
Sun et al. / J Zhejiang Univ-Sci A (Appl Phys & Eng)   2010 11(12):933-937 933

 
 
 
 

A study of optimal switching problem in 
limited-cycle with multiple periods* 

 
Jing SUN1, Hisashi YAMAMOTO2, Masayuki MATSUI3 

(1Graduate School of Engineering, Nagoya Institute of Technology, Gokiso-cho, Showa-ku, Nagoya, Aichi 466-8555, Japan) 
(2Department of System Design, Management Systems Engineering, Tokyo Metropolitan University,  

6-6 Asahigaoka, Hino, Tokyo 191-0065, Japan) 
(3Department of Informatics, Graduate School of Informatics and Engineering, The University of Electro-Communications, 

1-5-1 Chofugaoka, Chofu-shi, Tokyo 182-8585, Japan) 
E-mail: sun.jing@nitech.ac.jp; yamamoto@cc.tmit.ac.jp; matsui@se.uec.ac.jp 

Received Oct. 28, 2010;  Revision accepted Oct. 29, 2010;  Crosschecked Oct. 29, 2010 
 

Abstract:    In a social system or production line, the restrictions of the cost and the due-time exist in each period. Generally, 
whether these restrictions are satisfied is dependent not only on the risks of this period, but also on the risks generated beforehand. 
We consider controlling the production process by switching the processing rate to a faster one at a given period. This paper deals 
with the optimal switching period to minimize the total expected cost of the production process. We first propose the optimal 
switching period model, and then the mathematic formulation of the total expectation is presented. Finally, the policy of optimal 
switching period is investigated in detail by numerical experiments. 
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1  Introduction 
 

In a multi-period system (e.g., a production line) 
where target processing time exists, idle and delay 
risks occur repeatedly for multiple periods. In such 
situations, a delay in one process may influence the 
delivery date of an entire process. In this paper, we 
discuss the minimum expected risk of the case men-
tioned above, where the risk depends on the previous 
situation and occurs repeatedly for multiple periods. 
There exists an object with some constraints (e.g., 
processing time with a target). These constraints 
produce a risk and the object occurs repeatedly for 
multiple periods. This kind of problem is called “a 
limited-cycle problem with multiple periods” (Ya-

mamoto et al., 2006; 2010), which exists in produc-
tion lines, time-bucket balancing, production seat 
systems, and so on (Matsui, 2008). 

Under the condition of uncertainty, the result or 
efficiency of a period is often controlled not only by 
the risks of this period but also by the risks generated 
beforehand. Whether the process (period or seat) 
satisfies the due time (restriction) usually depends on 
the state of the process beforehand (Wight, 1974; 
Verzijl, 1976; Benders, 2002). 

In particular, in the case of the risk, which de-
pends on a situation of a past process (for instance, the 
case of a production line for a multi-period), how to 
assign machines, workers, or jobs to be the most ef-
ficient and economical is a problem (optimal as-
signment) in load/risk planning (Bergamashi et al., 
1997; Swamidass, 2000). 

Yamamoto et al. (2006; 2007) investigated the 
optimal arrangement to minimize the total expected 
risk of such a situation. They studied the optimal 
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switching period to minimize the total expected cost 
of the production process. In this paper, first, the 
optimal switching problem is systematically classi-
fied and the corresponding model is presented. Next, 
the mathematical formulation of the total expectation 
for the above case is proposed. Finally, the policy of 
optimal switching period is investigated in detail by 
numerical experiments. 

 
 

2  Review of the limited-cycle problem with 
multiple periods 

 
Before describing a limited-cycle problem with 

multiple periods, we consider a single limited-cycle 
problem. If the production time of one period is T and 
the due time is Z, then the risks due to the length of the 
production time would occur, which are the risks by 
T≤Z and T>Z. In such situations, it can be noted that 
there is a trade-off problem in the two risks. This 
problem is shown as 

 
1 2min{ ( ) ( ) ( ) ( )}, (1)

z
Z P T Z Z P T Zβ β≤ + >  

 
where β1(Z) is the risk by T≤Z, and β2(Z) is the risk by 
T>Z. This kind of problem is known as various 
problems of the reliability field, the problem of due- 
time restriction and the newsboy problem (a 
well-known stock problem) (Week, 1979). A detailed 
model of a single limited-cycle is shown in Matsui 
(2005). 

This paper considers cases in which the above 
two risks not only occur in the single period, but also 
in multiple periods repeatedly. The problem of mi-
nimizing the expected risk in such a situation is a 
limited-cycle problem with multiple periods. The 
multi-period problem could be classified according to 
whether the periods are independent or not (Fig. 1). 

 
 
 
 
 
 
 
 
For this problem, one result is the general form 

of production rate and waiting time by a station- 

centered approach as discussed in Matsui et al. (1977) 
and Matsui (2004). The explicit form is obvious and 
consists of the product form in the period-  
independent case, such as a single line, but it is un-
traceable in the period-dependent case such as a 
mixed or tandem line. The mixed line has an ab-
sorbing barrier, but the tandem line has a reflective 
barrier at the end. This study presents a cost approach 
for the latter. 
 
 
3  Optimal switching model 

3.1  Optimal switching problem 

In the multi-period production process, one 
process delay may influence the delivery date of an 
entire process. We consider controlling the produc-
tion process by switching the processing rate to a 
faster one at a given point (time or period). The op-
timal switching problem occurs when the processing 
rate should be switched to minimize the total expected 
cost. In this study, we propose the optimal switching 
time to minimize the total expected cost of the pro-
duction process. In our proposed model, when the 
switching time is kT, if process k is complete at time 
kT, the processing rate is not changed; and, if process 
k is not yet finished at kT, the processing rate is 
changed at the next process. Fig. 2 shows an example 
of a switching time model in multiple periods. 

 
 
 
 
 
 
 
 
 

 
 
 
 

 

3.2  Assumptions and notations 

The optimal switching model for the multi  
limited-cycle is considered based on the following 
assumptions: 

0 4T T 2T 3T 5T 

Switching 

6T

Fig. 2  Example of a switching time model 
Period number n=6, switching time kT=4T, μ1 is the usual 
processing rate, and μ2 is the emergency processing rate 

μ1 μ2 

P1 

P2

P3 

P4 

P5 
P6 

Period-independent－simple line 

Period-dependent 
Without terminal condition－mixed line

With terminal condition－tandem line

Line 

Fig. 1  Classification of multi limited-cycle problems 
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1. One product is made by an entire process with 
n processes. 

2. For i=1, 2, …, n, the production time of 
process i is denoted by Ti which is assumed to be 
exponentially distributed and statistically independ-
ent. The usual processing rate is μ1, and the emer-
gency processing rate is μ2. 

3. For i=1, 2, …, n, the target production time of 
process i is denoted by Ui, and the due time of the 
entire process (n periods) is Un. 

4. kT is the switching time. 
5. The cost per unit time (1)( )sC  occurs when a 

process is executed before the target production time 
of the process. 

6. The cost per unit time (1)( )pC  occurs when a 

process is executed after the target production time of 
the process. 

7. When 
1

,i
i l nl

X T U
=

= >∑  the delay cost Cp 

occurs. 

8. When 
1

,i
i l nl

X T U
=

= <∑  the idle cost Cs  

occurs. 
Some notations are also defined: for i=1, 2, …, n; 

C(T1, T2, …, Tn) is the total cost of the production 
process; C(i) is the production cost of period i; Ti is 
the production time of period i; Xi is the production 

time of i periods 
1

( );i
i ll

X T
=

= ∑  P(Xn>Un) is the 

probability of delay; and, P(Xn≤Un) is the probability 
of idle. 

3.3  Problem formulation 

From Assumptions 1–7 mentioned in Section 3.2, 
we can easily obtain Eq. (2): 

 
 
 
 
 
 
 
 
 
 

[ ]

[ ]

1 2

1 1 1

( ; , , ..., )

( ) ,

n
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i l l
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where E[C(i)] is the expected cost of period i, 

{ }1

n
p l nl

C P T U
=

>∑  is the delayed expected cost, and 

{ }1

n
s l nl

C P T U
=

≤∑  is the idle expected cost. 

For i=1, 2, …, k, 
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(1) (1) (1)
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then 
(1) (1) (1)[ ( )] [( ) ].p s i s iE C i E C C S C T= − +            (4) 

 
For i=k+1, k+2, …, n, 
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From Assumption 3 and the relationship be-
tween exponential distribution and Poisson distribu-
tion, the items in Eq. (2) are given in Eqs. (7)–(9): 
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4  Experimental consideration 

 
In this section, we obtain the optimal switching 

time to minimize the total expected cost by numerical 
experiments, where (1) (1) (2) (2)1, 2, 3,s p s pC C C C= = =  

=6, T=5, n=10, Cs=1, and Cp=200. 

4.1  Behavior of the optimal switching time by the 
usual processing rate 

Table 1 shows the behavior of the optimal 
switching time by changing the usual processing rate. 
It can be noted that the rate should be switched to a 
faster one ahead of time when the usual processing  
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

speed is slow. This is because the delay cost can be 
decreased. 

4.2  Behavior of the optimal switching time by the 
emergency processing rate 

Table 2 shows the behavior of the optimal 
switching time by changing the emergency process-
ing rate. It can be noted that the rate should be 
switched to a faster one ahead of time when the 
emergency processing speed is slow. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
5  Conclusions 
 

In this paper, we considered an optimal switch-
ing problem to minimize the total expected cost in 
limited-cycle with multiple periods and investigated 
behaviors of the optimal switching period. For ex-
plaining or applying to more problems in real world, 
we should consider analytical procedure for optimal 
switching periods and limited-cycle problems with 
more than one switching periods, as our future works. 
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