are fewer tuning  
parameters. 
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