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Abstract: It is well known that the most prominent characteristic of emergency systems is the limit of time. 
A scheme must be made in much shorter time, and the retrieval vehicle should be able to reach the emergency 
site in the earliest time according to the proposed scheme so that the emergency event is dealt with as early as 
possible. 3"his paper deals with multi-depot problems in two cases: (1) When the duration or time needed by 
the retrieval vehicle arriving at the emergency site from each depot is a non-negative real number, a single-ob- 
jective (or min-max) and a two-phase problems on the earliest-emergency-activity-start-time (EEAST) are 
considered. (2) When the duration is regarded as an interval number, we consider the problem of finding an 
optimal scheme meeting a given deadline t with maximum possibility (or truth value). 
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INTRODUCTION 

Emergency services, such as emergency in- 
ventory supply, emergency medical service and 
fire rescue comprise a major concern of emergen- 
cy planners. The strategic problem of where to 
locate emergency services stations (depots) and 
the strategic problem of the quantity of emergen- 
cy resources to place in each depot were dis- 
cussed in many papers (Mischael et a l . ,  1993; 
Toregas, 1971; ReVelle et a l . ,  1989). In this 
paper, we address the multi-depot emergency 
problem, which can be regarded as a second 
phase problem in comparison with the strategic 
problem. Relevant researches ( Jacques, 1996; 
Ryusuke, 1997 ) mainly discussed routings, 
while some other researches focused on the 
emergency evacuation problem (Antoine, 1998; 
Gunnar 1998 ; Takeo, 1996 ) .  However, our 
problem appears, as an example, in emergency 
systems, where many depots are used to provide 
the materials required by the emergency site. 
This is a typical combinatorial problem, which 
can be denoted as follows: 

Let A~, A2, "'", A, be n depots. With each 
depo t  Ai ,  we associate an available resource 
quantity (capability) x i ( > 0 ) ,  i = 1 ,2 ,  " " ,  n .  
A is the emergency site, where total resource 

demand is x ,  and >_~ xi > - x .  Let t i denote the 
i = l  

duration or time needed by the retrieval vehicle 
arriving at A from A i . Our first problem is find- 
ing a scheme meeting the requirement of A, 
which is minimum emergency-activity-start-time. 

Specifically, we discuss the multi-depot 
problem in two cases: (1) When the duration or 
time needed by the retrieval vehicle arriving at 
the emergency site from each depot is a non-neg- 
ative real number, a single-objective (or  min- 
max) and a two-phase problem about on the 
earliest-emergency-activity-start-time (EEAST).  
(2) When the duration is regarded as an interval 
number, we consider the problem of finding an 
optimal scheme meeting a given deadline t with 
maximum possibility (or truth value).  This pa- 
per presents some methods to solve these prop- 
osed problems. All the theorems and correspond- 
ing conclusions in this paper are original. 

DEFINITION OF A SCHEME 

Emergency planners are charged with making 
emergency schemes where two basic decisions 
should be included. They are, 

(1)  which depots to participate; 
( 2 )  how many resources provided by each 

selected depot. 
Let 9 be a scheme, which can be denoted as 

follows 
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= {Ai , x ' ~ ) , ( A ~  ,x '~  ) , ' " , ( A ~  , x '~  )1 

(1 )  
m 

0 < X t" Xrik "" " ,~ <<_ xi~, ~ = x ,  il , i2 ,  ,ira is 
k = l  

an arrangement of the series 1 , 2 ,  " '", n ,  m ~< 
n .  

According to c?, there are m depots ( A i ,  

Ai2 , " " ,  A~ ) that will provide the emergency re- 

source ,and the quantity is x ' i  , x'i~ , ' " ,  x ' i  re-  

spectively. Let sub ( ~ )  denote the set of sub- 
s c r i p t s  of the depots associated with the scheme 

~ ,  Accordingly, 

s u b ( 9 )  : t i l ,  i2 , ' " ,  ~m t (2 )  
Let Z denote the set of all schemes with the 

form of q~ above. In the following discussion, we 
assume i0 = 0 ,  j0 = 0 ,  to = 0,  x0 = 0 ( w h e n  

necessary) .  

PROBLEM WITH THE DURATION BEING A 

REAL NUMBER 

For simplicity, we assume t 1 ~ t2 ~< " ' "  

Let T ( ~ )  denote the emergency-activity- 
start-time of the scheme cp. We assume that the 
emergency activity starts only when all required 
materials have reached A ,  or we say the emer- 
gency activity starts at the very time when the re- 
trieval vehicles of all depots of T have arrived at 
A,  that is, 

m a x  ti  (3 )  
j =  1 , 2 , ' " , m  / 

T(~p) = 

o r  

T(cp) = max t~ (4 )  
kE sub(~) 

The problem becomes 

rain T ( ~ )  (5 )  

o r  

min max tk (6 )  
~vEX kE ~,~ ~) 

1. The solution of single-objective problem 
or rain-max problem 

As t l ~ t 2 < ~ ' " < ~ t ~ ,  there is a p  ( l ~ p ~ <  

n ) ,  which makes ~ xk < x ~< )~ xk hold, 
k = 0  k=0  

l e t ~  ~ = t ( A l , X l ) , ( A z , x 2 ) , ' " ,  

p-1 

(A ,x -  xk)t (7) 
k=0  

We have converted our problem to ( 5 ) , 
which can be regarded as a single-objective 
problem, or ( 6 ) ,  which is a min-max problem. 
Because t l ~ < t 2 ~ < ' ' ' ~ < t n ,  it is easy to see that 

the sum of all available materials reaching A be- 

fore tp ( s e e i n g  the definition of (fl * ) is smaller 

than x ,  i . e .  ~ xk<~ Xk < x .  According- 
kEIilt; <tp] = 

ly, the EEAST is not later than tp. Now 

T ( ~ * ) = t p ,  we have 

Theorem 1. ~ is the optimal solution 

( scheme)  for ( 5 )  or ( 6 ) ,  and T (cp*  ) = 
m a x  tj = tp 

j =  1 ,2 , - . . ,p  

Coro l l a ry  1.  Any scheme 9 , T ( ~ ) >I tp 

holds. 

Table  1 Data  for s imulat ion x = 5 0  

AI A2 A3 A4 A5 A6 A7 As A9 Al0 

ti 1 2 2 3 4 6 6 8 10 15 

xi  5 l0  8 9 7 12 14 9 15 10 

As an example, by Table 1. , we see 9 ~ = 
{(Al 5)  (A2 10) (A 3 8)  (A 4 9 )  (As 7)  ( A  6 

11) t  is the optimal solution for (5 )  or ( 6 ) ,  and 

T (  ~ * ) = t 6 = 6 

2. The solution of two-phase problem 

There may be many optimal solutions 
(schemes)  for (5 )  or ( 6 ) .  Let n denote the set 
of all these optimal solutions. When both cost 
and stability of systems are considered, finding a 
scheme with the smallest number of depots,  is 
very practical.  

From Theorem 1 . ,  we know that 9 ~ is the 

optimal solution for ( 5 )  or ( 6 )  and T ( 9 ~ ) - 
tp. Let N ( 9 )  denote the number of depots in- 

volved in 9 ,  and we consider a two-phase prob- 
lem, that is,  
min N ( 9 )  

= ( 8 )  s t ' t op  E X 

Apparently, any optimal solution for (8 )  is also 
the optimal solution for (5 )  or ( 6 ) .  

Dermi t ion  1.  Given a series xi~ , xi 2 , " " ,  xi 

( i l ,  i2, " '",  im is a certain arrangement of the se- 

ries 1 , 2 ,  n ,  rn<~r t ) ,  i f a  subscript k ,  ( l ~ < k  
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k - 1  k 

~<m~< n )  makes ~: x/ < x~<i__~l= x~ hold, we 

call k the marginal subscript of the series xi  2 , 

.9~i2 , " " ~ X , im �9 

L e t  q = m a x  { i l ti ~ tp , i = l , 2 , " " , n } , 

we have tl ~< t2 ~< "'" ~< tp = tp +1 = "'" = tq 

< t q + l ~ ' " < < ~ t  n .  

As an example given by Table 1, we see p 
= 6 ,  q = 7 .  

Now, we solve the problem ( 8 ) .  If q9 is the 
optimal scheme for ( 8 ) ,  then sub(q~) is a com- 
bination of 1 , 2 , " " ,  q ( the supposition that there 
is a number w E s u b ( ~ )  such that w > q ,  then 
T ( c p )  = m a x  t k ~ t w > tq , is impossible) .  Let 

kE sd,(~) 
i l ,  i 2 , ' " ,  iq be the full arrangement of 1 , 2 ,  " " ,  

q ,  whieh makes xi~ >I xi~ >t xi  hold. Therefore, 

x i ,  xi2 , ' " ,  x i  is a decreasing series, and we 

have the following theorem. 
Theorem 2.  ff k is the marginal subscript of 

�9 * Ai, the series 3fiil , Xi2 , ' ' ' ,  X i , then ~ = { ( , 
q 

k - I  

x i , ) , ( a ~  , x i ~ ) , "  . . . . .  , ( a i ~ x  - ~ x s ) }  is the 

optimal scheme for (8 )  and N (  q~ * ~ ) = k .  
Proof: From the diseussion above we know 

that if q~ is an optimal scheme for ( 8 ) ,  then sub 
(q~) is a combination of { 1 , 2 , " ' ,  q} .  It is easy 
to see that N (q~) < k does not hold, beeause 
the sum of any k- 1 ( or fewer) elements of the 
series x i ,  xi~ , " ' ,  x l  will be no bigger than 
k - I  k - I  

~-] xi  , further, we know j=~0x/j < x (s inee k is 
j=O  Y "= 

the marginal subscript of the decreasing series 
X, ii , X~i2 , ~ 1 7 6  X~iq ) ~  That is to say,  N ( q ~ )  I> k .  

Now N ( q g * * )  = k ,  accordingly, ~ * *  is the 
optimal for ( 8 ) .  

A n  example :  We use the same data in Ta- 
ble 1 to find the optimal solution for ( 8 ) .  

From Table 1, we know that ~ * = { (Ax 5)  

(A2 10) (A3 8) ( a  4 9)  (A 5 7)  (A 6 11) t  is the 

optimal solution for (5 )  or ( 6 ) ,  and T( q~* ) = 

t 6 : 6 ,  N(q~ ~ ) : 6 .  

q = max{ i l t i ~< t 6 = 6,  i = 1 , 2 , ' " , 1 0 t  = 

7 
Rearrange the series A 1 ,  A z ,  A3, A 4 ,  A s ,  

A6, A 7 according to their corresponding quanti- 

ties in decreasing order, we have,  A 7 ,  A 6 ,  A 2 ,  

A4, A3, As,  A1 (because  x7 I> ~76 ~ x2 ~ x4 

x3 i> x5 i> Xa ) �9 

According to Theorem 2, q9 * * = { (A 7 14) 

(A 6 12) (A2 10) (A 4 9)  (A 3 5)  / is the optimal 

solution for ( 8 ) ,  and T(q~** = 6,  N ( ~ * *  ) = 
5.  

PROBLEM WITH THE DURATION BEING AN 

INTERVAL 

We know that tl denotes the duration or time 

needed by retrieval vehicle arriving at A from 
A i ,  and it is regarded as a non-negative real 

number.  In practice, a lot of information is nec- 
essary for estimating t i , much information, how- 

ever,  may be uncertain. By means of interval 
numbers,  unrealistic specifications can be avoid- 
ed,  and less information is needed.  In fact, in 
many cases,  it is very suitable to estimate t i us- 

ing an interval number due to many uncertain 
factors. 

Since ti is an interval number,  we use a new 

symbol t i  a s  the alternative of t i , a n d ,  

ti = [ t ~ , t ~ ] ,  t~ ~< t 2, i = 1 , 2 , ' " , n  (9 )  

It is well known that an interval number ti 

and a real number t may be incomparable in 

many situations ( for  example, when t~ < t < 

t2/). However, we can define the truth value of 

the event ' t i  <. t ' ,  which is denoted as T ( { t i  

~<t})  or F ( t l , t ) .  

Defini t ion 1 . 1 .  ff t~ < t2/, we define, 

F ( t i ,  t )  = 

o t < 

r ( { t i  ~ t } )  = t - -  t~  1 2 t~ t i  ~ t < t i 

1 t ~  t2~ 

Dermit ion 1 . 2 .  ff t~ = t 2 , we define, 

0 t <  t~ = t 2 
F ( t i , t )  : T ( { t [ "  <~ t l )  = 1 t >>. t~ = t 2 

When the deadline is given, we consider the 
problem of finding a scheme,  in which the truth 
value of meeting the deadline t reaches maxi- 
mUlTI. 

Clearly, the truth value of the event,  that 
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the corresponding duration of any depot of ~ is 
not bigger than t ,  can be used to denote S (q~, 
t ) ,  the possibility of meeting the deadline t by 
q~, that is, 

S ( ~ o , t )  = T( A {t~ ~ t} )  (10)  
] =  1 , 2 , " ' ,  m 

o r  

= 7"( < t t )  (11)  

By using fuzzy inference, 

S ( ~ , t )  = T( ~ {ti <~ t } ) =  
j =  1 , 2 , ' " ,  m J 

min  T ( { t  i <~ t})  = min F({t /  ~< t}) (12) 
j = l , 2 , ' " , m  J j = l , 2 , ' " , m  ' 

o r  

S ( q ~ , t )  = m i n F ( t i  <<. t )  (13)  
iEsub(~) 

1. The solution of single-objective problem 

Now, let us come back to our problem of 
finding an optimal scheme meeting the deadline t 
with maximum truth value, that is, 

maxS ( ~ ,  t )  (14)  

We use similar method to solve (14)  

Let i l ,  i z , " ' ,  i~ be a full arrangement of 

1 , 2 , ' " , n  which makes F ( t i l ,  t )  I> F ( t i  , t )  

~ ' " ~ F ( t i  , t )  hold. Let r be the marginal 

subscript of xl, , xi~, " " ,  xi  , and let q)~ { ( Ai , 
r - I  

xi, ) , ( Ai , xi~ ) , "" , ( Ai, , x - ~= xi ) } . 

Clearly, S ( q~t, t ) = min F ( t t ) = F 
j = l , 2 , " ' , r  ~ ' 

( t l  , t ) .  And we have, 

Theorem 3.  ~t is an optimal solution for 

( 1 4 ) ,  and 

m a x S ( ~ , t )  = F ( t i  , t )  
~EX 

Proof: By reduction to absurdity 
If 3 ( p : { ( A / ,  x ' j )  (aj ,  x '  ) ' "  (Aj  

' ' ' J2 ' ' m 9 

x'j~ ) t ,  which makes S ( cp, t ) > S ( q~t, t ) hold, 

since S ( f p t , t )  = F ( t i  , t ) ,  we have S ( q ~ , t )  

> F ( t i  , t ) ,  i . e .  rain F ( t L , t ) >  F ( t  i , t ) .  
r c = 1 ,2 , . .Z ,  m r 

On the other hand,  F ( ti, , t ) >I F ( ti~ , t ) >I"'" 

F (  ti , t ) " "  >I F (  ti , t ) ,  therefore, sub(qg) 
n 

sub ( q~t ) ( sub ( q~ ) # sub ( ~t ) ) .  Further,  we 
r - 1  

know S] < x (since r is the marginal subscript ; =o x~ 
of the series xi , xi~ , " " ,  xi~ ) ,  therefore, the 

available material of all depots of q~ is less than 
x .  Thus, cp should not be a scheme, as it re- 
suits in contradiction. Therefore, q~t is an opti- 
mal solution for ( 1 4 ) .  

2. The solution of two-phase problem 

As we have discussed, there may be many 
optimal schemes for ( 1 4 ) ,  when both cost and 
stability of systems are considered. Finding a 
better scheme among them, in which the number 
of depots is smallest, is very practical. That is, 

m i n N  ( q~ ) 

I S ( ~ ' t )  = F ( t i r ' t )  (15)  
s t ' t q  ~ E  Z 

L e t w  = max{j  I F ( t i  , t )  >I F ( t i  , t ) , j  = 

1 , 2 , " ' , n /  

As we know F( t i ,  , t ) > - F ( t i  2 , t ) > . ' " > . F  

( ti, , t ) " "  >>_ F (  ti , t ) . Clearly, w i> r .  More- 

over, if w <  n ,  then F ( t i  , t )  > F ( t i  , t ) .  

If there is a number v E  sub(cp) such that v 
{ i l , i 2 , " ' , i ~ / ,  clearly, S ( q ~ , t )  = min F 

iE.ab(~) 
( t i , t ) < _  F ( t v , t )  < F ( t i  , t ) .  Therefore, i f ~  

is an optimal scheme for ( 1 5 ) ,  then sub(q~) is 
a combination of i 1 , i 2 , ' " ,  i w . Let J1 ,j2 , " "  ,J'w 
be the full arrangement of i l ,  i 2 ,  " " ,  iw , which 
makes xjl I> x j2 i> x L hold. Therefore, xj, , xj2, 

�9 " ,  x L is a decreasing series, we have the fol- 

lowing theorem. 
Theorem 4. If e is the marginal subscript of 

x j , , x j 2 , ' " , x  L ,  then q~ = { ( A / x , X j , ) ,  ( A / ,  

x j ~ ) , ' " , ( A  L , x -  ~ x  L ) t  is an optimal solu- 
k = l  

tion for ( 1 5 ) ,  and N ( ~ )  = e .  
Proof: From the discussion above we know 

that if q~ is an optimal scheme for ( 1 5 ) ,  then 
sub(q~) is a combination of { j l , j z , " ' , j w  } �9 It 
is easy to see that N(q~) < e does not hold, be- 
cause the sum of any e-1 (or  fewer) elements of 
the series x/, , x/~ , ' " ,  x L will be no bigger than 
e - 1  e - 1  

~] x~ , further, we know ~] xj < x ( because e 
k = 0  k k = 0  k 

is the marginal subscript of the decreasing series 
x j , , x j ~ , ' " , x  L ) .  That is to say, N ( q ~ ) > l e .  

Now N (  ~ ) = e ,  accordingly, ~b is the optimal 
scheme for ( 1 5 ) .  

3. Illustrative examples and applications 

In this section, we will give an example to 
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illustrate the process to find an optimal solution for (15)  by using the data in Table 2. 

Table 2 Dan-aflon ~ i n t e r v a l n t m a b e r  x = lO0,t = 9 

Ai A1 A2 A3 A4 As A6 A7 As A9 
t? [2 ,4 ]  [3 ,3 ]  [4 ,11]  [5 ,10]  [5 ,11]  [6 ,10]  [6 ,12]  [7 ,10]  [8 ,9 ]  

xi 25 21 7 10 18 14 23 25 20 

Step 1 .  Calculate F(ti, t),  i = 1 , 2 , ' - ' , 9 ;  
the results are shown in Table 3 

Table 3 Calculation o f  F (  t i ,  t ) 

Ai AI A2 A3 A4 As A6 A7 As A9 

F(t~,t) 1 1 5/7 4/5 2/3 3/4 1/2 2/3 1 

Step 2.  Place the series F ( t i ,  t ) ,  i = 1 ,2 ,  
�9 " ,  9 in decreasing order, the corresponding 
depots are A1 ,A2 ,A9 ,A4 ,A6 ,A3 ,As ,As ,AT 

Clearly, ~t = { ( A 1 , 2 5 ) , ( A 2 , 2 1 ) , ( A 9 , 2 0 ) ,  

( A  4 , 1 0 ) ,  ( A 6 , 1 4 ) ,  ( A  3 , 7 ) ,  ( A s  , 3 )  t ,  

and maxS(q~,  t )  = F ( t 5 ,  t )  = 2/3 
~E Z 

Step 3.  Clearly, {Ai I F ( t i ,  t ) 2 / 3 ,  i = 1, 

2 , " ' , 9 }  = { A 1 , A 2 , A 9 , A a , A 6 , A 3 , A s , A 8 t  

A r r a n g e  x 1 , x 2 , x 9 , ~;4, •6, ~3 , x5 , xsin de- 
creasing order, the corresponding depots ate A1, 

As, A2, A 9 ,  A5, A 6 ,  A 4 ,  A 3 .  

Therefore, ~ = { ( A 1 , 2 5 ) ,  ( A 8 , 2 5 ) ,  (A2,  
21 ) ,  (A 9 , 2 0 ) ,  (As , 9 ) t  is an optimal solution 
for ( 1 5 ) .  

The truth value may be different as t chang- 
es. Especially, when deadline t less then 6, S 
( 4 , t ) = 0 ,  w h e n t > 1 0 ,  S ( c p , t ) = l .  The re- 
lation between truth value and deadline can be 
easily found from Fig. 1. 

The presented algorithm is applied in the de- 
cision support systems (DSS) of fire protection to 
solve the problem of the selection of multiple fire 
departments which are located in different areas 
in Nanjing City of China when a disaster is too 
large to be dealt with by a single department. If 
each path between two near intersections is de- 
noted by an interval number,  then the length of 
the path of two discretional intersections is also 
an interval, because the sum of intervals is an 
interval too. Accordingly, in practice, when di- 
saster occurs somewhere, the computers, 
through calculation, can decide all the optimal 
routings from each depot to the emergency site. 

Under this circumstance, t i can be easily and 
rapidly derived. Thus, by using the proposed al- 
gorithm, the optimal scheme can be easily de- 
rived. Satisfactory results had been obtained 
through nearly one year ' s  running since the pre- 
sented algorithm was embedded in the decision 
support systems (DSS) of fire protection in the 
city. 1[ 

0.9 

0.8 

0.7 

0.6 

~" 0.5 

0.4 

03 

o,2: 
o.ll 

6 7 8 9 10 
Deadline t 

Fig. 1 The relalion between truth value and deadline 

fi 

CONCLUSIONS 

This paper presents some algorithms for solv- 
ing single-objective combination problems and 
two-phase problems under condition of certainty 
or uncertainty. The available algorithms are so 
simple that the optimal scheme can be obtained 
rapidly by computer. In this paper, t i denotes 
the duration or time needed by retrieval vehicle 
arriving at A from Ai ,  which should be deter- 
mined by the selected path. However, since the 
number of paths grows exponentially with the size 
of a network, the estimation of t i becomes more 
difficult, especially when the uncertain factor is 
concerned. Therefore, In an uncertain network, 
some heuristic methods may be developed to es- 
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timate t i ,  and the classical shortest path algo- 
rithms such as Dijkstra algorithm and Floyd algo- 
rithm cannot be used directly as interval numbers 
are generally incomparable. In this paper,  how- 
ever, we deal with the uncertain by the interval 
number regarded as a special fuzzy number,  so 
more general work should focus on the ordinary 
fuzzy number, and the corresponding fuzzy rout- 
ing problem will be the future work in this field. 
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