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Abstract: Distributed optimization has been well developed in recent years due to its wide applications in machine
learning and signal processing. In this paper, we focus on investigating distributed optimization to minimize a global
objective. The objective is a sum of smooth and strongly convex local cost functions which are distributed over an
undirected network of n nodes. In contrast to existing works, we apply a distributed heavy-ball term to improve the
convergence performance of the proposed algorithm. To accelerate the convergence of existing distributed stochastic
first-order gradient methods, a momentum term is combined with a gradient-tracking technique. It is shown that
the proposed algorithm has better acceleration ability than GT-SAGA without increasing the complexity. Extensive
experiments on real-world datasets verify the effectiveness and correctness of the proposed algorithm.
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1 Introduction 2015; Cheng B and Li, 2019). Tt is evident that prac-
tical problems based on distributed optimization can

Distributed optimization has attracted much at- 1, ;,5deled as the minimization of the global objec-

tention in many fields, such as wireless sensor net-
works (Yin et al., 2010; Cohen et al., 2017), machine
learning (Xia and Wang, 2004; McMahan et al., 2017;
Liu et al., 2019), and coordinated control (Han et al.,

tive function, i.e., solving the problem over a con-
nected network consisting of n agents cooperatively
over a common variable x:
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Lagrangian, (sub)gradient descent, and Newton’s
methods. As for Lagrangian methods, Boyd et al.
(2011) proposed a classic distributed alternating di-
rection method of multipliers (ADMM) on the basis
of the dual-domain over augmented Lagrangian func-
tions, and many other distributed algorithms (Ling
and Tian, 2010; Erseghe et al., 2011; Cheng S et al.,
2014; Ling and Ribeiro, 2014; Wang B et al., 2018;
Zhang et al., 2019; Guan et al., 2020) have been pro-
posed based on this method. Although distributed
ADMM with a constant step-size has the advantage
of a linear convergence rate for a strongly convex
function, it requires a large amount of calculation
because each node has to optimize a local problem
at each iteration. Unlike the Lagrangian method,
Newton’s method (Bertsekas and Gafni, 1983; Wei
et al., 2013) is a common method to solve uncon-
strained optimization problems due to the advantage
of fast convergence. To simplify the calculation pro-
cess of Newton’s method, the quasi-Newton method
(Eisen et al., 2017) approximates the inverse Hes-
sian matrix or the Hessian matrix using a positive
definite matrix. The (sub)gradient descent method
includes dual average (Duchi et al., 2012; Yuan et al.,
2013; Matthews et al., 2016), distributed gradient de-
scent (DGD) (Mateos et al., 2010; Xu et al., 2015;
Nedi¢ et al., 2017a, 2017b; Xi and Khan, 2017; Xin
et al., 2019¢), and stochastic gradient descent (SGD)
methods (Zinkevich et al., 2010). In the pioneering
work of Tsitsiklis et al. (1986), a framework for ana-
lyzing distributed computing models was developed.
Nedi¢ and Ozdaglar (2009) applied this method to
the distributed convex optimization problem in the
network, and achieved convergence of the strongly
convex non-smooth structure. The SGD algorithm
uses only a set of data from the sample to perform
gradient descent, which improves the training speed
of samples and reduces the calculation cost. Stochas-
tic average gradient (SAG) (Schmidt et al., 2017;
Wang Z and Li, 2020), SAGA (Defazio et al., 2014),
and SVRG (Johnson and Zhang, 2013; Tan et al.,
2016) methods have been proposed because the SGD
algorithm can reach only an optimal interval instead
of an optimal value. At each iteration, only one ran-
domly selected gradient of a subfunction is evaluated
at a node, and a variance-reduced stochastic averag-
ing gradient technique is applied to approximate the
gradient of the local objective function. SAG cal-
culates a random vector as the average value of the

random gradient in the previous iterations, where
in the k™ iteration, the algorithm stores derivatives
to achieve exact convergence. In addition, based on
SAG, the SAGA algorithm can directly support non-
strongly convex problems, and is adaptive to any in-
herently strong convexity of the problem. Another
algorithm, SVRG, which is performed in a loop, uses
considerably amount of calculation to reduce the in-
fluence of noise, and is better than SGD at achiev-
ing more accurate convergence. GT-SAGA and GT-
SVRG (Xin and Khan, 2020), which are based on
SAGA and SVRG, respectively, achieve accelerated
linear convergence by combining distributed stochas-
tic gradient-tracking methods with variance-reduced
techniques. In addition to the above methods (John-
son and Zhang, 2013; Defazio et al., 2014; Tan et al.,
2016; Schmidt et al., 2017; Wang Z and Li, 2020), the
AB method based on row and column randomization
(Xin and Khan, 2018), its acceleration method, the
ABm algorithm (Xin et al., 2020), and S-AB algo-
rithm (Xin et al., 2019b) have also made significant
contributions to solving the directed network.

1.2 Motivations and contributions

We find that plenty of works are interested in
solving large-scale optimization problems with nu-
merous and complex local objective functions. How-
ever, in distributed settings, distributed algorithms
with exact gradient need massive calculation. There-
fore, plenty of methods such as SAG, SAGA, and
SVRG have been proposed to reduce the cost of full
evaluation and retain the advantage of fast conver-
gence under strongly convex and smooth conditions.
Based on these works, GT-SAGA (Xin and Khan,
2020) combined a gradient-tracking technique with
a variance-reduced technique that accelerates lin-
ear convergence. By introducing the above method
to our work, we propose a new algorithm with a
faster linear convergence rate and provide the concise
proof. We summarize the following contributions in
this paper:

1. Aiming to accelerate the convergence of
stochastic first-order gradient methods (Zinkevich
et al., 2010; Johnson and Zhang, 2013; Defazio et al.,
2014; Tan et al., 2016; Schmidt et al., 2017; Lan
et al., 2018; Wang Z and Li, 2020), we incorporate the
momentum term combining with a gradient-tracking
technique to achieve an accelerated convergence rate
over undirected networks.
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2. Compared with the distributed gradient
methods (Ling and Tian, 2010; Boyd et al., 2011;
Erseghe et al., 2011; Ling and Ribeiro, 2014; Wang B
et al., 2018; Xin and Khan, 2018; Zhang et al., 2019;
Xin et al., 2020) with deterministic gradients, the
proposed algorithm requires much less computation
when facing large-scale dataset optimization prob-
lems, because SGD method can update the model
parameters with just a single training dataset.

3. In this paper, we present rigorous theoreti-
cal analysis for the proposed algorithm in Section 3.
In addition, extensive experiments are provided to
verify the correctness of theoretical analysis, such as
the distributed logistic regression experiment based
on a real-world dataset, a signal processing oriented
least-square experiment, and distributed quadratic
programming.

Notations used in this paper are summarized as
follows: lowercase bold letters denote vectors, while
uppercase denotes a matrix. The Euclidean norm of
a vector is denoted as ||-||, and ||| ||| denotes the spec-
tral norm of a matrix. 1,, means the n-dimensional
column vector with all ones. For arbitrary matrices
A, B € R"*" A® B denotes the Kronecker product.
p (A) is regarded as the spectral radius of A.

2 Problem formulation and algorithm
development

2.1 Distributed optimization problem

We consider n nodes communicating over an
undirected network G, so that it is capable of ac-
cessing a local cost function at each node ¢. The goal
is to solve the following optimization problem with
m nodes:

min f (x) = EZfz (wi)»

i L S ho( i
fi@) =5 2 1 (@)
where each local cost f; is averaged by p; constituent
functions {f! :;1' The number of local samples
is retained by agent ¢, ¢ € U. The results of the
proposed algorithm are on the basis of the following
assumptions:

Assumption 1 The global objective function
f (x) is strongly convex with strong convexity pa-

rameter y; i.e., Vo,y € RP, we have

(Vi) -Viw) (@-y)>ple—yl> (1)
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Assumption 2 Each local objective function f/
has Lipschitz continuous gradient with Lipschitz con-
stant Ly > 0; i.e., V&,y € RP, we have

VIl (@) = Vi@l < Lilz—yll, (2

where Ly > 1> 0.
Assumption 3 The weight matrix W is doubly
stochastic and associated with the undirected net-
work G.

Let o indicate the spectral norm of the matrix
W — %1,”1% . According to Assumption 3, we have
o<1, ie,o=|W-21,1T| < 1. In addition,
we denote P := max; {p;}, p := min; {p; }.
Remark 1 These three assumptions are standard
in recent literature.

2.2 Algorithm development

Previous work on the DGD method updates two
vectors w}'w y}C € RP at each node 7, where w}c is the
local estimate of the global minimizer and yi is an
auxiliary variable:

m
Ty = Zwiﬂf'f; — ayp,
=1
Y1 = Zwijyi + Vi (xhgr) = Vi () -

j=1

(3)

Following Algorithm 1, we assume that the gra-

dient of agent i at the k' iteration is updated as
shown in Fig. 1.

When g} is updated, the V fzt k (v,i’fl) entry in

the gradient table is replaced with V ff i (m}g), while
others remain unchanged:

952 (i) < 92 (o),

Vi () i v (v2) ‘ v (vit) v (v)
v (x1)
Y Y R I s -
A I ACH) ‘ v/ (o) Vi (o)

Fig. 1
iteration

Gradient updating of agent ¢ in the ktb
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Therefore, one can obtain the updated formula as
follows:

Zv £ (0) =SV (087) + 95 af)
j=1

A
(®)

Algorithm 1 The proposed algorithm at each node
)
Initialization: a:?; i
{wi;}i_ys vf = gf = Vi (2)
for k=0,1,2,--- do
Choose t’,‘; 11 uniformly
{1,2,--- ,p;} at random
Update the Varlable gk+1 as

ti it
Git1 —Vfi Y (@hyr) = VT (”kﬁ“)

1 Pi j
+ _Z] 1Vf (’Uk+1>
Update the variable yk+1 as
: m
y/z%+1 = Zj:l
if j= tk+1 then
i,J

zl =20, Vi e {1,2,-- ,p;}; a > 0;

from local sample set

wijyy, + git1 — Gk

'”k+1 =z
else
1,5
'”k+1 = vy
end if
end for

3 Convergence analysis of the proposed
algorithm

We aim to introduce unified analysis for the pro-
posed algorithm that relies on the following dynam-
ical system, with go = yo and Vk > 0:

Ty = Wz —ayr + B (2r — Tp—1) , (5a)
Yet1 = WYk + grt1 — Gk, (5b)
where W =W ® I,, and
z; yr a5
z? 3 g
Ty = s Yk = Gk =
xy Yy gi'

3.1 Preliminaries

We denote F}, as the history of the dynamical

system generated by {tl }fik 2. L To simplify the
subsequent analysis, we use the followmg notations:

Ty = % (131 ® In) T,

(lT ® I,) yi,

(1) ® I,) g,

VE (@) = [(Vfl (@) (T 2f)"]
= % (1), ®I,) VF (z).
Lemma 1 Vk > 0, it holds that

(1), ®I,) VF (zy).
(6)

Proof Multiplying 1%, by both sides of dynamical
iterating Eq. (5b) yields

1
E[yx |Fr] =Elgk |Fr] = -

Yrt1 = Yk + Grt1 — Gk (7)
Then, recursively updating Eq. (7) reduces to

Yk = G- (8)
Thus, we obtain
E [ye|Fr] = E [g| F]. (9)
According to Algorithm 1, there exists
E [gi/F ]

[V () - VA (uh) + VA ) |7
Pi
A (o) = 3V G
Py
Pi
LS ah) - >R o)
Piy = i

Pi =

)+ Vi (vi)

+_'vaih (vi)
Pi;—

Therefore, it is straightforward to obtain

1
E [gr|Fi] = - (L @ In) Vf (we) . (10)
Combining Egs. (9) and (10) completes the proof.
Lemma 2 Let Assumption 3 hold. V& € R™", the

inequality holds as follows:
Wz — Wzl <olle—Wez|, (11)

where 0 < o < 1 is a constant.
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Proof According to the definition of W, we
know that W, = WW,, and |[W - W | < 1.

Therefore,
Wz — Wz
=W = W) (. = Weez)||
<W =Wl [[# = Weoz|| = o [l = Weoz]|,
where Weo (€ — Woox) = 0 is used in the inequal-

ity, and 0 = ||[W — Wy|| is used to complete the
proof.

Lemma 3 Let Assumption 2 hold. Considering
dynamical system (5), Vk > 0, it holds that

(12)
Proof Recalling the definition of VF (), it holds
that

||v (@x) = Vf (@)
V) - 5 Ve
v e - Y v

LS 95 k) - 5 )|
=1

m
ﬁZHwk—wkH
_ Ly
-~

where the Lipschitz continuity is used in the inequal-

e — Weomkl|,

ity. The proof is completed.
Lemma4 Suppose that Assumptions 1 and 2 hold.
Ve € R™",if 0 < aw < 1/Ly, it holds that

[z —aVf(z) -2 < (1—-pa)lle—z, (13)

where 0 < p < Ly, f(x) is the global objective
function, and we define * as the global optimum,
=1, x* € R™".

3.2 Auxiliary results

We analyze the convergence of the general dy-
namical system using the following four formulas:

(HE “\azk - Woo:ckHQ}, the consensus error in
the network;

(2 E {Hazk — x| } the optimal gap;
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3)E {Hmk — Xk ||2], the state difference;

4) E [Hyk - Wooykﬂﬂ, the gradient tracking
error.
Lemma5 Suppose that Assumption 3 holds. Con-
sidering the sequence {x}} yielded by dynamical sys-
tem (5), Vk > 0, it holds that

E [l - Weoii ]
1— 2

o li¥eY
< 5 E[Hwk—WookaHQ]+ﬁE[||yk—Wooyk||2
4 2
+ 2B [l = @]
(14)
and

E [l — Weari ]
<20°E g~ Wooi|*] +40°E [ g~ Woe il

+48°E ||[(@x — @)

(15)
where 0 < u < Ly, and f () is the global objective
function.

Proof Notice that W W = WW = W, and
I L — Woo|| = 1. There exists

@kt — Woeopr ||

< (14+n) W, - Weemy |
1+ (202 g Woeye P +268% |z — i)

where Young’s inequality and Lemma 2 are used.
Setting 7 as 2_0"2
lead to inequalities (14) and (15), respectively.
Lemma 6 Let Assumptions 1-3 hold. Considering
the sequence {x} yielded by dynamical system (5),
Vk >0,if0 < a <1/Ly, we can obtain

and 1 in the above inequality can

E [ml@p - 3]
<40L3E ||z~ Wooarl*| +45°E [llzr— 241 ||
012 2 — ~ %2
+E [|VF (21) ~gil*|+2E [m]|3—3" ]
(16)
and

E [ml@p - 3]

g 204[& g

< (1—ua)IE{mek—w I }—l——E{Hwk—WooazkH ]
W

ﬁ2

ol = e ] 4 S 1VF ) - gl

(17)
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Proof According to dynamical iterating Eq. (5a)
and recalling the definition of &;y1, we know that

Tpi1 = T — oYy + B (B, — Tp—1):
E [|@ - 2|
—E [||:zk — gk + B (@ — Bp_1) — 5:*||2}
=E [ (Vf @) — &) + B @ — @ 1)|’]
+ X & —oVf @r)—&", (Vf @1)-GrHB@—Tr-1))
+ llzx — aV f (@) - 37,

where [y |Fr] = VF (z)) is employed. Then we
expand E[HO&(V]C (Tk — gr)) + B (Zr — Th—1) M as
follows:
E[lla(Vf @) = &) + B (@, — @x-1)]]
=|[a[Vf (@) = VF (xx)] + B (@ — Z4-1)]|
+a%E || VF (@) - gi ]

2

2042[&
< J

232
) — Waomi|® + FHka — x|

2
« 2
+ WE [HVF (xr) — gkl } ,
since

(aVf (@) — aVF (z) + B (T — Tx—1),
aVF (x) — agk> =0.

Next, we simplify

2z, — aVf (z) — &,

Osz (.’f}k) —aF (azk) 4+ ﬁ (.’f}k — jk71)>
=2||&), — aV f (zx) — 27|

Han (il_:k) —aF (:Bk) + B (il_:k — 51—3]@—1)”
<Lo - ¥ @) - 3|

+ )\HO[Vf (Tr) — oF (xr) + B (Zr — :fzkfl)H .

Setting A as (1 — par)/(pe) and 1 can lead to inequal-
ities (16) and (17), respectively, which completes the
proof.

Lemma 7 Considering the sequences {x} -, and
{yr} >0 yielded by dynamical system (5), Vk >0, if
0 < a < 1/Ly, the inequality holds as follows:

E|lzps1 - @]

< (16 +160°L3) E [lax — Woeas’]
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+160%L2E [m|\5}k—5:*|\2}+16a2E [HVF(azk) —gkuﬂ

+16a2E[||yk—wooyk||2] 128%E [||a:k - w,HH?] .
(18)

Proof From dynamical iterating Eq. (5a), we have
E [k — )]
<E (WL @i Wooe) —ays + (i)
2B [|(W = Lun) (@1 = Weow) — oy
+25°E [”wk - wk—1|\2]
<16E [2r — W] +40%E |1y )]

+26%E [k — @]
(19)
Let Assumption 2 hold. Then one can obtain
[yl
<llyk=Wooyil + IVF (@) —gil + Ly [|oe—27||
<llyr = Woeyiell + [IVF (1) — gill
Ly @ — Woeil| + VL @ — 27|,
where we used yr = g, Vk > 0, for squaring the
above inequality to obtain
lyrl* <4llyx = Wooyel* + 4|V F (@) — gull”
+4L3 |2~ Weozi||” + 4L3m| 2, —2*||°.
(20)
Therefore, inequality (18) can be proved by plugging
inequality (20) into inequality (19).
Lemma 8 Let Assumptions 2 and 3 hold. Regard-
ing the sequence {yy} yielded by dynamical iterating
Eq. (5b), Vk > 0, if 0 < a < 1/ (4v2Ly), it holds
that

E s = Wooi ]

1+o'2 32052L? 9
< E [l = Woewel]
_< 5+t T 3 ke = Wooyi

330 ,

T E |@r = Woomi] }

— O L
4L2ﬁ2 -
B (o — @i ] (21)
— O L
4 [ P
+ 7 E | IVE (@k+1) = gra }
LQ _
f - ~ )2
1 _U2E m||:13;C —z" }
4—|—32a2L?c

B |IVF (@) - g
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Proof From inequality (21), we can obtain

E {Hyk-&-l - Wooyk+1||2]
=E[[lW = Weo) (g = Weoti)

+ (L = Weo) (i1 + g0 |I°]-

Then we employ I, — Wl = 1 and Young’s
inequality to set n as (1 —02)/(20?) in the above

equality, and obtain

E [”yk—i-l - Wooyk-&-lHQ}

1+ 02

<=7 [l ~ Woen ] (22)

_|_

2 [”9k+1 —ngﬂ :

Next we expand E {“glﬁtl - ngQ} as

E [||gk+1 - ngﬂ
2 2
<2E llgis1 —VF (@i) P +2E [IVF (@) -gi?]
+2E [IVF (@111) = VF (@]
+4E (g1 — VF (@141) , VF (@) - 00)]
<2L3E [@rs1—2il| +2E [llger—VF (@is0)]

+2E [IVF (@1)-g4l*]
(23)
where in inequality (23), we use the fact that

E[(gis1 = VF (@441), VF (24) - g8)] =0,

Using the bound of inequality (23) in inequality (22),
we obtain inequality (21), which completes the proof.
Lemma 9 Considering {rj}, the following holds:

Bl < (1= 5 ) Ell + 28 [mle - &°|°]

2
+ 2B [lax — Weeael?].
(24)
Proof From Algorithm 1, if j = thyrs then vyl =
x| and vl = v;’. Then we can obtain

E [rps1]
S
> 5|0 )vm [+ et -2

1 1, . 2
1 _ _ T ~ %k
ST PR
<(1- )i+ Dat -l + Do
In the next lemma, we derive an upper bound

on E gk — VF ()]

1 Pi'

}, and then define r}; =

Iy vl — and r, = Y ;" 7, recalling that
P = max;{p;} and p = min;{p;}.

Lemma 10 Let Assumption 2 hold. Considering
the sequence {gy} yielded by dynamical system (5),

Vk > 0, the inequality is obtained as follows:
E llgr = VF ()]

<AL’E [||mk - wmmknﬂ

(25)
+4L3E [m &, — 3*°] + 2L3E [1s] .
Proof Recalling Algorithm 1, we obtain
i AYIE
E[gi - V£ o) ]

_E Hw;-qz () — VI (0]) - Vi ()
1 Di ; i 2
+ p_z J; Vi ('vk’ ) 1

Vi (o)

<E [vaﬁ“ ()

]

Pi

—> |V k) -V @)+ W ) -V )|
i1

<297, () V1, (@) +2 Vs @) - v ()|

<213 o}, — &*||° + 2L% |}, — &7

<AL% ||t — wkH +4L% | — &*|* + 2L}
Corollary 1 Let Assumptions 2 and 3 hold. Con-
sidering the sequence {gx},~, yielded by dynamical
system (5), Vk > 0, we can obtain

E [”9k+1 - VF (-’Bk+1)”2}
2 2 4L? 2 2712 2
< (8L20%+ =L 41603212 E[Hazk—wmmkn ]
p

+16L2 21E[||yk—wooyk|\ }+32L [||mk_mk M

<2+ )4L E[m ||:Tck—a~3*|\2} + <1—%)2L§E[rk]

2.2

+ LB [|VF (@) - gul*].

(26)
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Proof From Lemma 10, it is straightforward to
obtain

E[llges1 = VF (@)
ALZE [|@rs1 — Wi ]
+AL3E [m @41 — @] + 2L3E ]

Then, we can expand the above inequality by plug-
ging inequalities (15), (16), and (24), from Lemmas
5, 6, and 9, respectively, which completes the proof.

3.3 Main results

To summarize, the bound of the gradient vari-
ance is obtained to process the inequality, which
is obtained from dynamical system (5), and then
we start to derive the convergence rate of the
proposed algorithm. First, the upper bounds
onE||gx—VF (24)|*] and E| | gi+1 —VF (2is1)]]
are obtained from Lemma 10 and Corollary 1, respec-
tively, and then Vk > 0, we have

E {”yk-&-l - Wooyk-&-lHQ}

E [||mk—woomk||ﬂ

16 2\ L?
< (3202 +—+55+= !
D m) 1—o2

1320232
f 2
o B[l el

L3 8 1
+ (18——+—>E[rk]
m

1402 96a2L% 9
L) B[l =W
L2 16 2
+—1 (53+ =42 E{mnik—ﬁc*ﬂ.
1— o2 P m

(27)

Second, we refine the following inequality by

applying the upper bound on E [Hgk - VF (wk)Hﬂ
from Lemma 10: Vk > 0,

E lzps1 - @x?]
< (16 + 80a2L3) E [||:ck - Woomkﬂ
F2B°E [ |mn— i1 2] +160%E [y~ Woenn|?]
+8002L3E [m |24 — &" || + 3202 L3E 4]
(28)
Next, combining inequalities (17) and (25) yields

E[m @ - ]

< (1= p)E [m 2441 - 3"

2aL?e 9
+ TE [||a:k —Woozk|| }

232 o?
L2 [y —x 1 |P [+ AL [z~ Woozi?
e m

T - ~ k(|2 a?
+ A L3R [m |2, — @ °] + 25 L3E [1]
m m
41202
I ) E[m o -]
m
2 A«
+al? (— + —) E [Hmk - Wwwknﬂ
nwoom

2 2 2
+ g [ll-’ﬂk - wk—lﬂ + 2 L3E ]
o m

§<1—,uoz+

4Lfca2 9
<|(1-—pa+ - E{m”:ﬁk—w*ﬂ}

2 4
+ oL} <; + Ea) E [Hazk - Woomk||2:|

232 2L2%a2
+—F [Hwk - ka—lHQ} + 2
o

E [Tk] .

If0 < a <1/(2u), then 2/p + 4a/m < 4/p;
if 0 < a < pm/(8L%), then 1 — pa + 4L§-o¢2/m <
1 — pa/2. Therefore, we can obtain the following
inequality:

E [m @i - &*|7]

ST -

4oL

. (29)
+—JE [||a:k - Wooxk|‘2j|
1

2L?a2

m

22
+ 28 [l - o 7] + L ).
[t}

Now we combine inequalities (14), (24), (27),
and (28) with inequality (29) as a linear matrix to
prepare for the subsequent derivation.
Proposition1 Let Assumptions 1-3 hold. Vk > 1,

the following inequality holds entry-wise:
Jir1 < GoJy, (30)

where Jj, € R® is given by

E[llze - Woal’]

E [llzy - @ia?]

& [y~ Wennl’] |

I EE
E [rx]

Ji =
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and G, € R>*? is given at the bottom of this page,
where a1 = 16/p + 55 + 2/m,a2 = 16/p + 53 +
2/m,a3 = 18 — 8/P + 1/m. Obviously, it is fea-
sible to obtain the range of « to satisfy p (G,) < 1.
To achieve this, we go to the next lemma.

Lemma 11 Let H € R?? and = € R? be non-
negative matrix and positive vector, respectively.
For v > 0, if Hx < ya, then p (H) < |||H|||%, < 7.
Theorem 1 Let Assumptions 1— 3 hold. If step-
size o satisfies 0 < a < & (514952 ,
algorithm is linearly convergent.

the proposed

Proof Let positive vector § = [51,52,53,54,55]T.
The linear matrix inequality holds as follows:

G, <9,

which can be equivalently written as the following
inequalities:

1—(72 4ﬂ2 52 4042 53

0<—5— 1,25 1-o%5° OV
2 2712 5 253
0<(1-28%) — (16 +80a’L?) = — 16
02 02 (32)
04 )
—80a2L3 " — 3202132
Foy 02 TG,
1-0% 96a2L3 L2
0<< TRl 1_02(320+a1)5
12 L2
—1_];261254—1_ asds,
(33)
4ol 2 21202
0<&__f5_1_%5_2_45_5, (34)
2 B 04 por by m 04
1 26, 26,
0<— -2t =24 35
P pds pds (85)

It is evident that for the right-hand sides (RHSSs)
of inequalities (31)—(35) to be positive, we can bound
the range of a. First, we are supposed to fix vector
4, which is positive and independent of o and 3. We
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can set 61 = 1, do = 17, and Q = Ly/p, and the
following inequality is obtained from inequality (34):

2878 pa dalie

2L§»a2 5_5
po 6y 2 U '

m (54

(36)

Because the RHS of inequality (36) is positive, it is
straightforward that
SL? )
Therefore, we set 64 = 80Q?, and obtain the follow-
ing inequality because the RHS of inequality (35) is
positive:
2P  160P

2P
05 > —(51 -‘1-54) +—Q2.
p p

» (38)

We denote d5 = 164PQ?/p. Then, from inequal-
ity (33), we obtain

1820557 96a2L§6
1—o02 2 1-— 3
1—o2 105L? 71L? IQL?
< 03 — 1_0214-1 504 + - 505

(39)
Because the RHS of inequality (39) is positive, the
following inequality is obtained:

2
L (105 +5680Q° +

3116PQ>
(53 > 762 ) .
(l-o p

(40)
Because 105 + 5680Q2 + 3116 PQ?/p < 8901 PQ?/p,
18050L% p(y?
=2 p
fixed values of §;1-05 as follows:

we can set d3 = Until now, we have
18050L?p PQ?
(1—02)? p
_164PQ?

61:17 62:177 63: )

(41)
51 = 80Q?,

The range of « that satisfies forward inequalities can

1—0o? 4,6’2 40> 0 0
2 1—02 1—02
16 + 800[21;2 262 16a2 800[2L2 320[21;2
132L2 32 2 2 L? L2
Go= |1 02 (320 ta ) T 1-~_2U + iqﬁi2 Lz2 T o303
4al} 282 0 _ pa 2L50°
,LQL o ) 2 m L
> 0 0 > 1-— 5
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thus be found. From inequality (31), we obtain
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Therefore, o satisfies

1-02)? 1— o
4ﬁ2§<1—02§_ 4aQ(S a<aémin{( *) \/1_9, i VP )
T o202 5 01— 720 380  VPQ' 12v/2087 VPQL;
) (1_0) 5 \/31(1—02) m  9p }
IR 380v3L; ' QLy82P
_ 02)?
Then we have <:a<£(1 o?)
P 549QLy
—02) —02) 2)2 _52)?
a < (1 g \/ (-0 1805C(T)L)2 Next, we set a = %ﬁ according to the previous
(42)  range of « to obtain 8. First, from inequality (31),
B (1 —0 ) we have
380 \/_Q 4p? o _1-0® 4 18050 p (1 ~02)*
1—02? 2 1-02(1-02)°> P 313600

From inequality (32), we obtain

1—02_3361(1—02)

1 2 P 1568
<
8OL25; + 1605 + 80L26, + 32205 A8 9x4T(l-a%) p
' ' 1— o2 1568 P
1 /4
= a< - 3 ¢ﬁ 3 (1 —¢ ) \/_
(80+161(8050£2§2 +6400Q2+o248pPQ )L% —56\/_ /B
~ (46)
e (1—02)"p e 1—o? VD Second, from inequality (32), we have
272 ’
300528PQ2L% 121/2087 \/fQL&?)) 2625, <85 — 165, — 80L3510° — 16630°
25 2 25 2
From inequality (33), we can obtain — 80Lj0407 — 3215050
2\4 2)2
b (=Y (-
96022 1_ 2 2 <:2ﬁ g <1 — — - =
Ly 5 (1056, + 7164+ 1905) P2 3920Q> P 392
1—02 2 1—0? 2 47 (1 4 82 (1 — o2)*
96a2L2 1—o2 2 8901PQ2 _r ( _U) _ b ( _0)
< . [ §q < 53— f2 P2 1568 P 4900
1— 0'2 ) 2 , 1—0 2p , <:ﬁ< /1259(1_0.2)\/5
. 9o Lf<1—o 8901 (1-0%) 62(1-0?) 28017 2
1—02 ~ 2 18050 9025 (47)
R V31 (1-0?) Then from inequality (33), we have
o< ————~,
380V3Ly 1320382 1-¢2_ 10513  960°L3
(44) T,z 02 <507 02 1= 2 %
Finally, we can obtain the following inequality by 2 2
A . T1L% 19L%
applying inequality (34): gL S 505
ALja 8L} 4 1320267 902513 PQ® 361 PQ 8904L3
m55<54_751_m(52~ 1—02 2" 1-02 p 196 p 1-02
V59 VPQ
Then we can obtain inequalities as follows: & p< 1122 /P :
(48)
2
%2—4 - —mi—l, Finally, from inequality (34), we have
F 95 M 05
432 8L2 4%
- m  80p _2_m D (45) 26252<54—_j51 f 05,
4QLy164P  p 164PQ%’ pro p? pm (49)
9p m_ 5 YO0 p
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Therefore, we obtain the range of 8 from inequali-
ties (46)—(49) as follows:

3VATp (1 —0?) 1259 (1 — 0?)

56v34P T 280V/17P
VB VPQ w@(l—ozfi}
V1122 P = 560v68 PQJ’
which completes the proof.

Remark 2 It is worth emphasizing that this study
does not establish explicit expression of the accel-

6<Bémin{

erated convergence rate from a theoretical point of
view; the acceleration of the proposed algorithm can
be demonstrated only from the practical point of
view. The acceleration in this study can be observed
through a series of experiments because this is still an
open problem in recent literature (Xin et al., 2019a;
Li HQ et al., 2020; Lii et al., 2020; Xin and Khan,
2020; Hu et al., 2021). Therefore, it would be worth-
while to analyze the acceleration from a theoretical
point of view in future work.

4 Experimental results

In this section, we compare the proposed al-
gorithm with other methods by solving some opti-
mization problems, such as the distributed logistic
regression problem, distributed least-squares regres-
sion problem, and distributed quadratic program-
ming problem, to prove the proposed algorithm’s
practicability. The performances of all the tested
algorithms are plotted by % > H:c}g —x*

4.1 Distributed logistic regression

This subsection illustrates the performance
We set
N = 221 ¢; as the number of samples and allocate

comparison between different algorithms.

q; to m agents on average, i.e., ¢; = N/m. The
undirected network to distributed logistic regression
problem is given as follows:

Z* =arg min (z”iH?
&ER™ \ 2

(50)

m  qi
+ Z Z log (1 + exp (—bijcil;'i)))’

i=1 j=1

where ¢;; € R™ is the j'" sample and b;; € {1, -1} is
the corresponding binary label. To avoid over-fitting,
we add a regularization term. According to Eq. (50),
the local objective function f; corresponding to PO

1473

is written as follows:

qi
fi (@) = %chlﬁ + Y log (1 +exp (~byeld)).

j=1

(51)

We aim to solve the logistic regression problem
by choosing the Wisconsin breast cancer (diagnos-
tic) dataset in the UCI Machine Learning Repos-
itory (Dua and Graff, 2017).
from a digitized image of a fine needle aspirate of
a breast mass. By judging the average of distances
from the center to points on the silhouette and the

These samples are

severity of concave portions of the contour, a pa-
tient’s condition is predicted as malignant or benign.
We randomly choose N =500 samples from the to-
tal of 683 dataset samples to train the discriminator
x and suppose that samples are equally distributed
to each agent; the rest of the samples are used for
testing. Fig. 2 presents the performance comparison
of the proposed algorithm, GT-SAGA, and EXTRA
over an undirected network. All step-sizes are set
as o = 0.05 and the heavy-ball momentum accelera-
tion term S = 0.05 in all the algorithms is the same.
The accuracy, in the vertical axis of Fig. 3, is the ra-
tio of the number of correct predictions to the total
number of samples in the testing set.

4.2 Least-squares method of distributed sig-
nal processing

This subsection studies a least-squares problem
provided in Li Z et al. (2019), which considers an
undirected network of m = 10 agents for an unknown
signal £ € R™ for the optimization problem:

N NN m 1 - 2
min (&) = —||C; & — d; 52
min f(2) 2" SlC@-dil’,  (52)
10? —— -
—#— Proposed algorithm a=0.05
10° —6— GT-SAGA a=0.05
~&— EXTRA a=0.05
1072 ¢
ERTRa
o
(7]
g 107
1078}
107%
1072

0 10 20 30 40 50 60 70 80 90 100
Number of epochs

Fig. 2 Logistic regression over an undirected network
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where the local objective function maintained by
agent ¢ (i =1,2,---,m) is given by

ay qi .hN . h 2

fi(®) = — Zth |Cle—dy|". (53)

From problem (52), we can see that C; € R%*"™ ig

the sensing matrix and that d; = C;x + e; is the

measurement, where e; € R% is the independent

and identically distributed noise. When ¢; = 600

and m = 10, Fig. 4 illustrates the proposed algo-

rithm, GT-SAGA, and EXTRA algorithms over an

undirected network to verify the acceleration of the
proposed algorithm.

4.3 Distributed quadratic programming

In this subsection, the problem of quadratic pro-
gramming can be resolved by an undirected network
of m = 10 agents as follows:

min
ZEeR™

f@=> z"Gz+cls,

i=1

(54)

where matrix G; € R"*" is diagonal and positive
definite and ¢; € R™ is a randomly generated vector.

1.007=—=
0.90
0.80]
0.70 —&— Proposed algorithm with 1
3 0.60 0% =10,07 =0.0001,77™ =0.003 ]
8 GT-SAGA with 1
g 080 K% =10, =0.0001, 77 =0.003 |
< 0.40 —6— EXTRA with ¢=0.05 1
0.30]
0.20f
0.10}
Oddo
0 2 4 6 8 10 12 14 16 18 20

Number of epochs

Fig. 3 Comparison of accuracy performance

0,
10 —#— Proposed algorithm max;a;=0.05
q == EXTRA a=0.05
==8= GT-SAGA max,a=0.05
107"
E
51077
[7]
]
x
107
107

0 2 4 6 8 10 12 14 16 18
Number of epochs

Fig. 4 Performance comparison over the least-squares
method of distributed signal processing
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We assume the dimension n = 10. Then we set the
step-size a = 0.0008 in all the algorithms and the
momentum parameter § = 0.0008. Fig. 5 shows the
acceleration performance of the proposed algorithm
compare to those of GT-SAGA and EXTRA over an
undirected network.

Remark 3 In view of Tables 1-3, one can clearly
see that in different experiments, there are fewer
epochs of the proposed algorithm than those of the
GT-SAGA and EXTRA algorithms under the same
accuracy. This demonstrates that the proposed algo-
rithm accelerates convergence. So, the acceleration
of the proposed algorithm can be verified.

0 . , , ,
10 —#— Proposed algorithm max,-a,=0.0008!
=& GT-SAGA ¢=0.0008 |
—8— EXTRA maxa=0.0008 |
1072 '
©
>
210
Q
14
107
-8 |
10 0 1000 200030004000 50006000 7000 8000 9000

Number of epochs
Fig. 5 Performance comparison over an undirected

network when condition number Q = 500

Table 1 Convergence performance comparison over
logistic regression

Number of epochs

Algorithm
Accuracy=10"2 10~* 106
Proposed algorithm 8 22 35
GT-SAGA 16 46 79
EXTRA 193 549 935

Table 2 Convergence performance comparison over
least-squares

Number of epochs

Algorithm
Accuracy=10"1 102
Proposed algorithm 3 18
GT-SAGA 6 8
EXTRA 7 20

Table 3 Convergence performance comparison over
the distributed quadratic programming

Number of epochs

Algorithm
Accuracy=10"1 10—2
Proposed algorithm 1472 2747
GT-SAGA 4412 8237
EXTRA 1657 3097
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5 Conclusions

We presented a distributed stochastic algorithm
which is capable of solving large-scale optimization
problems over undirected networks. We showed that
the proposed algorithm achieves accelerated linear
convergence with a constant step-size a. Extensive
experiments on real-world datasets illustrated that
the performance of the proposed algorithm is supe-
rior to those of other comparable algorithms.
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