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Abstract:    It is well known that the mean stress or stress ratio of fatigue loadings has a strong effect on the shape of S-N curves. 
An understanding of the relationships among S-N curves corresponding to different mean stresses or stress ratios would be very 
useful in engineering applications. In this study, based on continuum damage mechanics, a mathematical expression of an S-N 
curve is deduced from a new damage evolution law. This mathematical expression can well represent the whole S-N curve, not 
only the linear part in bi-logarithmic diagrams, but also the transitional part near the fatigue limit. The effect of mean stress on an 
S-N curve is represented by two state parameters. The relationships between these state parameters and the mean stress are 
proposed and examined. By using these relationships, the concepts of equivalent symmetric amplitude and equivalent symmetric 
cycles are introduced. We have found that all S-N curves under non-symmetric states can be rearranged into the same curve as that 
of symmetric fatigue by adopting these equivalent parameters. 
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1  Introduction 
 

Due to its importance in engineering, many 
studies on fatigue using various approaches can be 
found in previous studies (Mutoh and Xu, 2003; Lee 
et al., 2012; Alexopoulos et al., 2013; Huang and Xu, 
2013; El Sawi et al., 2014; Humayun Kabir et al., 
2014). From the point of view of application, the S-N 
curve method is still the approach most widely used 
to estimate fatigue life. An S-N curve is a plot of 
stress vs. the number of cycles to failure. Many em-
pirical fatigue life evaluation laws have been pro-
posed (Stephens and Fuchs, 2001; Liu and Zhang, 

2012; Avanzini et al., 2013; Han et al., 2014; 
Kravchenko et al., 2014). However, it is well known 
that the mean stress or stress ratio of fatigue loadings 
has a strong effect on the shape of S-N curves. This 
effect means that an empirical life evaluation law 
usually is applicable only with strict constraints on 
the stress state under which the law has been fitted. 
There have been many studies on establishing fatigue 
theory (Verreman and Guo, 2007; Deng et al., 2014; 
Peng et al., 2014; Soppa et al., 2014), mainly by 
means of fracture mechanics and continuum damage 
mechanics. Ayoub et al. (2011) proposed a contin-
uum damage model for high-cycle fatigue life pre-
diction. Abdul-Baqi et al. (2005) used a cohesive 
zone approach to develop a fatigue damage model. 
Cusumano and Chatterjee (2000) deduced a dynamics 
formula for fatigue damage evolution. Milašinović 
(2003) proposed a model of fatigue behavior named 
the rheological–dynamical analogy for inelastic  
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materials and structures. Chamos et al. (2010) found 
high stress sensitivity at high applied stresses due to 
very early crack initiation. Jabbado and Maitournam 
(2008) proposed a fatigue life model with six param-
eters based on a multi-scale approach and Morel 
(2001) used the accumulated plastic meso-strain to 
predict fatigue life. 

Since the S-N curve is dependent on the mean 
stress or stress ratio, it would be valuable and mean-
ingful to clarify the relationship among S-N curves 
corresponding to different cyclic stress states for 
practical fatigue life estimations. To investigate this 
relationship, a reasonable mathematical expression of 
an S-N curve is necessary, containing parameters to 
represent the effect of mean stress, and able to rep-
resent the whole S-N curve. The approach of con-
tinuum damage mechanics was adopted in this study 
to obtain a mathematical expression of an S-N curve. 
Based on the mathematical expression and experi-
mental results, the relationship among S-N curves 
corresponding to different mean stresses or stress 
ratios was studied.  

 
 

2  Fatigue damage evolution and a mathe-
matical expression of an S-N curve 
 

Considering the fatigue loading as 
 

m a m tsin( ) ,t                       (1a) 
 

where σm is the cyclic mean stress, σa is the cyclic 
stress amplitude, ω is the angular velocity, t is the 
time, and σt is the cyclic part of stress (stress can be 
composed of several sinusoidal functions, but here we 
consider only the most simple case for simplicity). 

The best way to establish a fatigue damage 
evolution law is to deduce it from the fatigue mech-
anism. However, it is difficult to obtain a theoretical 
evolution law since fatigue mechanisms are not very 
clear. The well-known Kachanov’s damage law 
(Kachanov, 1986) is 
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where c is a proportional coefficient, D is the damage 
variable, and m is a material constant. According to 
this law, the following properties and modifications 

have been considered. When σt is smaller than the 
fatigue limit of the material, damage accumulation 
can be neglected. For static loadings, the damage 
accumulation should be negligible, so the term t  

has been introduced. By adopting these modifications, 
we proposed to establish a fatigue damage evolution 
law empirically. The validity of this law should be 
tested by experiments.  
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Here, t td / d ,t   so fixed loadings would not lead 

to damage evolution. β and γ should be material con-
stants since they determine the evolution function 
which corresponds to the intrinsic damage accumu-
lation style. σfm is the fatigue limit and cm is a pro-
portional coefficient of damage. Both σfm and cm 
should be dependent on mean stress, since the varia-
ble σt in Eq. (2) is only the cyclic part of stress, so the 
effect of mean stress must be included in the coeffi-
cients. We call σfm and cm ‘state properties’ for con-
venience, since they are not fixed constants. Rewrit-
ing Eq. (2) by cycles instead of time, and using Eq. (1) 
gives: 
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By integrating Eq. (3a), denoting the initial and critical 
damages by D0 and DC, respectively, the mathematical 
expression of the S-N curve can be obtained as 
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where Cm=1/cm is the proportional coefficient of life 
and Nf is the fatigue life. t1 and I(σa) can be calculated 
using Gauss’s numerical integral procedures. Intro-
ducing the transformations 
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to Eq. (3b), and  
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to Eq. (4b), the standardized Gauss numerical integral 
forms can be obtained: 
 

1 1 r
1

a 1

1 1

π 1
2 1

2 π
cos

2

π π
cos sin ,

2 2

M

i
i

i

i i

D
t w





 
  

   



  
                  

    

        
   


  (7a) 

a C 0

1
C 0 C 0

1 1

( ) 0.5( )

[1 0.5( ) 0.5( )]
,

M
j j

j j

I D D

D D D D w

t





 



 

   


    (7b) 

 
where M is the number of Gauss integral points, and ζi, 
ξj and wi , wj are the Gauss point values and weight 
coefficients, respectively.  

Comparing Eq. (4a) with the traditional empir-

ical life evaluation formula a f
m N =C, it can be seen 

that the difference is due only to the new term I(σa). 
Fig. 1 shows an example of the variation in I(σa) with 
stress amplitude. I(σa) becomes near to a constant 
value with the increase in stress amplitude. This 
means that Eq. (4a) agrees with the traditional em-
pirical life formula for relatively high stress ampli-
tudes. However, for relatively low stress amplitudes, 
especially for those near the fatigue limit (σa/σfm→1), 
I(σa) varies dramatically, so the simple traditional 
empirical life formula cannot be applied again. 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
In Eq. (4), there are two material constants β, γ, 

two state properties Cm, σfm, and two damage param-
eters D0, DC. In relation to the initial damage, one can 
always assume that D0≈0 if the material has not been 
subjected to any cyclic loadings for metals. However, 
for materials such as ceramics, and glass fibers and 
even for metals which have been subjected to cyclic 
loadings, the initial damage may be quite large and 
should be determined before fatigue life evaluation. 
In relation to the critical damage DC, Fig. 2 illustrates 
its effect on fatigue life according to Eq. (4). S-N 
curves corresponding to different DC values coincide 
when DC≥0.5. This is reasonable because damage 
accumulation becomes very rapid after D>0.5, and 
the corresponding life can be neglected compared 
with that for accumulation up to D=0.5. Therefore, 
one can always set DC=0.5 in applications. Fig. 3 
shows the effects of γ on the S-N curve. β corresponds 
to the slope of the linear part, while γ affects the shape 
of the transitional part of the S-N curve. The smaller 
the value of γ is, the larger the transitional region 
becomes, and the flatter the transition curve becomes. 
These tendencies may be very useful in the determi-
nation of a material’s constants β, γ from experi-
mental results. 

 
 

3  Experimental examination of the fatigue 
life evaluation formula 
 

Many experimental estimates of fatigue life have 
been published. The test results used below are all 
referenced from Gao (1981)’s handbook. Fig. 4 
shows comparisons of Eq. (4) with test results for 
fixed stress ratio conditions, where S-N curves are 

Fig. 1  An example of the variation in I(σa) 
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calculated from Eq. (4) by assuming Cm, σfm are 
constants for a specified stress ratio (denoted by Cr, σr, 
where r denotes the stress ratio). However, for the 
cases of r≠−1, Cr and σr may not be constants since 
the corresponding mean stress varies with stress am-
plitude (discussed later). Note that Cm has a unit of  
  

 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(MPa)β+1 cycle, but it is omitted below for simplicity. 
Fig. 5 shows comparisons for fixed mean stress con-
ditions, where S-N curves are calculated from Eq. (4) 
by considering that Cm, σfm are constants for a speci-
fied mean stress. Figs. 4 and 5 show that the S-N 
curves of Eq. (4) for different stress ratios and mean 
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stresses can well describe the corresponding experi-
mental results, not only for the linear part, but also for 
the transitional part. From these comparisons, it can 
be considered that the assumption of Eq. (2) about 
damage accumulation is valid. 

In the above examinations, state parameters Cm, 
σfm were obtained by fitting test results. However, 
they are a material’s properties, not test parameters. If 
the relationship between these state parameters and 
mean stress can be pre-determined, Cm, σfm can be 
simply calculated, and a fitting process is no longer 
necessary. 

 
 

4  Results 

4.1  Relationship between fatigue limit and mean 
stress 

There are some classic but very rough relation-
ships between fatigue limit and mean stress, such as 
Goodman (1899)’s linear relationship and Gerber 
(1874)’s elliptical relationship. However, in Eq. (4), 
we need a quantitative value of the fatigue limit cor-
responding to a specified mean stress. We found that 
the following formula can quantitatively describe the 
relationship between the fatigue limit σfm and mean 
stress σm: 
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where σb is the tensile strength of the material, η and α 
are material constants, and σ−1 is the fatigue limit for 
symmetric fatigue. Eq. (8) shows that three fatigue 
constants, together with the tensile strength, are nec-
essary to determine the fatigue limit for arbitrary 
mean stress quantitatively. Fig. 6 shows comparisons 
of experimental results with Eq. (8). Eq. (8) is accu-
rate enough to describe the fatigue limit for any mean 
stress. Note that the fatigue limit may not always 
correspond to 107 cycles. Eq. (8) has been examined 
for many materials and found to be valid for all. The 
reason is simple: the function shown in Eq. (8) can 
express a very complicated curve within the range of 
σm=0 to σm=σb by selecting proper constants η, α. 
Therefore, Eq. (8) mathematically describes the ma-

terial’s intrinsic relationship, though it is only an 
empirical relationship. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

4.2  Relationship between Cm and σfm 

From the experimental data under fixed mean 
stress conditions, we found that there is a good linear 
relationship between log Cm and log σfm (Fig. 7). Thus, 
simply, we obtain: 
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where κ' is a material constant, and C−1 is the propor-
tional coefficient. σfm is the fatigue limit correspond-
ing to the mean stress σm (Eq. (8)). It is important to 
note that the state property Cm is dependent on the 
fatigue limit σfm instead of the mean stress σm directly. 
This means that to evaluate fatigue life quantitatively, 
the fatigue limit corresponding to the current mean 
stress is required. Eq. (9) is also a mathematical de-
scription of a material’s intrinsic behavior, though it 
too is only an empirical description. 

Fig. 6  Fatigue limit for various mean stresses
(a) LC9; (b) GC-4 steel 
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4.3  Relationship among S-N curves  

Using Eqs. (8) and (9), the fatigue life evaluation 
formula Eq. (4) can be generalized for any cyclic 
loadings as 
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Introducing the concept of equivalent symmetric 
stress amplitude and equivalent symmetric cycles as 
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Eq. (10) can be rearranged into a unified form 
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Eq. (12) means that there is only one intrinsic S-N 
curve for a material. That is, by adopting the equiva-
lent symmetric stress amplitude and equivalent 
symmetric cycles, all experimental data for any cyclic 
loadings must locate at the same S-N curve of sym-
metric fatigue. Figs. 8 and 9 show examples of ex-
perimental results obtained by fixed stress ratio and 
fixed mean stress tests. No matter what the cyclic 
condition, experimental results locate on the same 
symmetric cyclic S-N curve very well.  
 
 

5  Discussion 
 
Traditionally, a fatigue life test is usually carried 

out under fixed stress ratio conditions. In this case, 
the mean stress varies with the amplitude under non- 
symmetric cyclic loadings as σm=(1+r)σa/(1−r), so 
both the proportional coefficient and fatigue limit 
vary with the amplitude. The so called fatigue limit σr 
at a specified stress ratio corresponds to the special 
mean stress σm0=(1+r)σr/(1−r) only. This means that 
the experimental S-N curve corresponding to a spec-
ified stress ratio (r≠−1) contains not only the effect of 
stress amplitude, but also the effect of variation in 
state parameters. Therefore, the experimental S-N 
curves corresponding to different stress ratios can be 
fitted only separately. Not only the fitting parameters, 
but also the fitting function may be different. So it is 
difficult to find directly the relationship among ex-
perimental S-N curves corresponding to various 
stress ratios. The mathematical expression of an S-N 
curve in this study was deduced from the damage 
evolution law, without any constraint on the cyclic 
stress state. Thus, experimental results obtained from 
a fixed stress ratio can also be rearranged into a uni-
fied form (Fig. 8). However, after such a rearrange-
ment, the S-N curve does not correspond to a speci-
fied non-symmetric stress ratio again, but corre-
sponds to the intrinsic S-N curve of the material.  

To apply the unified life evaluation formula 
Eq. (12), a material’s fatigue properties should be 
pre-determined. In other words, fatigue experiments 
are required only to determine a material’s fatigue 
properties by this formula, and it is no longer neces-
sary to determine experimental S-N curves for dif-
ferent mean stresses or stress ratios as a database. 
Obviously, this can greatly reduce the number of 
fatigue tests in application. There are seven material 
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fatigue property constants in the unified fatigue life 
formula. Four of them (σ−1, C−1, β, and γ) can be de-
termined completely by symmetric cyclic fatigue 
tests (r=−1). η and α can be determined by non-zero 
mean stress tests, but only those tests with an ampli-
tude near to the corresponding fatigue limit are nec-
essary, since η and α are parameters related only to 
the fatigue limit. To determine the coefficient κ' or κ, 
besides C−1, only one Cm value corresponding to a 
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 

 
 

 
 
 
 
 

 
 

 
 
 
 
 

non-zero mean stress is necessary. To determine Cm 
for a specified mean stress, only some tests with rel-
atively high amplitudes are necessary due to the lin-
earity of the S-N curve.  

Table 1 shows the fatigue property constants for 
some metals. With these material’s constants, the 
fatigue life for any cyclic stress state can be estimated 
by Eq. (12), and no additional tests with a specified 
mean stress or stress ratio are required. 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 1  Fatigue constants of some metals 

Material σ−1 (MPa) C−1 β γ η α κ=κ'−β−1 σb (MPa)

LC9 87 1.41×1013 2.3 20 0.408 2.3 −1.0 508 

LY12B 120 1.05×1022 6.0 18 0.667 3.5   1.5 464 

LY12CZ 81 3.90×1013 2.5 19 0.527 7.5 −0.6 466 

LY12CZ* 105 5.40×1014 2.8 19 0.389 5.5   0.5 460 

LC4 69 0.40×1013 2.0 20 0.667 5.5   2.2 549 

GC-4 steel 730 3.50×1021 4.5 8 0.379 4.0 −0.4 2010 

Note: the dimension of C−1 is (MPa)β+1 cycle; the former five materials are aluminum alloys; LY12CZ* and LY12CZ are different materials 
due to their different composition (different manufacturers) 

Fig. 8  Unified evaluation of fatigue life under fixed stress ratio conditions 
(a) LC9; (b) GC-4 steel 
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Fig. 9  Unified evaluation of fatigue life under fixed mean stress conditions 
(a) LC4; (b) LY12CZ* 
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6  Conclusions 
 
The main conclusions are as follows: 
1. A damage evolution law which can describe 

the whole S-N curve has been proposed, and a fatigue 
life evaluation formula deduced. 

2. The empirical quantitative relationship be-
tween the fatigue limit and mean stress has been 
proposed and examined. 

3. The empirical relationship between the pro-
portional coefficient and the fatigue limit has been 
proposed and examined. 

4. The concepts of equivalent symmetric stress 
amplitude and equivalent symmetric cycles have been 
proposed. With the use of these concepts, the fatigue 
life under non-zero mean stress state can be evaluated 
in a way equivalent to that of symmetric fatigue.  

5. There is only one intrinsic S-N curve for a 
material from which all others under non-zero mean 
stress can be deduced. 

6. There are seven material fatigue property 
constants. To determine them, besides the symmetric 
cyclic fatigue tests, only a few non-zero mean stress 
tests are necessary.  
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中文概要 
 

题 目：不同平均应力或应力比下 S-N 曲线之间的关系 

目 的：探讨平均应力或应力比对 S-N 曲线的影响，并期

望得到不同应力比或平均应力下统一的S-N曲线

的数学形式。 

方 法：1. 基于 Kachanov 的疲劳损伤演化律，考虑循环

载荷作用下高周疲劳的实际情况，提出疲劳损伤

演化模型；2. 采用高镇同（1981）的实验数据，

验证不同平均应力下 S-N 曲线的数学表达式； 

3. 利用等效对称应力幅和等效对称寿命的概念，

研究不同平均应力下的 S-N 曲线数学表达式。 

结 论：1. 提出任意循环比或平均应力下 S-N 曲线的统一

数学表达式；2. 给出疲劳极限、比例系数和平均

应力间的关系；3. 引入等效对称循环应力和寿命

的概念，可以将任意循环比或平均应力下的疲劳

等效为对称疲劳。 

关键词：损伤力学；S-N 曲线；演化律；等效方法；疲劳

极限 


