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Abstract:    This paper presents a threshold-free maximum a posteriori (MAP) super resolution (SR) algorithm to reconstruct high 
resolution (HR) images with sharp edges. The joint distribution of directional edge images is modeled as a multidimensional 
Lorentzian (MDL) function and regarded as a new image prior. This model makes full use of gradient information to restrict the 
solution space and yields an edge-preserving SR algorithm. The Lorentzian parameters in the cost function are replaced with a 
tunable variable, and graduated nonconvexity (GNC) optimization is used to guarantee that the proposed multidimensional Lor-
entzian SR (MDLSR) algorithm converges to the global minimum. Simulation results show the effectiveness of the MDLSR 
algorithm as well as its superiority over conventional SR methods. 
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INTRODUCTION 
 

High resolution (HR) images are often required 
in medical, surveillance, forensic, satellite and other 
applications. In reality, however, the image resolu-
tions are far from desired. The objective of a multi-
frame super resolution (SR) algorithm is to produce 
an HR image by combining multiple low resolution 
(LR) images. 

The multiframe SR problem was first addressed 
by Tsai and Huang (1984), who proposed a frequency 
domain approach to restore an HR image from several 
noise-free LR images. This approach was extended to 
a blurred and noisy case by Kim et al.(1990). Al-
though the frequency domain methods are very sim-
ple, they are restricted to global translational motion 
and linear space invariant (LSI) blur, which limits 
their use. An alternative SR approach reconstructs the 

HR image in the spatial domain. Irani and Peleg (1991) 
suggested the iterative backprojection (IBP) method, 
in which the HR image is estimated by back project-
ing the difference between the simulated LR images 
and the observed LR images. The main disadvantages 
of the IBP method are the non-unique solutions and 
the difficulty of applying a priori constraints. Another 
spatial domain SR method is projection onto convex 
sets (POCS), proposed by Stark and Oskoui (1989). 
This method can easily incorporate prior knowledge 
into the estimation process, but its solution is also 
non-unique and depends on the initial guess. A 
maximum likelihood (ML) SR method (Zhu et al., 
2007) has also been presented. As it lacks a regulari-
zation term, this method is very sensitive to noise and 
the solution is still non-unique. One of the most 
promising SR approaches is the maximum a posteri-
ori (MAP) estimator (Segall et al., 2004; Chantas et 
al., 2007), which uses a Bayesian framework for the 
inclusion of a priori constraints. When the prior term 
is convex, the MAP estimator ensures the existence 
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and uniqueness of the solution. Our work concen-
trates on the MAP SR algorithm. 

A critical issue of MAP SR is the choice of a 
prior model for the desired HR image. In recent years, 
many image models have been presented. Schultz and 
Stevenson (1996) employed a Huber Markov random 
field (HMRF) model, which preserves edges while 
imposing smoothness constraints on the solution. 
This image model needs a threshold to distinguish 
edges and smooth regions. Such a threshold has to be 
tuned for every new case since it is dependent on 
image content and noise. In practical applications, 
however, it is not easy to determine the appropriate 
threshold. Hardie et al.(1997) presented a threshold- 
free Gaussian Markov random field (GMRF), which 
takes a quadratic form and penalizes the high- 
frequency components severely, resulting in a solu-
tion with excessively smoothed edges. Segall et al. 
(2004) used a simultaneously autoregressive (SAR) 
model for compressed videos. Such a model tends to 
produce blurred edges in the reconstructed image 
because it assumes that the statistics of the HR image 
are constant in different spatial locations. Donaldson 
and Myers (2005) proposed a text-specific bimodal 
prior model, which is inapplicable to general images. 
Chantas et al.(2007) introduced a hierarchical image 
model, where both the normalization constant and the 
hyper-parameters must be found heuristically, in-
creasing the computational complexity. Recently, 
learning-based MAP SR methods have also been 
proposed, where the prior models are derived from 
collections of training samples (Baker and Kanade, 
2002; Haber and Tenorio, 2003). Because of the need 
for a large number of examples, these methods are 
effective only when applied to specific scenarios, 
such as text or faces. The one-dimensional Lorentzian 
(1DL) function, usually serving as an error norm in 
robust SR algorithms (Patanaviji et al., 2007; 
El-Yamany and Papamichalis, 2008), has also been 
used as an image model. In non-linear image restora-
tion algorithms for a passive millimeter-wave image 
(Lettington et al., 2001), the 1DL model was intro-
duced as a correction term to reduce ringing artifacts. 
A similar approach was used in the single-frame Poi-
sson MAP SR algorithm for 1D images (Lettington 
and Hong, 1995). In the multiframe SR algorithm 
proposed by Cheng et al.(2007), the 1DL model was 
used as a regularization term, yielding a threshold- 

free SR algorithm with edge preservation. Although 
its advantages over traditional image models are ob-
vious, the 1DL model has a serious disadvantage 
when used in 2D multiframe SR algorithms: the so-
lution may be non-unique as only the one-directional 
prior constraint is imposed. 

In this paper, we extend the 1DL model and 
present a new multidimensional Lorentzian (MDL) 
image prior which uses gradient information in 
horizontal, vertical and diagonal directions to restrict 
the solution space. The proposed MDL model penal-
izes small gradients severely but penalizes large gra-
dients less severely, resulting in an edge-preserving 
SR algorithm. In addition, the steepest descent algo-
rithm adopted in the above 1DL methods may become 
trapped in local minima because the Lorentzian 
function is not convex over the entire domain, de-
grading the algorithm performance. In this paper, the 
Lorentzian parameters in the cost function are re-
placed with a tunable variable, and graduated non-
convexity (GNC) optimization (Nielsen, 1997) is 
used to guarantee that the proposed multidimensional 
Lorentzian SR (MDLSR) algorithm converges to the 
global minimum. 
 
 
MAXIMUM A POSTERIORI SUPER RESOLU-
TION FRAMEWORK 
 

To formulate the algorithm, we first introduce 
the observation model, which reveals the relation 
between the original HR image and the observed LR 
images. An observation model can be described as in 
Eq.(1) with all vectors being ordered lexicographi-
cally (Park et al., 2003): 
 

,   1 ,k k k k q= + ≤ ≤y W x n                (1) 
 
where yk is the kth observed LR image with the size of 
N1N2×1; x is the l1l2N1N2×1 HR image, and l1 and l2 
are the horizontal and vertical downsampling factors, 
respectively; nk is the additive noise vector in the kth 
LR image; degradation matrix Wk denotes warping, 
blurring and subsampling operations. A simple illus-
tration for the observation model is given in Fig.1.  

Because of insufficient LR images and ill- 
conditioned blur operators in Eq.(1), the SR algorithm 
is an ill-posed inverse problem. The MAP method can 
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be applied to pick up a stable solution when the a 
posteriori probability density function (PDF) P(x|y1, 
y2, …, yq) is available. The MAP estimator maximizes 
P(x|y1, y2, …, yq) with respect to x (Schultz and 
Stevenson, 1996) as follows: 
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Applying the Bayesian Theorem, we can obtain 
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where P(y1, y2, …, yq|x) denotes the noise distribution 
and P(x) is the PDF of the HR image x. 
 
 
MULTIDIMENSIONAL LORENTZIAN SUPER 
RESOLUTION ALGORITHM 
 
Multidimensional Lorentzian model 

An appropriate choice of a priori model P(x) is 
critical to MAP SR algorithm performance. Tradi-
tional image models either produce oversmoothed 
solutions or depend on threshold parameters. Recently, 
a threshold-free 1DL image model was introduced to 
multiframe SR (Cheng et al., 2007) which can obtain 
edge-preserving solutions. However, since only 
one-directional prior constraint is used, the solution of 
the resulting SR algorithm may be non-unique, de-
grading the algorithm’s performance.  

Here we present a new image model based on 
multi-directional edge images. We consider the 
first-order difference of a 2D image x for the pixel  
(j1, j2) in horizontal, vertical and diagonal directions,  

1 1 2 1 2 1 2

2 1 2 1 2 1 2

3 1 2 1 2 1 2

4 1 2 1 2 1 2

( , ) ( 1, ) ( , ),
( , ) ( 1, 1) ( , ),
( , ) ( , 1) ( , ),
( , ) ( 1, 1) ( , ),

j j x j j x j j
j j x j j x j j
j j x j j x j j
j j x j j x j j

ε
ε
ε
ε

= + −⎧
⎪ = + + −⎪
⎨ = + −⎪
⎪ = − + −⎩

      (4) 

 
which can also be written as Qix=εi (i=1, 2, 3, 4), 
where Qi is the directional difference operator and 
εi = 1 2 1 2

T
,1 ,2 ,[ , , , ]i i i l l N Nε ε ε  is the ith edge image.  

Fig.2 illustrates the edge images of the Lena 
image and the corresponding histograms. The histo-
gram of each edge image usually has a sharper peak 
and a longer tail than the Gaussian function and can 
be described approximately as a Lorentzian distribu-
tion (Lettington et al., 2001) as follows: 
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where the Lorentzian parameter ai is the half width at 
half maximum height of the distribution function, 
which characterizes the sharpness of the edge image, 
and εi,m is the mth element of the vector εi. ai can be 
calculated using the following equation: 
 

max

1 ,
πi

i

a
p

=                             (6) 

 
where pi max is the histogram peak height of the ith 
edge image. 

To make subsequent calculations tractable, 
edges are assumed to be independent. The joint den-
sity for four edge images is given by 

 

1 2 3 4 1 2 3 4( , , , )= ( ) ( ) ( ) ( ).P P P P Pε ε ε ε ε ε ε ε       (7) 
 

Because P(ε1, ε2, ε3, ε4) is the product of four 1D 
Lorentzian functions and contains four parameters ai 
(i=1, 2, 3, 4), we use the term ‘multidimensional 
Lorentzian distribution’ to describe it. For a piecewise 
constant image with smoothness property, the inten-
sity varies gradually over regions except in the vicin-
ity of edges. We assume that a smooth image consists 
of edges and several known base values. Therefore, 
minimizing the negative logarithm likelihood of the 
original image is equivalent to minimizing that of the 
edge images. 

Fig.1  A simple illustration for the observation model
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Suppose that noise in each LR image follows 

independent and identically distributed (i.i.d.) Gaus-
sian distributions with zero means and variances σn

2. 
We have 
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where ||·|| stands for the Euclidean distance. Com-
bining Eqs.(3), (5) and (8), the optimization expres-
sion can be written as 
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where J(x) is the cost function and λ is the regulari-
zation parameter. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Because the last term in the right-hand side of 

Eq.(10) is irrelative to x, it can be omitted from the 
optimization process. 
 
Modification and implementation 

Because the first term of J(x) is a convex func-
tion, the convexity of the cost function is dependent 
on the second term. The function z(ε)=ln(1+ε2/a2) is 
convex in the band B=(−a, a) (Fig.3). Hence, the 
second term of J(x) is convex in the band (−amin, amin), 
where amin=min{a1, a2, a3, a4}. That is, the convexity 
of the cost function is determined by four parameters 
ai (i=1, 2, 3, 4), resulting in a computationally com-
plex optimization process. To make the problem more 
tractable, we slightly modify the logarithm prior as  
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where the Lorentzian parameters ai are replaced by a 
global variable τ. The value of τ controls the shape of 
L(ε). A large value of τ makes Eq.(11) convex. Then 
J(x) can be rewritten as follows: 
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Fig.2  Edge images of Lena and the corresponding histograms 
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The gradient of J(x) at the nth iteration is cal-
culated using the following equation: 
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where ∇G(n) is the first derivative of the second term 
of Eq.(12). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

From Fig.3b, the absolute value of the first de-
rivative of z(ε) increases rapidly up to a point and 
starts to decrease as the magnitude of the gradient 
grows. Because of this property, the cost function 
penalizes small gradients severely but penalizes large 
gradients less severely. Usually, a small gradient is 
caused by noise while a large gradient value corre-
sponds to an edge. Hence, the proposed MDL model 
yields an edge-preserving algorithm. 

Because the cost function J(x) is not convex over 
the entire domain, a simple gradient descent method, 
as adopted by previous 1DL methods, may become 
trapped in local minima. To ensure that the proposed 
MDLSR algorithm converges to the global minimum, 
in this work, we use the graduated nonconvexity 

(GNC) optimization approach. Firstly, a large value 
of τ is chosen to guarantee the strict convexity of J(x) 
and a gradient descent algorithm is used to find the 
unique minimum. This minimum is then used as the 
initial value for the next phase of optimization with a 
smaller τ. The above two steps are repeated until the 
algorithm converges. Note that the initial value of τ 
must be large enough to avoid the problem of local 
minima. By gradually decreasing τ to a low value, the 
edges are preserved in the final solution. The steps of 
the proposed algorithm are described in Table 1.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
EXPERIMENTAL RESULTS 
 

In this section, we describe the results of tests on 
the performance of the proposed MDLSR algorithm 
on both synthetic and real data. In the synthetic ex-
periments, the LR sequences were created in four 
cases listed in Table 2 by warping, blurring, down-
sampling and adding Gaussian noise to the Bill image 
(128×128 pixels) and Foreman image (176×144 pix-
els). In each case, the global motion vectors (ST) can 
be represented by the Cartesian product of horizontal 
and vertical motion components. For instance, 
ST={0,1}×{0,1}={(0,0), (0,1), (1,0), (1,1)}. σB

2 
represents the variance of the blurring kernel. 

Fig.3  The curves of (a) z(ε)=ln(1+ε2/a2), (b) the first 
derivative of z(ε), and (c) the second derivative of z(ε) 
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Table 1  The proposed MDLSR algorithm 
Step 1: Choose a reference LR image, and bilinearly in-

terpolate it to obtain an initial estimate x0. 
Step 2: Compute the four edge images 0

iε  (i=1, 2, 3, 4) of 
x0, and estimate their respective Lorentzian pa-
rameters ai using Eq.(6). 

Step 3: Choose τ0=2×min{a1, a2, a3, a4}, where the weight 2 
is used to ensure that this initial global variable is 
large enough. 

Step 4: n=0. 
Step 5: Do { 
               1. Compute the gradient ∇J(xn) using Eq.(13); 
               2. Update xn according to xn+1=xn−β·∇J(xn); 
               3. Set n=n+1; 
               4. If (||xn−xn+1||<δ) 
                     set τn=max{kτn−1, τtarget}; 
             } While (τn!=τtarget OR ||xn−xn+1||>δ) 
Step 6: Set the final solution x̂ = xn. 

x0: the initial estimate; xn: the partially reconstructed HR image;  
τn: the Lorentzian parameter in the nth iteration; τtarget: the target value 
of τ; k: the scale factor with which τn decreases slowly toward τtarget;  
β: the step size; δ: the constant for testing the convergence 
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The reconstructed images were estimated from the 
synthetic LR images by applying the MDLSR algo-
rithm. We also compared the proposed algorithm with 
GMRF (Hardie et al., 1997), HMRF (Schultz and 
Stevenson, 1996), and Lorentzian-based MAP 
(LBMAP) (Cheng et al., 2007). The parameter set-
tings for the proposed algorithm were as follows: 
β=0.1, δ=0.005, τtarget=1 and k=0.9, which yielded the 
best visual qualities. The peak signal-to-noise ratio 
(PSNR) was used for quantitative evaluation: 
 

2
1 2 1 2

2

255PSNR 10lg ,
ˆ|| ||

l l N N ×
=

−x x
            (14) 

 
where x is the original image and x̂  is the recon-
structed image. 

To analyze the performance of different algo-
rithms, we compared the PSNR in the case of differ-
ent noise variances (σn

2). Figs.4 and 5 are the plots of  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

PSNR versus σn
2 for the Bill and Foreman images. It 

can be seen that the performance of GMRF was the 
worst among these methods. HMRF was much better 
than GMRF, but its performance was dependent on 
the threshold parameter T. For both the Bill and 
Foreman images, the performance with T=1 was 
better than that with T=3. The PSNR values of 
LBMAP were slightly poorer than those of HMRF 
(T=1), because of insufficient prior information and 
because the simple steepest descent optimization was 
used to reconstruct the HR image, which might have 
degraded the performance of LBMAP. As expected, 
the proposed MDLSR algorithm performed the best 
among these algorithms, especially in the cases of low 
noise variances. 

Figs.6 and 7 provide the visual comparison of 
the algorithms for the Bill image of case 1 with 
σn

2=10 and the Foreman image of case 4 with σn
2=40, 

respectively. From Fig.6, the reconstructed image of 
GMRF was oversmoothed. The edges were somewhat 
blurry in the reconstructed image of LBMAP. Al-
though the PSNR value of HMRF (T=1) was higher 
than that of LBMAP (by about 0.2 dB on average), the 
visual improvement was not obvious. In comparison 
with these algorithms, our MDLSR algorithm not 
only preserved the edges effectively, but also sup-
pressed noise very well. Similar results can be found 
for the Foreman image (Fig.7). 
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(c)
Fig.4  Plots of PSNR versus σn

2 for the Bill image: (a) Case 1; (b) Case 2; (c) Case 3; (d) Case 4 

Table 2  Four cases of the synthesis experiments 

Case ST of the HR 
image Blurring Downsampling 

factor 
1 {0,0.5}×{0,0.5} 3×3 (σB

2=1) 2 
2 {0,1}×{0,1} 3×3 (σB

2=2) 2 
3 {0,1}×{0,1} 5×5 (σB

2=3) 2 
4 {0,1,2}×{0,1,2} 3×3 (σB

2=1) 3 
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Our third experiment was a real sequence of 8 

LR Bookcase images of size 176×144. Fig.8a shows 
one of the LR images. The unknown point spread 
function (PSF) was assumed to be a 3×3 Gaussian 
kernel with a standard deviation equal to 1. We used 
the method of Suh and Jeong (2004) to estimate the 
motion parameters. A threshold value of 2 was chosen 
for HMRF as it yielded the best visual quality. The 
reconstructed HR images enhanced by a factor of 2 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

are shown in Figs.8b~8e. Fig.9 shows small portions 
of them for ease of comparison. The result of GMRF 
was quite blurred, and most of the texts were not at all 
readable. HMRF performed better than GMRF, but 
some texts were not easily discernible. The subjective 
performance of LBMAP was close to that of HMRF. 
In comparison, the proposed MDLSR algorithm gave 
the best reconstructed image with sharp edges. The 
readability of the texts was significantly improved. 

Fig.5  Plots of PSNR versus σn
2 for the Foreman image: (a) Case 1; (b) Case 2; (c) Case 3; (d) Case 4 
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Fig.7  Reconstructed images of the Foreman image 
(a) GMRF (28.47 dB); (b) HMRF (T=1) (29.76 dB); (c) LBMAP (29.40 dB); (d) MDLSR (30.12 dB) 

(a)                                         (b)                                             (c)                                         (d) 

(a)                                         (b)                                             (c)                                         (d) 
Fig.6  Reconstructed images of the Bill image 

(a) GMRF (19.38 dB); (b) HMRF (T=1) (20.14 dB); (c) LBMAP (19.99 dB); (d) MDLSR (20.45 dB) 
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CONCLUSION 
 

In this paper, a new image model of multidi-
mensional Lorentzian distribution is proposed for the 
MAP multiframe SR algorithm. The proposed model 
combines the statistic characteristics of the directional 
edge images to impose sufficient constraints on the 
solution space and yields an edge-preserving SR al-
gorithm. The Lorentzian parameters in the cost func-
tion are replaced with a tunable global variable, and 
GNC optimization is adopted to guarantee the con-
vergence of the SR algorithm to the global minimum. 
The effectiveness of the proposed MDLSR algorithm 
was demonstrated using synthetic and real data. 
Simulation results clearly indicated that the proposed 
algorithm obtains higher PSNR values and sharper 
edges compared with conventional methods. 
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