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Abstract:

An approximate method for predicting the stationary response of stochastically excited nonlinear systems with

continuous-time Markov jump is proposed. By using the stochastic averaging method, the original system is reduced to one gov-
erned by a 1D averaged Itd equation for the total energy with the Markov jump process as parameter. A Fokker-Planck-
Kolmogorov (FPK) equation is then deduced, from which the approximate stationary probability density of the response of the
original system is obtained for different jump rules. To illustrate the effectiveness of the proposed method, a stochastically excit-

ed Markov jump Duffing system is worked out in detail.
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1 Introduction

The operation of complex dynamical systems is
often accompanied by abrupt changes in their con-
figurations caused by component or interconnection
failure, or by the onset of environmental disturbance.
When these sudden changes in the operating rules
occur in accordance with a Markov process, the as-
sociated stochastic system is referred to as a
continuous-time Markov jump system (MJS). MJSs
have many applications in a variety of fields, includ-
ing air vehicles (Stoica and Yaesh, 2002), economics
(do Val and Basar, 1999), power systems (Ugri-
novskii and Pota, 2005), satellite dynamics (Meskin
and Khorasani, 2009), and communication systems
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(Abdollahi and Khorasani, 2011).

Since Kats and Krasovskii (1960), Krasovskii
and Lidskii (1961) first introduced MJSs, considera-
ble attention has been devoted to the analysis and
synthesis of MJSs (Costa et al., 2006; 2013). Neces-
sary and sufficient conditions for moment stability
were obtained by means of an explicit formula for
the corresponding Lyapunov exponent for a piece-
wise deterministic jump linear system (Mariton,
1988). Kushner (1967) applied the ‘almost sure sta-
bility’ concept to jump linear systems. Krasovskii
and Lidskii (1961) studied the linear quadratic regu-
lator (LQR) control of Markov jump linear systems.
Sworder (1969) solved the optimal control problem
with finite time horizon using the maximum princi-
ple. The ergodic control problem of MIJS is studied
based on the dynamic programming principle
(Ghosh et al., 1997). However, previous study on
MJSs mainly focused on stability and optimal con-
trol (Ji and Chizeck, 1992; Natache and Vilma,
2004; Luo, 2006; Huang and Nguang, 2008). Little
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effort has been given to studying the response of
MIJSs, especially for stochastically excited nonlinear
MJSs. Development of the methodology for analyz-
ing nonlinear MJS is thus much deserving.

In this paper, a method for predicting the sta-
tionary response of stochastically excited nonlinear
systems with continuous-time Markov jump is pro-
posed. In the case of small transition rate, an aver-
aged Itd6 equation governing the energy envelope
with the Markov jump process as parameter is first
derived using stochastic averaging (Zhu and Lin,
1991; Zhu, 2006; Huan et al., 2008). The associated
Fokker-Planck-Kolmogorov (FPK) equation is then
set up, from which the approximate stationary prob-
ability density of the response of the original system
with different jump rules is finally obtained.

In this study, first, the nonlinear MJS subjected
to stochastic excitation is introduced, and the sto-
chastic averaging method is applied to the system.
Then, the associated FPK equation is set up. Finally,
the validity and accuracy of the proposed method are
demonstrated by using the Markov jump Duffing
oscillator subjected to Gaussian white noise, wherein
the detailed calculation is provided and comparison
with direct simulation of the original system is made.

2 Formulation of problem

Consider a single-degree-of-freedom (SDOF)
stochastically excited nonlinear system with
continuous-time Markov jump:

i+ g(x)=ef(x, %, 5())+&"h (x, sOW, (1), 0
x(t) =x,, s(t,)=5,,

where g(x) is the nonlinear restoring force, ¢ is a
small parameter, ¢ f(x, X, s(¢)) denotes light Markov
jump damping force, ¢"*h(x, s(0)) (k=1, 2, ..., m)
represent the Markov jump amplitudes of weakly
external and/or parametric stochastic excitations, and
W(f) are the independent Gaussian white noises with
zero means and intensities 2D;. The repeated index &
implies the summation over its range, i.e.,

By (x, s, (1) = ihk (X8O, ().

s(t) is a continuous-time Markov jump process
which takes discrete values in a given finite set
S={1, 2, ..., I}. Each seS§ denotes the mode in which
the system operates. The transition probability be-
tween the modes is

o (AAr+o(An,  i# ],
PRU+AD =TSO =20, ) Arvo(an, i=)
2

where o(Af) is such that iirr%) o(At)/At =0, P{s(t+Af)

=j | s(¢)=i} represents the probability that the system
takes the mode j at time #+A¢ given that it has the
mode i at time . 4;>0 for i#j, is the transition rate
from mode i to mode j and (Wonham, 1970)

!

Ay =— z /11'/" 3)

J=1j#i
Eq. (1) can be used, for instance, to model a
class of linear or nonlinear systems whose random
changes in their structures may be a consequence of
abrupt phenomena such as component and/or inter-

connection failure. Our primary concern here is the
stationary response of Eq. (1).

3 Averaged equation

In this paper, s(¢) is supposed to be ergodic and
independent of system state. To apply the stochastic
averaging method to Eq. (1), the Markov jump pro-
cess is first assumed to be fixed at s(f)=ieS. That
means, the system operates in the mode i and no
jump occurs. In this case, for simplicity, f{-, s(¢)) and
(-, s(r)) are denoted by f(i)(-) and & ("), respec-
tively. The equivalent It6 equations of Eq. (1) with
fixed s(¢)=i are (Ji and Chizeck, 1992)

do = Pdt,

= (i) 12 __(i) (4)
dP=[-g(Q)+&/"(Q, P)ldt + & "0, (Q)dB, (1),

where O=x and P =x, Bi(f) are independent unit
Wiener processes, and o\ (Q)=+/2D k" (Q). The

Hamiltonian H (total energy) of the Hamiltonian
system associated with Eq. (4) is



Pan et al. / J Zhejiang Univ-Sci A (Appl Phys & Eng) 2017 18(2):83-91 85

H(O, P)—P—2+ ¢ g(u)du. (5)

Since H is a function of Q and P, the It6 equa-
tion for H can be derived from Eq. (4) by using the
1t6 differential rule as follows:

o (), ”(Q)

ati - {f”) ©n+

+2"2 5L o0 (0B, (1),

=1

Introduce transformation from Q and P to Q
and H. Then, the system is governed by the first
equation of Eq. (4) and Eq. (6). In the case of light
damping and weak excitations, the Hamiltonian H in
Eq. (6) is a slowly varying process while the general-
ized displacement Q in Eq. (4) is a rapidly varying
process. According to a theorem due to Khasminskii
(1968), H approaches to a diffusion process as e—0.
Since the slowly varying process is essential for de-
scribing the long-term behavior of the system, the
stochastic averaging method is used to average out
the rapidly varying process and to yield the follow-
ing averaged It6 equation for a slowly varying pro-
cess H:

dH = em® (H)dt + €257 (H)dB(1), 7)

where the drift coefficient m”(H) and diffusion coef-
ficient c"'(H) are given by (Zhu and Lin, 1991)

. oH
DH) = (@) ,
m" (H) = T(H)j {f @7

OH
Mﬁpj 4
(i) (i)
(& (H)Y = T(H)j { a1 (9)

ol |

The region of integration is 2={q | H(q, 0)<H}, and

T(H) :'[Q[(Z_;]] dg. 9)

1
+—0'(‘) 0
2 (@)

(®)

For the original jump equation (1), there are / (/
is the total number of the modes of the original sys-
tem) averaged equations like Eq. (7). In the case of
small transition rate, the original jump system can be
approximately substituted by an averaged equation
of the form of Eq. (7) with the Markov jump process
as parameter:

dH = em(H, s)dt + "*G(H, s)dB(?), (10)

where m(H, s) and 6(H,s) denote the drift and dif-

fusion coefficients, respectively. The expressions are
similar to those in Eq. (8) with /g, p) and ¢,"(q)
replaced by f(g, p, 5) and oy(q, s), respectively.

4 Stationary response

Recall from Eq. (2) that P(s, t+At | r, f) repre-
sents the probability that the system takes the mode s
at time 7+A¢ under the condition that it has the mode
r at time ¢. In order that s(¢+Atf)=s, the system either
remains in the mode s or it jumps to mode s from
mode r (=1, 2, ..., s—1, s+1, ..., [) in the time inter-
val [t, t+Af]. Based on the averaged equation,
Eq. (7), the following FPK equation can be deduced
(see Appendix A for detail):

0 0
EP(H, S, t) __7[”’(1_1’ S)p(H, S, t)]

2

+5 aHz [{5([‘[’5‘)}2 p(H, S, t)] - ;[AYIP(H, S, t)

A P 0g(H s, 1 | B 1) dH ',
(1D

where p(H, s, t) is the probability density of the total
energy H with the Markov jump process s as a pa-
rameter. The initial condition is

p(H,s,0)=p(H,, s), (12)
and boundary conditions are
p(0, s, t) = finite,
pH,s,t)|,,,—0, w Iy 0. (13)
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The conditional probability density q(H, s, ¢ |
H', r, f) in Eq. (11) can be specified according to the
physical meaning of the real system. In the inde-
pendent jump case, g(H, s, t | H', r, t) is assumed to
have the following form (Wu, 2007; Fang et al.,
2012):
q(H,s,t|H',r,t)=0(H-H"). (14)
Substituting Eq. (14) into Eq. (11) and complet-
ing the integral yields the following FPK equation:

0 0
o P80 =—ZIm(H, s)p(H., 5, 1)]

SE——

i
= (A, p(H, 5,0)~ A, p(H, 7, 0)]
r=1

r#Ss

(15)

The FPK equation (15) does not admit an easy
solution, analytically or numerically. Fortunately, in
practical application we are more interested in the
stationary solution of FPK equation (15). In this
case, FPK equation (15) is simplified by letting
Op/0t=0. Then, the joint stationary probability densi-
ty p(H, s) is obtained readily from solving Eq. (15)
using the finite difference method. The stationary
probability density p(H) can be obtained from p(H,
s) as follows (see Appendix B for detail):

p(H)=Y p(H,s).

seS

(16)

The marginal stationary probability density p(q)
of the generalized displacement is then obtained as

p(@)=[" p(g. p)dp, (17)

where
p(H)

T(H) |H:H(q,p) (18)

pr(q, p)=

is the stationary joint probability density of the dis-
placement and velocity.

Note that rigorous analysis of the error in the
stochastic averaging has not been reported in the
open literature. Thus, the quantification of the error

of the proposed method can be made only by com-
paring with direct simulation.

5 Numerical example

To demonstrate the validity and accuracy of the
proposed method, consider a stochastically excited
Duffing oscillator with independent Markov jump
process as parameter and governed by the equation:

¥+’ x+ax’ = B(s(t)x + h(s(t)E(®), (19)
where w and o are constants, f(s(¢)) is the Markov
jump coefficient of linear damping, A(s(¢)) is the
Markov jump amplitude of external random excita-
tion, and &(¢) is the Gaussian white noise with zero
mean and intensity 2D. s(f) is a continuous-time
Markov jump process with the transition probability
defined in Eq. (2). s(¢) takes discrete values in a giv-
en finite set S={1, 2, ..., [}.

Following the steps in Egs. (4)—(10), the origi-
nal Eq. (19) can be approximated by the following
averaged Itd system with the Markov jump process
as parameter:

dH =m(H, s)dt + 5(H, 5)dB(), (20)
where
m(H, s =i)=m" (H)={h")" D~ pOG(H),
(6(H,s=i)} ={c" ()} =2{n"} DG(H),
4 ACH) 2 2 4 12
G(H)=m , @H-0q -aq /2)"dq,
(21)

T(H)= 4J-0A(H)(2H -0'q" —aq* 12)"dg,

[(a) + 40:H)1/2 -’ ]1/2
A(H) = ,
a

ied.

The associated averaged FPK equation is of the
form of Eq. (15) with m(H, s) and 6(H, s) given by
Eq. (21). The stationary probability density p(H, s)
can be obtained by solving the FPK equation (15)
with Op/0t=0 numerically. The stationary probability
densities p(q) and p(q, p) are then determined using
Egs. (17) and (18).
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5.1 Two-mode system

In this case, /=2 and S={1, 2}. Some numerical
results are obtained as shown in Figs. 1-3 for system
parameters w=1.0, a=1.0, D=0.02, f"=0.02, f*=
0.04, 7hY=2.0, and #%=1.0. Prescribe the transition
rate A; by a transition matrix A=[4;]. Three special
cases with

y -2 2 p -1 1 y -2 2 9
RS PR RS e
are considered. The stationary probability density
p(g) of displacement is shown in Fig. 1. Also plotted
are the probability densities when the Markov jump
process is fixed at either s(¢)=1 or s(r)=2. Obviously,
the system operating in the mode s(#)=2 has larger
damping coefficients and/or smaller amplitude of
stochastic excitation than that operating in the mode
s(t)=1. Thus, the probability density p(q) near the
equilibrium position is higher, which means the sys-
tem spends more time near equilibrium in the mode
s(#)=2 than that in the mode s(¢)=1. The value around
q=0 will decrease as A cycles through A=A13, A=A,
and A=A,.

The lines in Fig. 1 are obtained from solving the
averaged FPK equation (15) while the dots are ob-
tained by direct simulation of Eq. (19). The joint
probability densities p(g, p) of the displacement and
velocity obtained from Egs. (19) and (15) are shown

0.7 .
a
3 No j =2
0.6t [ o Jump. s
|
! \
14 \ =
05k / A=A |
/\=/\1
< 041 b
% A=A,
03¢ No jump, s=1
0.2r b
0.4f ]
0 s ‘
-5 0 5

Fig. 1 Stationary probability density p(¢q) of displacement
of 2-mode jump equation (19) with A=1,, A=A1,, and
A=A3 in Eq. (22), and with s(¥)=1 and s()=2

The lines are obtained from numerical solution of Eq. (15)
while the dots are obtained from direct simulation of original
Eq. (19)

in Figs. 2a and 2b, respectively. It can be seen that
the analytical results agree well with those from digi-
tal simulation of the original Eq. (19), which

Fig. 2 Joint stationary probability densities p(q, p) of the
displacement and velocity of 2-mode jump equation (19)
with the transition rate 1=A1,

(a) Numerical solution of Eq. (15); (b) Direct simulation of
original Eq. (19)

25

1215 1220 1225

t

1205 1210

0.5
1200

1230

Fig. 3 Sample of jump process s(f) of 2-mode jump equa-
tion (19)
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demonstrates the validity and accuracy of the pro-
posed method. Finally, a sample of 2-mode inde-
pendent Markov jump process s(f) is shown in
Fig. 3.

5.2 Three-mode system

In this case, /=3 and $={1, 2, 3}. The numerical
results shown in Figs. 4-6 are for system with pa-
rameters w=1.0, a=1.0, D=0.02, f"=0.01, p¥=
0.025, f9=0.04, n"=2.0, "¥=1.0, and K®=1.0.
Three special cases with

[-14 07 0.7 ] 30 15 15
A=[15 30 15| A=07 -14 07|,
|15 15 -3.0] 15 1.5 =30

(3.0 15 157
A=| 15 =30 15 (23)
107 07 -14]

are considered. The stationary probability density
p(g) of displacement is shown in Fig. 4 for different
cases. The joint stationary probability densities p(q,
p) of displacement and velocity are exhibited in
Figs. 5a and 5b. Again, the analytical results ob-
tained from solving the FPK equation (15) match
closely with those from digital simulation of the
original Eq. (19), which indicates that the proposed
method is very effective for solving the vibration

0.8f

| Nolump, =3 |
A3 No jump, s=2
L ¢ 1
06 / A=Ay

=
k=% A=A,
A=A
0.4} ! 1
No jump, s=1
0.2 1

0 ‘ !
-5 0 5
Fig. 4 Stationary probability density p(q) of displacement
of 3-mode jump equation (19) with A=4,, A=A,, and
A=A; in Eq. (23), and with s(¥)=1, s(¥)=2, and s(¥)=3

The lines are obtained from numerical solution of Eq. (15)
while the dots are obtained from the direct simulation of
original Eq. (19)

problem of a nonlinear Markov jump system under
stochastic excitation. Finally, a sample of 3-mode
jump process s(7) is shown in Fig. 6.

Fig. 5 Joint probability density p(q, p) of the displace-
ment and momentum of 3-mode jump equation (19) with
transition rate A1=A1,

(a) Numerical solution of Eq. (15); (b) Direct simulation of
original Eq. (19)

3.5

257

F20r

151

1.0 4 . i

0.5
1200

1215 1220 1225

t

1205 1210 1230
Fig. 6 Sample of jump process s(r) of 3-mode jump

system
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6 Conclusions

Study of Markov jump systems is of practical
significance because of their wide applications in
industry and economy. In this paper, an approximate
method for predicting the stationary response of sto-
chastically excited nonlinear systems with continuous-
time Markov jump has been proposed. In the case of
small transition rate, the original system was reduced
to one governed by a 1D averaged It6 equation with
the Markov jump process as parameter using the
stochastic averaging method. The FPK equation
governing the probability density of the total energy
has been derived. One example has been worked out
in detail. The comparison of the analytical results
obtained using the proposed method with those from
digital simulation of the original system indicates
that the proposed method is feasible and effective for
solving the random vibration problem of a nonlinear
Markov jump system.

Note that the proposed method has the potential
to be extended to the Multi-DOF Markov jump sys-
tems. However, in the case of Multi-DOF system,
the solution of the FPK equation is more difficult to
obtain, even for a stationary solution. It will be the
topic of our future research.
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Appendix A

Without jump, the transition probability density
p(H, s, t+At | H, s, 1) satisfies the following FPK
equation:

agp(H,s,tJrAt\H’,s,t)
it

=-a%[m(ﬂ, S)P(H, s,t+At|H',5,0)] (A1)

2
+_
2 0H?

[{5(11, O} p(H, s, t+At| H', s, t)}.

For a short time interval, FPK equation (A1)
can be rewritten as

p(H,s,t+At|H',s,1)
! _ i _ ’
= O(H ~ H') = M—m(H. )5(H ~H')]  (A2)

2
+1At 0
2  ¢oH?

[{5(}1, ) S(H - H')] +o(AY),

where 6(H-H")=p(H, s, t | H', s, f). This equation will
be used in the following steps.

Recall from Eq. (2) that P(s, t+At | r, f) denotes
the probability that the system takes the mode s at
time +At given that it has the mode rat ¢. In order
that s(++Af)=s, the system either remains in the mode
s or it jumps from mode r (=1, 2, ..., s—1, s+1, ..., )

to mode s in the interval [z, #+At]. Hence, the follow-
ing equation is obtained (Wu, 2007; Fang et al.,
2012):

P(H, 5,1+ A0)= [ p(H' 5, 1)

xp(H,s,t+At|H",s,t)P(s, t + At | s, 1)dH"
Sy (A3)
+ZIO p(H ,r,t)g(H,s, t+At|H',r,t)
r=1

xP(s,t+At|r,t)dH'.

In Eq. (A3), the first term in the right hand side
denotes the probability density where the system
stays in mode s in time interval A¢. The second term
represents the probability density where the system
jumps to mode s from mode . g(H, s, t+At | H', r, t)
is the transition probability density of H for system
jumping from mode r at time ¢ to mode s at time
t+At. Then, using Egs. (2) and (3), Eq. (A3) can be
rewritten as

p(H, s, t+M) = [ p(H',5,10)

!
x p(H, s, t+At|H', s, 1) I—At;/lv 4"

rES

I
AL A, [ pCH 7. 0g(H 5,0+ At | H', 7, )dH'.
r=I1
r£s

(A4)
Substituting Eq. (A2) into Eq. (A4) yields

p(H, s, t+At)= p(H,s,t)

— Ata%[m(H, s)p(H, s, 1)]

1. &= 2
+5Az P [{G(H, )} p(H,s, f)J

/
- AIZ{AWD(H, s, 1)

r=1
r#s

- /lmfp(H Lrt)q(H, s, t+At|H', 7, t)dH} +o(A?),
0

s, res.
(A5)
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Dividing both sides of Eq. (A5) by At and let-
ting At—0 lead to the following FPK equation:

0 0
5 PUL s ) == lm(H, s)p(H. 5, 1)]

OH’

(G pH. 5.0) |~ D[4, p(H. 5.0

r#s

+_
2

—@EMHhﬁﬂﬂ&ﬂHmﬁMﬂ
(A6)

Appendix B

According to the probability theorem, the prob-
ability distribution P(H) of H satisfies

P = [ Y[ p | )P = [ piyH,  (B1)

where p(H | s) is the conditional probability density
of H when s is known to be a particular value. P(s) is
the probability distribution of the Markov process
s(#) when s(¢)=s. From Eq. (B1), one obtains

p(H) =Y [p(H |5)P(s)]

se§

(B2)

On the other hand, the joint probability density
p(H, s) satisfies

_OP(H,s) _ 0 [,
p(H, S)——aH = H[P(S) P(H | )] (B3)
=P(s)p(H |s).

Substituting Eq. (B3) into Eq. (B2) leads to

p(H)=Y p(H,s).

ses

(B4)

o

M B BEVLEE) T ELSLN S RB R ELE RS
P52 B 52

D R T BE AR T % 2 I IR R R Bk
AL RGP R BRI ARl T ¥

AlF R 1L BRI T EHSREERBE SN T ReEm
T o s 2. BT H DRRIRAES S
T35 166 J7 FEAH LK) FPK J7 2.

o LB —NEENLE Y DR BHR B R 1 R S
HUARS TR REM B Ito 772, JEIRYE 1o
WOAFENE B SR (RELRE) 0 16 7
s 2. B BEALFE, BERT RARREMN
P 10 TT s 3. 4T IR EAE S FPK 7% .

oL B R T AR AL R B AR R 2R P R SR RE AL
MEAEERN; 2. B RS FEMLES R
W45 BE T B 7V R R M

2 ARLRVERSG, LA D RERBAS, BENLIK
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