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Abstract:    A generalized controller based on stability theory of singularly perturbed systems is proposed, to deal with the 
problem of bounded actuator inputs in robot trajectory tracking control. The saturation function with error-gain matrix is applied in 
the torque control law, which ensures the upper bound of torque inputs in any given limited range. Through appropriately setting 
the entries of the error-gain matrix, the tracking performance can be improved. Moreover, a pseudo signal is generated from a 
linear filter to substitute for the actual velocity error, eliminating the need for velocity measurements. Finally, to verify the ef-
fectiveness of the generalized controller, a new saturated controller with error-gain-contained arc tangent function is designed. 
Comparison experiments show that the proposed controller can strictly guarantee the bound of the torque inputs in situations with 
non-zero initial tracking errors, and gives a better tracking result than other controllers. 
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INTRODUCTION 

 
The limited power of actuators has been ignored 

in previous designs of robot controllers. The majority 
of control strategies were designed on the basis of 
actuators offering the arbitrarily large torque required 
(Paden and Panja, 1988; Loria and Ortega, 1995; de 
Queiroz et al., 1997; Reyes and Kelly, 2001). Re-
cently, researchers have begun to take into account 
the problem of bounded torque inputs. Solutions have 
been created mostly by using hyperbolic tangent 
functions to ensure the upper bound, but most of them 
are targeted at the set-point control (Kelly et al., 1997; 
Santibanez et al., 1998; Laib, 2000; Zavala-Rio and 
Santibanez, 2006).  

Velocity and acceleration measurements can 
easily be disturbed by noise signals, and in some 
situations where the measurements are not available 
to deal with these problems, tracking controllers with 

only position measurements and bounded torque in-
puts have been proposed. The first tracking controller 
with bounded torque inputs was designed by Loria 
and Nijmeijer (1998). The hyperbolic tangent func-
tion was applied in the tracking control law to guar-
antee the upper bound of torque input in the permitted 
range. A pseudo velocity error signal was obtained 
through a nonlinear filter that contained only the in-
formation of the actual position tracking error, en-
suring control of the whole closed-loop without ve-
locity and acceleration measurements. Dixon et al. 
(1999) proposed a new output feedback tracking 
controller with bounded torque inputs, similar to that 
described by Loria and Nijmeijer (1998), which 
yielded semi-global stability in closed loop. Santi-
banez and Kelly (2001) designed a torque-bounded 
controller that considered the viscous friction at the 
robot joint, and proposed that if the viscous friction 
damping is large enough, the global asymptotic sta-
bility of the system is guaranteed. Along with Mo-
reno-Valenzuela et al.(2008b), they showed that ap-
plying appropriate extra gains in the hyperbolic  
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tangent saturation functions can improve tracking 
performance. The stability theory of singularly per-
turbed systems was used to give an explicit proof of 
the system stability. Moreno-Valenzuela et al.(2008a) 
presented a class of output feedback controllers in an 
attempt to generalize the results of Loria and Ni-
jmeijer (1998), but it added a restriction on velocity 
error while using the singular perturbation theory.   

In this paper, a new generalized controller with 
an error-gain matrix in the saturation function of the 
control law and only joint position measurements in 
the whole closed-loop control is proposed, based on 
stability theory of singularly perturbed systems. 
Taking it as a template, a new sample controller with 
modified arc tangent saturation function is designed 
to make comparisons with two other controllers, to 
verify the effectiveness of the proposed generalized 
controller. 

Notations: In this paper, we use ||·|| for either 
Euclidean norm of vectors or induced L2 norm of 
matrices. |·|m and ||·||m denote the minimum and |·|M 
and ||·||M the maximum values of |·| and ||·||, respec-
tively. λm{} stands for the smallest and λM{} for the 
largest eigenvalues of matrices. 

 
 

DYNAMIC MODEL AND PROPERTIES 
 
The dynamics of a rigid serial n-link robot ma-

nipulator with revolute joints can be written as  
  

v( ) ( , ) ( ) ,+ + + =M q q C q q q G q F q τ�� � � �           (1) 
 

where q∈ún denotes the joint angle vector, M(q)∈ 
ún×n the inertia matrix, C(q, q� )∈ún×n the centripetal- 
Coriolis matrix, G(q)∈ún the gravity effect, 
Fv=diag{fv1, fv2, …, fvn}∈ún×n (fvi>0, i=1, 2, …, n) the 
viscous friction coefficient matrix, and τ∈ún the input 
torque vector. 

Some useful properties are listed as follows 
(Loria and Nijmeijer, 1998; Kelly et al., 2005; Mo-
reno-Valenzuela et al., 2008b): 
Property 1    The inertia and centripetal-Coriolis 
matrices satisfy the following skew symmetric rela-
tionship: 
 

T[ ( ) 2 ( , )] 0,− =x M q C q q x� �                  (2) 
T( ) ( , ) ( , ) .= +M q C q q C q q� � �                  (3) 

Property 2    The inertia matrix M(q) is symmetric, 
positive definite, and satisfies the following  
inequalities: 

 
2 2T

m M{ ( )} ( ) { ( )} .λ λ≤ ≤M q x x M q x M q x   (4) 
 
Property 3    ∀x, y, z∈ún, the centripetal-Coriolis 
matrix satisfies the following transformations: 

 
( , ) ( , ) ,=C x y z C x z y                        (5) 

( , ) ( , ) ( , ).+ = +C x y z C x y C x z               (6) 
 
Property 4    The centripetal-Coriolis, gravity terms 
can be bounded in the following manner: 

 

C GM
( , ) , ( ) .k   k≤ ≤C q q q G q� �            (7) 

 
 
GENERALIZED CONTROLLER 
 

In this section, we will first give the control goal, 
then introduce a class of saturation functions, and 
finally, develop a generalized position output feed-
back tracking controller with bounded inputs. 
 
Control goal 

The control objective was to design a controller 
with bounded inputs |τi|<τiM, i=1, 2, …, n, which 
guarantees the joint displacements q(t)∈ún converge 
asymptotically to the desired joint displacements 
qd(t)∈ún, where τi denotes the control torque input of 
the ith joint, and correspondingly, τiM denotes the 
permitted maximum torque input of the ith joint. 

We define the position tracking error e(t)∈ún as 
 

d( ) ( ) ( ).t t t= −e q q                          (8) 
 

Assume qd(t) and its first two time derivatives 
are bounded: 
 

d d d d d dM M M
( ) ( ) , ( ) ( ) , ( ) ( ) .t t t t t t≤ ≤ ≤q q q q q q� � �� ��

                        (9) 
 

Then, the control goal can be expressed as 
 

∀e(0)∈ún, lim ( ) .
t

t
→∞

=e 0                  (10) 
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A class of saturation functions 
To ensure the upper bound of absolute value of 

torque input, an appropriate saturation function 
should be applied in the control law. Following  
Moreno-Valenzuela et al.(2008a), we have found a 
class of more generalized saturation functions with 
the following properties: 

We define Sat(x, Δ)=[sat(x1, σ1), sat(x2, σ2), …, 
sat(xn, σn)]T, where x=[x1, x2, …, xn]T∈ún, Δ=diag{σ1, 
σ2, …, σn}∈ún×n, σi≥1, i=1, 2, …, n. Here, we use σm 
and σM to represent the minimum and the maximum 
values of σi, respectively. 

i) sat(xi, σi) is a monotone increasing function, 

i.e., 
sat( , )

0i i

i

x
x
σ∂

>
∂

, ∀xi∈ú. 

ii) sat(xi, σi)xi≥0; if and only if xi=0 and sat(xi, σi) 
=0, sat(xi, σi)xi=0, ∀xi∈ú. 

iii) |sat(xi, σi)|≤p, || Sat( , ) || ,n p≤x Δ  ∀xi∈ú, 
x∈ún. 

iv) σM||x||≥α1||Sat(x, Δ)||, ∀x∈ún, where α1>0 is 
small enough. 

v) Sat(x, Δ) is continuously differentiable and 

satisfies M
Sat( , )λ β∂⎧ ⎫ ≤⎨ ⎬

∂⎩ ⎭

x Δ
Δ x

, β>0 for all x∈ún. 

vi) α2>0 is always large enough such that for all 
x∈Ωη, Ωη={x∈ún: ||x||≤η}, where η>0 is arbitrarily 
large, σm||x||≤α2||Sat(x, Δ)|| is satisfied. 

vii) For all x∈Ωη, there exists small enough γ1>0 
and large enough γ2>0 to satisfy 2

1 Sat( , )γ ≤x Δ  

2
20

1

sat( , )d Sat( , ) .i
n x

i i i i
i

x xσ σ γ
=

≤∑ ∫ x Δ  

With the properties described above, the im-
provements compared with Moreno-Valenzuela et al. 
(2008a) can be summarized: we apply an extra posi-
tive gain σi that can change the approaching behavior 
to saturation of the function sat(xi, σi), and we define a 
generalized relationship more than multiplication and 
division between xi and σi.  
 
Implementation of generalized controller 

When tracking control without velocity meas-
urements, we use a linear filter which can generate a 
pseudo signal ξ from only the position tracking error e, 
to surrogate the actual velocity tracking error .e�  The 
filter is given as 

,=r Uξ�                                 (11) 
,= −ξ Ue r                            (12) 

 
where r∈ún is an auxiliary variable introduced to 
divide the overall filter into two implementable parts, 
and ξ is the output of the filter, U=diag{μ1, μ2, …, 
μn}∈ún×n, μi>0, i=1, 2, …, n. 

From Eqs.(11) and (12), we obtain 
 

( ).= −ξ U e ξ� �                         (13) 
 

To facilitate the expressions, we use M, C, Cd 
and G to represent M(q), C(q, q� ), C(q, dq� ) and G(q), 
respectively. Then, we propose the generalized con-
troller as 

 

d d d v d p

d

Sat( , )

Sat( , ),

= + + + +

+
e

ξ

τ Mq C q G F q K e K

K ξ K

�� � �
  (14) 

 
where Kp=diag{kp1, kp2, …, kpn}, Kd=diag{kd1, kd2, …, 
kdn}∈ún×n; Ke=diag{ke1, ke2, …, ken}, Kξ=diag{kξ1, 
kξ2, …, kξn}∈ún×n, and kpi, kdi>0, kei, kξi≥1, for i=1, 
2, …, n. 

Moreover, from Eq.(14), Properties 2, 4, iii), and 
Eq.(9), we can obtain 
 

d d dM M M M M

v d p dM M
( ) ,

i i i

i i i i iG f q k k p

τ ≤ +

+ + + +

M q C q�� �

�
       (15) 

 
where Mi, Cdi and Gi denote the ith row of M, Cd and 
G, respectively. To follow the input constraints |τi|<τiM, 
the following inequality should be satisfied: 
 

M d d dM M M M

v d p dM M
( ) .

i i i

i i i i iG f q k k p

τ > +

+ + + +

M q C q�� �

�
      (16) 

 
 
SYSTEM STABILITY 
 

In this section, a new method for analyzing the 
stability of the tracking control system is introduced. 
Based on the new method, we give the strict but brief 
stability proof of the generalized controller. 
Theorem 1    Consider the nonlinear singularly per 
turbed system: 
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( , , , ),f t ε=x x z�                      (17) 
( , , , ),g tε ε=z x z�                      (18) 

 

where x∈ún1, z∈ún2, ε>0. Assume that the assump-
tions below are satisfied ∀(t, x, ε)∈[0, +∞)×Bη×[0, ε0], 
Bη={x∈ún1: ||x||≤η}: 

1. f(t, 0, 0, ε)=0 and g(t, 0, 0, ε)=0. 
2. The equation g(t, x, z, ε)=0 has an isolated root 

z=h(t, x) such that h(t, 0)=0. 
3. The functions f, g, h and their partial deriva-

tives up to the second order are bounded for z−h(t, x) 
∈Bρ, where Bρ={x∈ún2: ||x||≤ρ}. 

4. The origin of the reduced system  
 

( , , ( , ),0)f t h t=x x x�                    (19) 
 
is exponentially stable. 

5. The origin of the boundary-layer system 
 

d ( , , ( , ),0)
d

g t h t
δ
= +

y x y x               (20) 

 
is exponentially stable, uniformly in (t, x), where 
δ=t/ε, and y=z−h(t, x). 

Then, there exists ε*>0 such that for all ε*>ε, the 
origin of Eqs.(18) and (19) is exponentially stable 
(Khalil, 2007). 

Define T T T[ ]=x e e� , z=ξ and ε=1/μ (for con-
venience, we select μi=μ in U, i=1, 2, …, n), and sub-
stitute Eqs.(8) and (14) into Eq.(1), to obtain forms 
similar to Eqs.(17) and (18) by invoking Property 3: 

 

1 ,=x e� �                                                              (21) 
1

v2 d

p d

[( )
 Sat( , ) Sat( , )],

−= = − + +
+ +e ξ

x e M C C F e
K e K K ξ K

� �� �
  (22) 

d .
dt

ε ε= = −ξz e ξ��                                            (23) 

 

Substituting =ξ e�  into Eq.(22), we can obtain 
 

1
v2 d

p d

[( )
Sat( , ) Sat( , )].

−= = − + +
+ +e ξ

x e M C C F e
K e K K e K

� �� �
�    (24) 

 
Then, Eqs.(21) and (24) build up the reduced 

system (slow model). Let t/ε=δ. We can obtain the 
boundary-layer system (fast model) as follows: 

d d( ) d ,
d d dδ δ δ

−
= = = −

y ξ e ξ e ξ
� �             (25) 

 
where e�  is recognized as a constant for the scaled 
time variable δ. 

Proposition 1    For any 
TT T T(0) (0) (0) ,Φη⎡ ⎤ ∈⎣ ⎦e e ξ�  

where Φη={x∈ú3n: ||x||≤η}, η>0 is arbitrarily large, if 
 

2 2

1 1 2
dm v m C d M

M M m

0k f k
k k kξ ξ ξ

α α α⎛ ⎞ ⎛ ⎞ ⎛ ⎞
+ − >⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠
q�  (26) 

 
is satisfied, there always exists ε*>0, and for all ε*>ε, 
the state space origin of the system Eqs.(21)~(23) is 
exponentially stable. 
Proof    According to Theorem 1, if the singularly 
perturbed system Eqs.(21)~(23) satisfies all the as-
sumptions 1~5, then the exponential stability can be 
achieved. Five steps are presented in sequence, as 
follows: 

Step 1: From Eqs.(21)~(23), we can obtain 
T T T T T[ ] [ ] ,=e e ξ�� �� 0 0 0 when T T T T T[ ] [ ] .=e e ξ� 0 0 0  

So Assumption 1 is satisfied. 
Step 2: Note that, when ε=0, we can obtain the 

unique isolated root of Eq.(23): .=ξ e�  
In contrast to the generalized controller proposed 

by Moreno-Valenzuela et al.(2008a), the isolated root 
is Sat( ) =ξ e�  (where Sat() is a class of saturation 
functions defined by the authors), which creates a 
bound to .e�  This may cause a serious decrease in the 
radius η with the too strict constraint condition 

.i pe ≤�  This results from applying a nonlinear filter 
described as Eqs.(15) and (16) (Moreno-Valenzuela 
et al., 2008a). 

Step 3: Determine that the right sides of 
Eqs.(21)~(23) have bounded partial derivatives up to 
the second order for .ρ− ∈ξ e B�   

Step 4: The state space origin T T T[ ] =e e� 0  is the 
only equilibrium point of the reduced system Eqs.(21) 
and (24). We define a Lyapunov function ( , , ),V t e e�  
written as V for short, as 

 

T T
p 0

1

1sat( , )d Sat( , ),
2

i
n e

i i ei i
i

V k e k e υ
=

= + +∑ ∫ ee Me e M e K� � �

           (27) 
where constant υ>0 is small enough.  
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Applying Properties 2 and vii), we obtain the 
inequality 
 

  
2 2p

1 m
m

1Sat( , ) { }
2

{ } Sat( , ) .

i

ei

M

k
V

k
γ λ

υλ

⎛ ⎞
≥ +⎜ ⎟

⎝ ⎠
−

e

e

e K M e

M e e K

�

�
   (28) 

 
Therefore, it can be shown that, ∀ T T T[ ] Bη∈e e� , 

V is positive definite under the condition 
 

p
1 1 m M

m

2 { } { }.i

ei

k
k

υ υ γ λ λ
⎛ ⎞

< = ⎜ ⎟
⎝ ⎠

M M  

 
After taking the time derivative of Eq.(27), sub-

stituting Eq.(22) for e��  and applying Property 1, we 
can obtain 

 
T

d v d

T T

T

( ) Sat( , )

Sat( , ) Sat( , )

Sat( , )
.

V

υ

⎡ ⎤= − + +⎣ ⎦
⎡+ +⎢⎣

∂ ⎤+ ⎥∂ ⎦

ξ

e e

e

e C F e K e K

e M e K e M e K

e K
e M e

e

� � � �

��� �

� �

  (29) 

 
Furthermore, using Properties 1~3, i)~vii) and 

the inequality d≤ +q e q� � � , we obtain 
 

22
11 22

12 21

Sat( , ) Sat( , )

( ) Sat( , ) Sat( , ) ,

V s s

s s

≤ − −

− +

e ξ

e ξ

e K e K

e K e K

� �

�
      (30) 

where  
s11=υkpm, s22=T1−υT2, s12=s21=−υT3, 

2 2

1 1 2
1 dm vm C d M

M M m

,T k f k
k k kξ ξ ξ

α α α⎛ ⎞ ⎛ ⎞ ⎛ ⎞
= + −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠
q�  

( ) 2
2 C M M

m

2
3 C d vM dMM

m

{ } ,

1 1 .
2 2

eT n pk k
k

T k f k
k

ξ

ξ

α
β λ

α

⎛ ⎞
= + ⎜ ⎟⎜ ⎟

⎝ ⎠
⎛ ⎞⎛ ⎞= + +⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

M

q�

 

 
Then from Eq.(30), we can obtain the following 

form by transformation: 
 

T

2T

m

Sat( , ) Sat( , )

Sat( , ) Sat( , )

{ } Sat( , ) Sat( , ) ,

V

λ

⎡ ⎤ ⎡ ⎤
≤ − ⎢ ⎥ ⎢ ⎥

⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

⎡ ⎤≤ − ⎣ ⎦

e e

ξ ξ

e ξ

e K e K
S

e K e K

S e K e K

�
� �

�

  (31) 

 

where the matrix 11 12

21 22

.
s s
s s
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

S  It can be shown that 

the right-hand side of Eq.(31) will be negative defi-
nite if S is positive definite. 

Note that s11=υkpm>0. According to Sylvester’s 
theorem, to ensure the matrix S positive definite, it 
should satisfy 2

11 22 12 0,s s s− >  i.e., 
 

( )2
pm 1 pm 2 3 0,k T k T Tυ υ⎡ ⎤− + >⎣ ⎦             (32) 

 
where we already have υ>0 and 2

pm 2 3 0.k T T+ >  

If ( )2
2 pm 1 pm 2 3k T k T Tυ υ< = +  and T1>0 (i.e., 

Eq.(26) is satisfied), S will be positive definite, then 
for all T T T[ ] ,Bη∈e e�  V�  will be negative definite, 
which implies the local asymptotic stability of the 
state space origin of the reduced system Eqs.(21) and 
(24). 

In addition, we can obtain the inequality 
 

2p
2

M
2

22
M

m

2
M

m

Sat( , )

1 { } Sat( , )
2

{ } Sat( , ) Sat( , )

i

ei

k
V

k

k

k

ξ

ξ

γ

α
λ

α
υλ

⎛ ⎞
≤ ⎜ ⎟

⎝ ⎠

⎛ ⎞
+ ⎜ ⎟⎜ ⎟

⎝ ⎠

+

e

ξ

ξ e

e K

M e K

M e K e K

�

�

  (33) 

 

using Properties 2, vi), and vii). 
Similarly, we can obtain the same form as de-

scribed by Eq.(31): 
 

T

2T

M

Sat( , ) Sat( , )

Sat( , ) Sat( , )

{ } Sat( , ) Sat( , ) ,

V

λ

⎡ ⎤ ⎡ ⎤
≤ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

⎡ ⎤≤ ⎣ ⎦

e e

ξ ξ

e ξ

e K e K
Q

e K e K

Q e K e K

� �

�

   (34) 

 

where Q∈ún×n is a symmetric matrix. 
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From Eqs.(31) and (34), we can obtain 
 

m

M

{ } ,
{ }

V Vλ
λ

≤ −
S
Q

�                         (35) 

 
which indicates the exponential stability of the re-
duced system for all T T T[ ] Bη∈e e� . Note that the υ in 

V and V�  should satisfy 0<υ<min{υ1, υ2}.  
Step 5: For the boundary-layer system Eq.(25), 

we define a Lyapunov function W(δ, ξ), written as W 
for short, as 
 

2( ) ,W ω= −e ξ�                        (36) 
 
where constant ω>0 is small enough. Then, we obtain 
 

2d 2 ( ) 2 ,
d
W Wω
δ

= − − = −e ξ�              (37) 

 
which shows that the exponential stability of the 
boundary-layer system holds uniformly in (t, x) 
without any restrictions on the initial state conditions. 
Also, we find that the exponential convergence rate 
increases as the scaled time variable δ=t/ε increases; 
i.e., the smaller the ε, the faster the exponential con-
vergence of the boundary-layer system. 

Therefore, according to Theorem 1, there always 
exists ε*>0 satisfying condition ε*>ε, such that for all 

T T T T[ (0) (0) (0) ] ,Φη∈e e ξ�  the space origin of the 
system Eqs.(21)~(23) is exponentially stable. 
 
 
SAMPLE CONTROLLER 

 
The controllers referred to by Loria and Ni-

jmeijer (1998) and Moreno-Valenzuela et al.(2008b) 
are two particular cases of the proposed generalized 
controller in this paper. The saturation function of 
Moreno-Valenzuela et al.(2008b) is chosen as the 
hyperbolic tangent function, with the relationship 
between xi and σi of sat(xi, σi) selected as multiplica-
tion, i.e., tanh(σi, xi), which satisfies Properties i)~vii). 
In Loria and Nijmejer (1998), the error gain σi in  
sat(xi, σi) turns out to be 1. 

Based on the proposed generalized controller, 
we can design bounded controllers conveniently and 
flexibly using the following two steps: 

Step 1: Divide the whole control system into two 
sub-systems (reduced system and boundary-layer 
system), and then design each sub-system separately. 

Step 2: Design the proper saturation functions, 
which need only to satisfy Properties i)~vii), without 
any restrictions on the relationship between xi and σi 
of sat(xi, σi). 

Using this method, we design a new controller: 
 

d d d v d

p dAtan( , ) Atan( , ),
= + + +

+ +e ξ

τ Mq C q G F q
K e K K ξ K
�� � �

      (38) 

 
where e and ξ satisfy Eq.(13); Atan(e, Ke)=[atan(e1, 
ke1), atan(e2, ke2), …, atan(en, ken)]T, Atan(ξ, Kξ)= 
[atan(ξ1, kξ1), atan(ξ2, kξ2), …, atan(ξn, kξn)]T, atan(ei, 
kei) and atan(ξi, kξi) denote the arctangent functions 
arctan(keiei) and arctan(kξiξi), respectively, i=1, 2, …, 
n; i.e., the sat(xi, σi) in the generalized tracking con-
troller is designed as arctan(σixi). 

Obviously, arctan(σixi) satisfies the properties i) 
and ii), and we can obtain p=π/2, α1=1, β=1 from the 
properties iii)~v) separately. 

In Property vi), m 2arctan( ) ,i i i ix xσ σ α≤  

∀|xi|≤η, i=1, 2, …, n. We obtain  
 

2 21 22 2 m mmax{ , , , } / arctan( ).nα α α α σ η σ η= =…  
 

In Property vii), ∀|xi|≤η, i=1, 2, …, n,  
 

2

0

1arctan( )d arctan( ) ln[1 ( ) ],
2

ix

i i i i i i i i i ix x x x xσ σ σ σ σ= − +∫
2

1 20

1arctan( ) ln[1 ( ) ] 12lim ,
[arctan( )] 2i i

i i i i i

i x
i i

x x

xσ

σ η σ σ
γ

σ→

− +
≤ =  

 
so γ1 can be selected as γ1=0.5. On the other side, we 
have  

2

2 2

1arctan( ) ln[1 ( ) ]
2 ,

[arctan( )]

i i i

i
i

σ η σ η σ η
γ

σ η

− +
≥  

 
where γ2 can be selected as γ2=max{γ21, γ22, …, γ2n}, 
i.e.,  
 

2
M M M

2 2
M

1arctan( ) ln[1 ( ) ]
2 .

[arctan( )]

σ η σ η σ η
γ

σ η

− +
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Fig.1 shows the function curves of arctan(σixi) 
for σi=1, 3, 10 and tanh xi. 

 
 
 
 
 
 
 
 
 

 
 
 
 
 

In response to increasing values of σi, the 
zero-crossing slope of function arctan(σixi) increases 
steeply and rapidly approaches saturation. Function 
arctan() has a wider range of (−π/2, π/2) than function 
tanh() (with a range of (−1, 1)), resulting in a more 
moderate approach to saturation for the same value of 
σi. In the following section, we will show that this 
feature can improve tracking performance. 
 
 
SIMULATION EXAMPLE AND COMPARISONS 
 

To verify the effectiveness of the controller, we 
executed simulations for a 2-DOF (degree of freedom) 
direct-driven robot manipulator. The parameters are 
given as 

 

 

2 2

2

2 2 1 2 2
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,

0.11 0.12cos 0.11

0.12 sin 0.12( )sin
,

0.12 sin 0

q q
q

q q q q q
q q

+ +⎡ ⎤
= ⎢ ⎥+⎣ ⎦

− − +⎡ ⎤
= ⎢ ⎥
⎣ ⎦

M

C
� � �
�

 

1 1 2

1 2

48.02sin 1.96sin( )
,

1.96sin( )
q q q

q q
+ +⎡ ⎤

= ⎢ ⎥+⎣ ⎦
G  

v diag{2.5,  0.2},  diag{500,  500},= =F U  
τ1M=120 N·m, τ2M=20 N·m, 

 
and the desired position trajectories as 
 

3 3

3 3

3 3
d1

2 2
d2

( ) 60(1 e ) 20(1 e )sin(6 ) 5 (deg),

( ) 75(1 e ) 105(1 e )sin(1.5 ) 10 (deg).

t t

t t

q t t  

q t t  

− −

− −

⎡ ⎤= − + − +⎣ ⎦
⎡ ⎤= − + − +⎣ ⎦

 

In practical situations, the initial position errors 
are not always 0. Controllers without saturation func-
tions usually result in large initial torque inputs, 
which may even exceed the actuator torque limit. To 
evaluate the performance of the controller without 
loss of generality, the initial desired positions of each 
joint were set as 5° and 10°, respectively. 

Firstly, we carried out some simulations on the 
proposed controller to see how the tracking per-
formance varied with different error-gain matrices.  

Tracking errors of each joint were as shown in 
Figs.2a and 2b, where the error-gain matrices were 
chosen as Ke=Kξ=diag{2, 1}, diag{3, 2}, and 
diag{5, 1.5}, and Kp, Kd were selected as diag{4.5, 4}, 
diag{1.5, 0.5} respectively, satisfying Eq.(16) by trial 
and error.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Generally, large error gains result in a large 

overshoot and oscillation. When error gains were too 
small, there was a long adjustment time. Because of 
the coupling relationship between the two joints of the 
robot, it is difficult to determine the strict rules be-
tween good tracking performance and the corre-
sponding error-gain matrix. However, proper settings 
of the error gains can definitely benefit the tracking 
results.   

We compared our controller Eq.(38) with the 
controllers proposed by Loria and Ortega (1995) 

Fig.1  Function curves of arctan(σixi) and tanh xi 
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Fig.2  Tracking errors of (a) the 1st and (b) the 2nd joints 
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(hereafter called L-O’s, given in Eq.(39)) and  
Moreno-Valenzuela et al.(2008a) (hereafter called 
M-S-C’s, given in Eq.(40)). The architectural com-
parison of the three controllers is shown in Table 1. 

 
 
 
 
 
 

 
 

The control law in L-O’s is 
 

d d d v d p d ,= + + + + +τ Mq C q G F q K e K ξ�� � �     (39) 

 
and the control law in M-S-C’s can be written as 
 

d d d v d pAtan( , ) Atan( , ),= + + + + +τ Mq C q G F q K e I K ξ I�� � � ξ

 (40) 
 
where e and ξ in each controller have the same rela-
tionship as Eq.(13), and I∈ún×n is the identity matrix. 

To make fair comparisons, we selected the same 
proportional and derivative gains: Kp=diag{4.5, 4}, 
Kd=diag{1.5, 0.5}. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Our controller gave a satisfactory performance 
in the trajectory tracking, where we set Ke=diag{3, 2}, 
Kξ=diag{3, 2} (Figs.3a and 3b). 

The comparisons of tracking errors are shown in 
Figs.4a and 4b, and the quantified comparisons using 
the standard criteria of adjusting time, overshoot, root 
mean square (RMS) value of the position tracking 
error computed on a trip of time T (10 s) are shown in 
Table 2. The adjusting time was defined as a period 
from the start to the moment the tracking error ei just 
falls into the area of ±0.02° and RMS was defined as 
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= =∫      (41) 

2
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T
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T

= ∫e e .                   (42) 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 1  Architectural comparison 

Controller Saturation function Error-gain matrix
Ours Has Has 
M-S-C’s Has Has not 
L-O’s Has not Has not 

Table 2  Performance comparison 
Value 

Parameter  
Ours M-S-C’s L-O’s

1st joint 4.4 7.7 8.2 Adjusting 
time (s) 2nd joint 1.6 3.3 4.1 

1st joint 0.83 0.93 0.76 
Overshoot (°)

2nd joint 0.87 0.86 1.04 
e1 1.174 1.515 1.324
e2 1.040 1.228 0.987RMS (°) 

||e|| 1.568 1.950 1.651
 

Fig.3  Trajectory tracking of (a) the 1st and (b) the 2nd 
joints 
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Fig.4  Comparison of (a) the 1st and (b) the 2nd joint 
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Our controller had the shortest adjusting time, 
and a relatively small overshoot among the three 
controllers (Table 2). More importantly, it also gained 
the lowest value of RMS[e(t)] and a relatively low 
RMS[ei(t)] in each joint. That is because we chose a 
wider range saturation function—arctan incorporat-
ing an appropriate positive definite diagonal error- 
gain matrix for the control law. 

Figs.5a and 5b show a comparison of torque 
inputs. The L-O controller presented rude transients. 
In particular, the second joint failed to respect the 
constraint τ2M, giving a torque input of about 45 N·m 
rather than 20 N·m. The maximum absolute torque 
input value of each joint using our and M-S-C’s con-
trollers are practically the same, at about 80 and 
5 N·m. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

CONCLUSION 
 
The problem of torque outputs of joint actuators 

having upper bounds exists almost everywhere in the 
practical control of robot manipulators. To deal with 
it, we proposed a generalized tracking controller with 
bounded inputs based on stability theory of singularly 
perturbed systems. By applying the proper error-gain 
diagonal matrix to the arc tangent saturation function 
used in the control law, the sample controller de-
signed by following the generalized scheme gave a 
better tracking performance with only position meas-
urements than those without error-gain matrices or 

saturation functions. Theoretical analysis and simu-
lation experiments verified the effectiveness of the 
proposed controller. 
 
References 
de Queiroz, M.S., Hu, J., Dawson, D.M., 1997. Adaptive 

position/force control of robot manipulators without ve-
locity measurements: theory and experimentation. IEEE 
Trans. Syst. Man Cybern. Part B, 27(5):796-809.  [doi:10. 
1109/3477.623233] 

Dixon, W.E., de Queiroz, M.S., Zhang, F., Dawson, D.M., 
1999. Tracking control of robot manipulators with 
bounded torque inputs. Robotica, 17(2):121-129.  
[doi:10.1017/S0263574799001228] 

Kelly, R., Santibanez, V., Berghuis, H., 1997. Point-to-point 
robot control under actuator constraints. Control Eng. 
Pract., 5(11):1555-1562.  [doi:10.1016/S0967-0661(97) 
10009-0] 

Kelly, R., Santibanez, V., Loria, A., 2005. Control of Robot 
Manipulators in Joint Space. Springer-Verlag, Berlin, 
p.95-109. 

Khalil, H.K., 2007. Nonlinear Systems (3rd Ed.). Publishing 
House of Electronics Industry, Beijing, p.456-459. 

Laib, A., 2000. Adaptive output regulation of robot manipu-
lators under actuator constraints. IEEE Trans. Rob. 
Autom., 16(1):29-35.  [doi:10.1109/70.833185] 

Loria, A., Nijmeijer, H., 1998. Bounded output feedback 
tracking control of full actuated Euler-Lagrange systems. 
Syst. Control Lett., 33(3):151-161.  [doi:10.1016/S0167- 
6911(97)80170-3] 

Loria, A., Ortega, R., 1995. On tracking control of rigid and 
flexible joints robots. Appl. Math. Comput. Sci., 5(2):101- 
113. 

Moreno-Valenzuela, J., Santibanez, V., Campa, R., 2008a. A 
class of OFT controllers for torque-saturated robot ma-
nipulators: Lyapunov stability and experimental evalua-
tion. J. Intell. Rob. Syst., 51(1):65-88.  [doi:10.1007/ 
s10846-007-9181-6] 

Moreno-Valenzuela, J., Santibanez, V., Campa, R., 2008b. On 
output feedback tracking control of robot manipulators 
with bounded torque input. Int. J. Control Autom. Syst., 
6(1):76-86. 

Paden, B., Panja, R., 1988. Globally asymptotically stable PD+ 
controller for robot manipulators. Int. J. Control, 
47(6):1697-1712.  [doi:10.1080/00207178808906130] 

Reyes, F., Kelly, R., 2001. Experimental evaluation of model- 
based controllers on a direct-drive robot arm. Mecha-
tronics, 11(3):267-282.  [doi:10.1016/S0957-4158(00)000 
08-8] 

Santibanez, V., Kelly, R., 2001. Global Asymptotic Stability 
of Bounded Output Feedback Tracking Control for Robot 
Manipulators. Proc. 40th IEEE Conf. on Decision and 
Control, 2:1378-1379.  [doi:10.1109/.2001.981082] 

Santibanez, V., Kelly, R., Reys, F., 1998. A new set-point 
controller with bounded torques for robot manipulators. 
IEEE Trans. Ind. Electron., 45(1):126-133.  [doi:10.1109/ 
41.661313] 

Zavala-Rio, A., Santibanez, V., 2006. Simple extensions of the 
PD-with-gravity-compensation control law for robot 
manipulators with bounded inputs. IEEE Trans. Control 
Syst. Technol., 14(5):958-965.  [doi:10.1109/TCST.2006. 
876932] 

Fig.5  Comparison of (a) the 1st and (b) the 2nd joint 
torque inputs 

(b) 

Time (s) 

Ours 
M-S-C’s 
L-O’s 

(a) 
L-O’s Ours M-S-C’s 

0 

0 2 4 6 8 10

0 

10

20

30

40

To
rq

ue
 in

pu
t (

N
·m

)
 

  

20

40

60

80

  

To
rq

ue
 in

pu
t (

N
·m

)

Ours M-S-C’s L-O’s

(a) 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


