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Abstract: We studied the feedback maximization of reliability of multi-degree-of-freedom (MDOF) quasi integrable-
Hamiltonian systems under combined harmonic and white noise excitations. First, the partially averaged It6 equations are derived
by using the stochastic averaging method for quasi integrable-Hamiltonian systems under combined harmonic and white noise
excitations. Then, the dynamical programming equation and its boundary and final time conditions for the control problems of
maximizing the reliability is established from the partially averaged equations by using the dynamical programming principle. The
nonlinear stochastic optimal control for maximizing the reliability is determined from the dynamical programming equation and
control constrains. The reliability function of optimally controlled systems is obtained by solving the final dynamical program-
ming equation. Finally, the application of the proposed procedure and effectiveness of the control strategy are illustrated by using
an example.
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INTRODUCTION

The mathematical theory of stochastic optimal
control has been quite well developed in the past dec-
ades. Bellman’s dynamic programming and Pon-
tryagin’s maximum principle are the two principal
approaches to stochastic optimal control problems. So
far, the major application field of stochastic optimal
control theory is economics and finance. In engi-
neering field, however, only the linear quadratic
Gaussian (LQG) control strategy has been widely
applied so far. In the last few years, a set of nonlinear
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stochastic optimal control strategies for quasi-
Hamiltonian systems have been proposed by Zhu and
his coworkers (Zhu and Ying, 1999; Zhu et al., 2001),
based on the stochastic averaging method for
quasi-Hamiltonian systems and dynamical program-
ming principle. At present, the strategies have been
extended to the stochastic optimal control of partially
observable systems (Zhu and Ying, 2004), the sto-
chastic optimal semi-active control (Ying et al., 2007),
feedback stabilization (Zhu, 2004), maximizing the
reliability (e.g., Zhu and Deng, 2007) of
multi-degree-of-freedom (MDOF) quasi-Hamiltonian
systems. In addition, the proposed control strategy has
been applied to civil engineering (e.g., Luo and Zhu,
2006) and proved to be more effective and efficient
than LQG control strategy.

Although significant progress has been made in
this area, to the present authors’ knowledge, the work
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on the control problem of MDOF systems subject to
combined harmonic and white noise excitations is
very limited. In the present paper, the feedback
maximization of reliability of MDOF quasi
integrable-Hamiltonian systems under combined
harmonic and white noise excitations is studied. The
stochastic averaging method for such systems is
adopted to derive a set of partially averaged 1t6 equa-
tions, from which the dynamical programming equa-
tion and its associated boundary and final time con-
ditions for maximizing the reliability is formulated via
dynamical programming principle. The nonlinear
stochastic control strategy is derived from the dy-

namical programming equation and control constrains.

The reliability function of optimally controlled sys-
tems is obtained by solving the final dynamical pro-
gramming equation. As an example, a controlled two
coupled Duffing oscillators under combined harmonic
and white noise excitations is worked out in detail.

STOCHASTIC AVERAGING

Consider a controlled quasi integrable-
Hamiltonian system of n-degree-of-freedom governed
by the following motion equations:

. OH'
=
P= —ﬂ— ed! (Q, P) +ef (Q,P)cos g, (t)
i BQ ij ik k
+eu; (Q,P)+8”2hie(Q,P)§e(t),
i,j=12,..,n k=12 ..,me=12 .,1I, (1

where Q=[Q1, Qs ..., Qu]" and P=[Py, P, ..., P.]"; Qi
and P; are generalized displacements and moments,
respectively; f= (t+gx; H' is a twice differentiable
Hamiltonian; ¢ is a positive small parameter;
£d;(Q,P) denote the coefficients of quasi-linear

damping; &fii(Q,P) denote the amplitudes of har-
monic excitations; &u;j(Q,P) denotes the weak feed-
back control; &"*hie(Q,P) denote the amplitudes of
random excitations; &(t) are Gaussian white noises
with correlation functions E[&(t) &(t+7)]=2DeX 7) (e,
f=1,2, ..., 1).

Using the stochastic averaging method (Huang
and Zhu, 2004) in the external resonant case, one can
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derive the following partially averaged 1t6 stochastic
differential equations (Chen and Zhu, 2009):

dA = {rﬁ(“’(A )+(F(A0%, ,B,u)>t}dt
+&"2G0 (A ¥)dB, (1),
d¥ =g{m<33>(A,srf)+ L(R™ (A,@’,Y’,,B,u)>t}dt )

l/2—<3>(A ¥)dB, (t),
i,r= 1 2,..,N;8=12 .., 1<n<m; e=12,...1,
where A; is the amplitude of the ith degree-of-freedom
of the system, ¥ is the combination of angle variables
and phase angles of harmonic excitations, i.e.,
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1 21 27
nO _ —(1) 50 = O -0 @
b; Ole _(2 T Io Io O 01 dOUB,
63 =B ~e25)

le I_Sz 2n 21
i (2) (2)d@'d ,
~ sl w48
b = b(o)—a(1)0(3)

e se

=Gl 1) et aeus,
T

1
(), =tim=— (ot
Ljrnn=12.,n;
5,5, S, =1, 2,..,m,e=L12,..,1, ()

Where n7 is the number of resonance relations,
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Q)

Note that the terms containing control forces will be
averaged later.

Since Hi=U;(Ai+B;), the equations for A; in Eq.(2)
can be replaced by those for H; by using It6 differen-
tial rule. The results are

dH, =[ ™ (H,¥)+m (H,%,u) |dt
+5) (H,¥)dB, (1),

d ¥, =[ M (H,2)+ @ (H,%,u) |dt
+52 (H,¥)dB, (1),

s_1,2,...,77, i,r=.2,..,n1<np<m;e=12,..1, (6)
where
H :[Hl’ Hzl"'l Hn]Tl
m =& {m?g, (A)(L+h)
L1 d[g: (A)@+h)] 50 (1)}
2 dA AU (Hi)-8
=(12) _ (B _
Y =s|(F9) oM@, =s{uR),
M) = em|
A=U(H;)-B; |
~=(31) _ s (21)
m, —8{<|—rFr >‘}AAJ{1(H.)—B. ,
5_(1) =505
[0, (A)0,(A)E+h)a+h ) ] T
RO _p® _ .= =0 =(3) =(3)
by =b ) =&0,. 0, —g[asle O-SzeiIA‘:Ui’l(Hi)—Bi ,
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i,j=12,..,n;s,s,s, —1,2,...,77, e=12,..,1

NONLINEAR STOCHASTIC OPTIMAL
CONTROL

For most mechanical and structural dynamical
systems, Hamiltonian H represents the total energy of
the system while H; represents the energy of the ith
degree-of-freedom of the system. Each H; may vary in
some sub-interval of [0,c). For the partially averaged
System Eq.(5), the safety domain (2 is bounded with
boundaries 7 (at least one of H; vanishes) and critical
boundary 7. It is reasonable to assume that the first
passage failure occurs when H(t) exceeds certain
critical boundary 7 for the first time. Let J(u) denotes
the reliability function of System Eq.(5), which is
defined as the probability of process [H'(t), ¥ (t)]"
being in the safety domain (2 within the time interval
[0tp), i.e.,

J(u)=Prob{(H(z,u),¥(z,u))e 2, reltt]}. (8)

For the control problem of reliability maximiza-
tion of System Eq.(5), introduce the value function

V(t,H,¥)=supJ(u). 9)

ueU
Based on the stochastic dynamical programming

principle, one can derive the following dynamical
programming equation:

%Zi[ﬁm)‘*ﬁ(w] oV '+Z[m(33)+m(31)15;/’

+ 1iib(1) Z l(o) 62V
2 i=1 j=1 aH aH i=l s=1 * 6H|85US
b "~ 10
2 ;Z s aav v, (10)

The boundary conditions associated with Eq.(10) are

V(t,H,¥)=0 at 73, (11)
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V(t,H,¥?)=finite at 7. (12)
Since V(t,H,¥) is a periodic function with respect
to ¥, the boundary condition of Eq.(9) with respect to
¥is

V(t,H,2n+‘Pl,2n+'[’2,...,2n+'z”77)=V(t,H,Y’),
H<H.. (13)

The final time condition is

Vi, H,¥)=1 H<H,. (14)

Egs.(10)~(14) are the mathematical formulations
for the problem of feedback maximization of reli-
ability of System Eq.(5).

The optimal control law can be determined from
maximizing the right-hand of Eq.(10) with respect to
ueU. Since the V(H, ) is the periodic functions of ¥,
the right-hand of Eq.(10) will be maximized when the

— 2 OV . . .

term mi(lz)m (no summation with respect to i)
i

reaches maximum. Suppose that control constraints
are of the form

U, <u, <u,, 1=12,..,n,

(15)

where ujg are position constants. The optimal control

forces can be determined when |u |=u, and
uiPi@—V is positive, i.e.,
OH,;
oV
u™ =u,sgn| P—|. 16
i i0 g |: IaHi:| ( )

Since the reliability function is the monotonously

decreasing functions of H;, i.e., STV<O, Eq.(16) is
reduced as

U™ =—U;o sgn(R). 17)

Inserting u™ into Eq.(10) to replace u; and
complete averaging, one can obtain the final dy-
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namical programming equation for the control prob-
lem of reliability maximization as follows:

ﬂ=in=qmﬂ+i,ﬁw>ﬂ

o H N H, & o
n n — n — 2
U S L oy 9
where

=) _ =11 T (12) opt
rEi(a)_nz]i(s?,)(H’y,)Jrnl 31(H,¥’,ui 1), (19)
M =M (H, %)+ M (H,%,u™).

The boundary and final time conditions are still those
in Eqgs.(11)~(14). The reliability function of optimally
controlled system can be obtained by solving the final
dynamical programming Eq.(18) with boundary con-
ditions Eqgs.(11)~(13) and final time condition Eq.(14).

EXAMPLE

Consider the feedback maximization of reliabil-
ity of two nonlinearly coupled Duffing oscillators
subjected to external harmonic excitations and both
external and parametric excitations of Gaussian white
noises. The equations of motion are of the form

X, +(d,, +d, X2 +d X2 X, + @ X, +a, X
=E, cos(@t)+u, + & (t)+ X,&, (1),

Xz +(d21+d22X12 +d23X22)X2 +a’220X2 +a2X23
=E, cos(Qt)+u, + & (1) + X, &, (1),

(20)

where dj (i=1, 2; j=1, 2, 3) are coefficients of linear
and nonlinear dampings; i, i, Ei, 2and u; (i=1, 2)
are positive constants denoting the natural frequency
of associated degenerate linear oscillator, intensity of
nonlinearity, small damping coefficient, amplitude,
frequency of harmonic excitation of oscillators and
bounded control, respectively; &(t) (k=1, 2, 3, 4) are
independent Gaussian white noises with intensities
2Dy; @i, o, Ei, Dy and u; are assumed to be of the
same order of &

Let X;=Q1, X, =P, X=Q, X,=P,,Eq.(20) can
be rewritten as equations in the form of Eq.(1). The
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Hamiltonian associated with Eq.(20) is

H=H,+H,,

1 (21)
H, = — ,2
=5 P

+%a)i20qi2 +%aiqi4:%pi2+ui(qi)'

In this example, the case of primary external
resonance between the harmonic excitation and the
first oscillator of System EQ.(20) and no internal
resonance between the two oscillators is considered.

The partial averaged 1t6 equations for H;, H, and ¥
are of the following forms:

dH, =[ A + M Jdt+5 dB, (1),
dH, =[ A + 02 Jdt+ 52,08, , 1),
d =M +m® Jdt+5PdB, (1), i=12,

(22)

where

_(l)+1dg(A) n }
2 dA A= (m, o)l
(12) =
[g(A) ] (m_w&’)/al _<uiPi>K1

me :[ (3)]
411H+f0|o |o)/“|

m
m1(31) [ F (21) }

b =[ " (A" ],

m {Q(A)

4aiH +a),0— ,O)Ia,

e Hi+aly-of)le; |

NOMINC)
bl [bl ] (4o H; +w,0—a),0)/a,
Eli(O) :biio = z :bz(ll): ) (23)
where m® , m® b are given in Eq.(Al) of Ap-
pendix.

As shown in Eq.(21), the energies of two
sub-systems vary from 0 to oo. Suppose that the limit
state of the system is H=H;+H,=H,, i.e.,

IoH+H,=H_, H,H,>0. (24)

In the space of (Hy, H,, ¥), the safety domain of
System Eq.(22) is inside of a region with boundaries
consisting of absorbing boundary 77 and reflecting
boundary 7y, where I consists of 739 and 13 (Fig.1),
ie.,

1249
=0, 0<H,<H
10 1 2 (25)
»-H,=0, O<H, <H
F 3 W|
271
|
4—"’-"_/#
FIU qu
0 Hy

Fig.1 Safety domain of System Eq.(22). 7o and I3, are
the reflecting boundaries while I7 is the absorbing
boundary

The dynamical programming equation for con-
trol problem of reliability maximization is of the same
as Eq.(10) with drift and diffusion coefficients defined
by Eq.(23). Suppose that control constrains are of the
same form as those in Eq.(15). The optimal control
strategy is of the same form as Eq.(17) and the final
dynamical programming equation is of the form of
Eq.(18) with m®=m™ 17 and MmO =M

+m®, where

rﬁi(lz) :|:2ui0 [_Cfi) +%C; +%Cl
)

35 A= (m—wﬁ))/a,

_fl) :0l i :1’ 2’

: (26)

where C), Cj, C; and C; are given in Eq.(A2) of
Appendix. The associated boundary condition on 7,
periodic boundary condition with respect to ¥ and
final condition are defined by Egs.(11), (13) and (14),
respectively. Note that the boundary conditions on 7
defined by Eq.(12) are qualitative and should be re-
placed by quantitative ones for solving Eq.(18) nu-
merically. Since

at /1,
m® —D,, M —finite, M — oo,

b® 0, b - finite and b — ; @7)
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at /5o,

m® — finite, M’ —D,, M — finite,

b® —finite, b —0 and b® —finite,  (28)
the quantitative boundary conditions at 75 can be
derived from Eq.(18) as follows:

at /1o,
N
o¥ 0w (29)
N N gy N 1=y V.
—=D, +m, +=b,, =
ot ‘oH,  oH, 2 % oH?
at /o,
at oH, oM, O 3
+1§1(1) oV NG oV
27 oH? 27 oy

The numerical result for the reliability function
of uncontrolled and optimally controlled system is
shown in Fig.2. It denotes that the theoretical results
and those from simulation are in good agreement, the
optimal control indeed improves the reliability of
system and larger control forces lead to more reliable
system.

1.0 =%
08F
0.6

S
0.4 F

0.2
A

0

0 0.2 0.4 0.6 0.8 1.0
!

Fig.2 Reliability function of uncontrolled and optimally
controlled system EQ.(20). ujg=ux=0 for A; u3,=0.15,
Uno=0 for B; U10=0.3, uy,;=0 for C. d11=d21=—0.01, d12=d13=
05=03=0.01, a1=%;=—0.01, @no=1.0, @1=(2.0)*?, 2=1.2,
E;=E,=0.2, H,=0.01, D;=D,=0.01. Solid lines denote the
analytical results; e, A, m denote the results from Monte
Carlo simulation of original system

CONCLUSION

In this paper a procedure for designing the

Chen et al. / J Zhejiang Univ Sci A 2009 10(9):1245-1251

optimally bounded control of quasi integrable-
Hamiltonian systems under combined harmonic and
white noise excitations for maximizing the reliability
has been proposed. The procedure consists of apply-
ing the stochastic averaging method for such systems,
establishing the dynamical programming equation
from the partially averaged equations using dynami-
cal programming principle, determining the optimal
control from the dynamical programming equation
and control constraints, and obtaining the reliability
function of the optimally controlled system by solving
the final dynamical programming equation. The nu-
merical result obtained for the controlled two coupled
Duffing oscillators has shown that the optimal control
really improves the reliability of original system.

References

Chen, L.C., Zhu, W.Q., 2008. First passage failure of quasi
integrable-Hamiltonian systems under combined har-
monic and white noise excitations. Acta Mechanica,
206(3-4):133-148. [doi:10.1007/s00707-008-0091-X]

Huang, Z.L., Zhu, W.Q., 2004. Stochastic averaging of quasi
integrable Hamiltonian systems under combined har-
monic and white noise excitations. International Journal
of Non-Linear Mechanics, 39:1413-1421.

Luo, M., Zhu, W.Q., 2006. Nonlinear stochastic optimal con-
trol of offshore platforms under wave loading. Journal of
Sound and Vibration, 296(4-5):734-745. [doi:10.1016/j.
jsv.2006.01.071]

Ying, Z.G., Ni, Y.Q., Ko, J.M., 2007. A bounded stochastic
optimal semi-active control. Journal of Sound and Vi-
bration, 304(3-5):948-956.  [d0i:10.1016/j.jsv.2007.03.
003]

Zhu, W.Q., 2004. Feedback stabilization of quasi noninte-
grable Hamiltonian systems by using Lyapunov exponent.
Nonlinear Dynamics, 36(2-4):455-470. [doi:10.1023/B:
NODY.0000045517.37421.c9]

Zhu, W.Q., Ying, Z.G, 1999. A nonlinear feedback control of
quasi Hamiltonian systems. Science in China Series A:
Mathematics, 42(11):1213-1219. [doi:10.1007/BF0287
5989]

Zhu, W.Q., Deng, M.L., 2007. Feedback minimization of
first-passage failure of quasi integrable-Hamiltonian
systems. Acta Mechanica Sinica, 23(4):437-444.

Zhu, W.Q., Ying, Z.G, 2004. On stochastic optimal control of
partially observable nonlinear quasi-Hamiltonian systems.
Zhejiang University SCIENCE, 5(11):1313-1317.

Zhu, W.Q., Ying, Z.G, Soong, T.T., 2001. An nonlinear
feedback control strategy for randomly excited structural
systems. Nonlinear Dynamics, 24(1):31-51. [doi:10.1023/
A:1026527404183]



Chen et al. / J Zhejiang Univ Sci A 2009 10(9):1245-1251 1251

APPENDIX
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