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Abstract: A linear model of two cylindrical plane wall layers exposed to oscillating temperatures and frequencies was built using
a physical superposition of two states. In the first state, the inner surface of a wall was exposed to oscillating temperature and the
outer surface was exposed to a zero relative temperature. In the second state, the inner surface was exposed to a zero relative
temperature while the outer surface was exposed to an oscillating temperature with different amplitude and frequency. Temper-
ature distributions were derived for different amplitudes, frequencies, and thermal conductivities. Results show that increasing the
frequency decreased the depth of temperature penetration. A high frequency led to extremum temperature values on the surface,
while a low frequency allowed gradual temperature changes during the time period. Temperature distribution lines showing

simultaneous heat flux entry and exit were not observed.

Key words: Oscillating temperature; Temperature amplitude; Thermal conductivity; Thermal diffusivity

http://dx.doi.org/10.1631/jzus.A1600641

1 Introduction

Heat transfer into a cylindrical wall is an im-
portant issue in some engineering areas. For example,
there is a focused effort in investigating the temper-
ature distribution in the cylinder walls of combustion
engines. Studies of temperature distribution are
needed for predicting the thermal and fatigue stresses
produced in the cylinder wall. Fatigue stresses may be
produced as a result of boundary temperature oscilla-
tions due to the cyclic operation of the engine. Other
engineering applications include heat treatment of
metals, engine exhaust valves, solid propellant rocket
motors, gun tubes, and heat exchangers. Rakopoulos
et al. (2004a; 2004b) examined the temperature
fluctuations in the cylindrical walls of a diesel engine.
Based on a theoretical model and experimental
measurements, they investigated the penetration of
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oscillating temperatures into the inner cylinder wall.
They showed that increased insulation or a smaller
thermal conductivity value led to a larger temperature
frequency and a smaller penetration depth. Lu ef al.
(2006) devised a 2D time-dependent analytical solu-
tion of a temperature field for any number of cylin-
drical shells. The analytical solution compared well
with a numerical solution. A lumped coefficient rep-
resenting transient heating of a long cylindrical shell
was introduced by Razelos and Lazaridis (1967). One
shell surface was under an adiabatic constraint while
the other was exposed to oscillating heating. During
heating fluctuations, the coefficient remained con-
stant. Sun and Zhang (2015) proposed a finite element
solution of a temperature transient response for a
cylindrical shell under different heating frequencies at
its surfaces. A large temperature gradient and a strong
impact were found on the inner surface with the larger
heating frequency. A solution of an unsteady 2D
temperature field for a cylindrical shell exposed to
oscillating temperatures at its surfaces was developed
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by Fazeli ef al. (2013). They assumed that the shell
material was homogeneous and isotropic. They found
that by increasing the Bio number the temperature
amplitude became less dependent on the dimension-
less length, which is the ratio of the outer radius of the
cylindrical shell to its length. Jang and Chiu (2007)
investigated the temperature field in a hollow cylinder
in which step-wise induction heating was performed
on the outer surface. They showed that by increasing
the air gap the temperature decreased. Barletta and
Zanchini (1995) studied the effect of an alternating
current on an electric hollow cylindrical resistor. The
resistor cavity was empty or filled with a dielectric
solid. An analytical solution was found for tempera-
ture as a function of length and time. For a large
electric current frequency, the temperature distribu-
tion in the resistor material and in the dielectric solid
became almost uniform. Talace and Atefi (2011)
introduced a non-Fourier solution for a temperature
field in a cylindrical shell exposed to an oscillating
heat flux. The material shell was assumed to be ho-
mogeneous and isotropic. The speed of heat propa-
gation into the material was finite. Keles and Conker
(2011) introduced a non-Fourier solution for a tran-
sient temperature field in cylindrical and spherical
shells. The material shells were assumed to be het-
erogeneous. They showed that the speed of the ther-
mal wave was reduced as the inhomogeneity param-
eter values increased. Barletta and Zanchini (1996)
produced an analytical solution for a transient tem-
perature distribution with non-uniform heat genera-
tion by the Joule effect in a long cylinder. Thermal
resonance was found. Talaee et al. (2014) devised an
analytical solution for the temperature distribution
and the associated thermal stresses for a Fourier law
and a non-Fourier effect. Using the non-Fourier effect
revealed the wavy behavior of the thermal stresses.
Daneshjou et al. (2015) introduced a solution for the
temperature distribution of the heterogeneous mate-
rial of a cylindrical shell with an unsteady heat source.
They found increased temperature variation near the
heat source. Chiu and Chen (2002) presented an an-
alytic process for the thermal-stress distribution in an
annular fin exposed to an oscillating heat transfer
constraint. A larger fin parameter increased the tem-
perature gradient and thermal stresses. Akbarzadeh
and Chen (2012) investigated an unsteady tempera-
ture distribution in a non-isotropic cylindrical panel.

Increasing the non-homogeneity index increased the
temperature steady state value. Bas and Keles (2015)
presented an analysis of thermal stress distribution in
an annular fin exposed to a decreasing time exponent
heat flux. The fin temperature increased with time
and then decreased after reaching a maximum value.
Takabi (2016) introduced a thermal stress distribu-
tion based on an analytical and numerical examina-
tion of a thick cylindrical shell. The cylindrical shell
was made of functionally graded materials (FGMs).
The use of FGM caused a reduction in the stress
value. Chatterjee et al. (2013) presented an unsteady
numerical convection examination of a semicircular
cylinder exposed to a forced laminar flow. While
facing the flow, the heat transfer through the curved
surface was larger than the heat transfer through the
flat surface. Malekzadeh et al. (2012) presented an
examination of heat transfer into a functionally
graded (FG) cylindrical shell using a non-Fourier
effect. They found that the non-Fourier effect could
not be neglected for an unsteady heat transfer. Yan
and Malen (2013) investigated the efficiency of a
thermoelectric power generator (TPG) (A TPG
converts heat into electrical power using no moving
parts). Efficiency was improved by using an unsteady
heat source. Zhang et al. (2015) investigated the
thermal displacement of a ceramic-metal cylindrical
shell. They showed that displacement was very sen-
sitive to material composition. Roslan et al. (2014)
investigated natural convection associated with an
oscillating temperature on a cylinder surface. Heat
transfer was increased by increasing the frequency of
thermal oscillations.

The aim of this study was to model the temper-
ature distributions of two cylindrical plane wall layers
exposed to temperature oscillations of different am-
plitudes and frequencies. The model was developed
using physical superposition and complex numbers.

2 Current model
2.1 General solution

Fig. 1 shows the general problem.

The temperature distribution (7) is a function of
the distance coordinate () and time (¢), i.e., 7(r, ?).
For 1D heat transfer without heat generated, the
cylindrical heat diffusion equation is given by
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where a is the thermal diffusivity and is defined as

oada=—", (2)

where £ is the thermal conductivity, p is the material
density, and ¢, is the specific heat capacity.
The heat Eq. (1) is transformed into the follow-
ing configuration:
2
o2 o
ot ror or

Using separation of variables method to solve Eq. (3),
the first connection is given by

o _

) i, “)

where T'(£)=dT/d¢, w is the frequency, and i is the
imaginary unit. Eq. (4) leads to the time connection:

I(t)=de", )

where d is the integration coefficient.
The following is the second connection obtained
from Eq. (3):

P*T"(r)+rT'(r)—-b*r’T(r) =0, 6)

where b=+i®w/ a. Eq. (6) leads to the coordinate
distance connection:

T(r)=d,1,(br)+ d,K, (br), (7)

where d, and d; are the differential equation solution
coefficients, I is the modified Bessel function of the
first kind of zero order, and K| is the modified Bessel
function of the second kind of zero order.

By defining:

¢ =dd,, (®)
¢, =dd,, ©)

the general solution 7{(r, f) is given by

T =ce1,(br)+c,e'” K, (br). (10)
In dimensionless form, Eq. (10) is given by
T =ce” I,(b'r )+, K,(br), (11)

where an asterisk as a superscript indicates a dimen-
sionless parameter. Most of the following dimen-
sionless parameters may be based on these average
values: T, =(T;, +71,,)/2,

(1+a)/2, k,, =(k +k,)/2. The dimensionless pa-
rameters appearing in the following sections are de-
fined as: T, =T,,/T,,,, Ty, =T,/T,

Oav > Oav 2

@, =(0, +®,)/2, 0a=

C =/
o =0 a)av’

* * * *
o =0l0,, o =ala,, a,=a,la,, k =klk,,

ky =kylky, 1 =nln, o =nln, o =nln=1 Ty
and Tq, are the dimensional amplitude constraints on
the internal and external surfaces; r|, 7, and r3 are the
dimensional internal radius, boundary radius, and
external radius; k; and k, are the dimensional con-
ductivities of the internal shell and external shell,
respectively.

T cos(a)l't')

T, cos(a);‘t‘)

Fig. 1 General problem

2.2 First stage solution

The first stage problem is shown in Fig. 2.

I =™ I,(5r) + e, K (b)),

T, = c3ei’”" I, (byr' ) +c,e K, (byr),

(12)
(13)

where b =.\/io /a and b, =.\/iw /a;; T, and T,

are the dimensionless temperature distributions into
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the internal shell and external shell; ¢; and ¢4 are the
coefficients of the temperature distribution solution

into the external shell.

The following connections are the four boundary
conditions which are needed to solve the first stage

problem:

=T e
S 01 5

.
=T,

*
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_ ot
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or
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ro=n

. =0.

ro=n

(14
(15)

(16)

an

The boundary conditions (Egs. (14)—(17)) lead
to the next algebraic system equations needed to find

the temperature distribution coefficients:

*

L,(b1; )e, + K,y (b7 )e, =Ty,
1,(b1y )e, + Ky (b1 )e,
= 1,(b;1;)e; = Ky (byr)e, =0,
a,c, —a,c, —a,c; +a,c, =0,
Ly(byr)ey + Ko (by1))e, =0,
where

a =kb1br),

a, =k b K (bry),

a, = kb1, (b)),

a, =k,bK,(br,).

By defining the following determinants:

I, K,(br) 0

(18)
(19)

(20)
@n

(22)
(23)
24
(25)

I()(bl*r;) KO(bl*r;) _[o(b;’”z*) _Ko(b;rz*)

a, -a, —a,
0 0 I,(b;15)
Iy Kobr) 0 0
a, = 0 K,(br) - (b;V;) —K,(b;1y)
0 —-a, -a, a,
0 0 INGYY

Ko(b;’”;)

B

(26)

27)

1,6
I, (bl*rz*)
al

| 0
RACYS
1,(bry)

*

T, 0 0
0 _Io(b;rz*) _Ko(b;r;)
0 —a, a,

0 Ibr) K(br) |
Kbry Ty 0]
Ko(bl*rz*) 0 _Ko(b;rz*)
-a, 0 a,

0 0 Ky(byry) |
K, (b)) Ty,
Ko(bl*rz*) _Io(b;’”z*) 0
—-a, —a, 0/

0 Lbr) 0

B
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(28)

(29)

(30)

the first stage temperature coefficients are given by

a
_ 4
¢ =—1,
as
a
_%
CZ =—,
as
a
_ %
o =—,
as
a
_9
¢, =
as

Fig. 2 The first stage problem

2.3 Second stage solution

a

T =c, e I,(br')+c,e” K,(br),

* iw;t* * K i(z);t‘ * ¥
Lo =68 Ly(byr )+ g™ Ko(byr),

€20

(32)

(33)

(34)

The second stage problem is shown in Fig. 3.

(35)
(36)

where b =./iw;/a; and b =.\i®}/c;, and the
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subscript a indicates the second stage.

The following connections are the four boundary
conditions which are needed to solve the second stage
problem.

Tl . =0, (37)
r P I Pt (38)

. OT; . 0T,
ke —L =k — 39
Yot . or e (39)
Ly =Tne™ (40)

The boundary conditions (Egs. (37)—(40)) lead
to the next algebraic system equations needed to find
the temperature distribution coefficients:

L(bsr))e,, + K,y (b51))es, =0, (41)
I, (b;rz*)fl: +K, (b;rz*)fzf (42)
— 1, (b1, )e;, — K, (by1; ey, =0,
alacla - aQaCZa - a}ac3a + a4ac4a = 07 (43)
I, (b:r; ), + K, (b:r;)cmz = ];)*2’ (44)
where
a, = kl*b;I] (bs*rz*)’ (45)
a,, =k oK, (byr), (46)
a, = kb1 (b;1), (47)
Ay = k;b:Kl (b:rz*)- (48)
By defining the following determinants:
L) Ky(br) 0 0
— ]o(b;rz*) Ko(b;rz*) _Io(b:rz*) _Ko(b:rz*)
5“ ala _a2a _a3a a4a ’
0 0 Iy(bry) K, (byry)
(49)
0 K@) 0 0
a,, = 0 Ko(b;rz*) _Io(b:rz*) _Ko(b:rz*) , (50)
O _aZa _a3a a4a
T, 0 Iy(bry) K (byry)

Iy(b;r) 0 0 0
0 = Iy(bry) 0 =Iy(b;ry) —K,(byry) (51)
7“ ala 0 _aBa a4a ’
0 T, L) Ky(br)
[1,(br)) Ky(byr) 0 0
W - I,(br) K,(bir) 0 =K (br) (52)
v ala _a2u O a4a ’
. 0 0 T, Kybr)
(1,6 Kby 0 0
a. = Io(b;rz*) Ko(b;rz*) _Io(b:’E*) 0 (53)
’ ala _a2a _a3a '
| 0 0 INC OIS

the second stage temperature coefficients are given by

la _a’ (54)
aSa
0y =22, (55)
aSu
¢, =, (56)
aSa
€y =20, (57)
aSa
0 T, cos(w;t‘)

h

Fig. 3 The second stage problem

2.4 Third stage solution

This stage is a simple superposition of the pre-
vious two stages introduced in Sections 2.2 and 2.3.

3 Results and discussion

Fig. 4 introduces five temperature distributions

s

for those same parameters: @ =1, ®, =1, @ =
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0.05, o, =0.01, =03, r, =06, =1, k =
0.05, k, =0.01. Every case has its specific amplitude
relation: for case a, T, =1,
T, =1, T, =0.5; for case ¢, T, =0.5, T, =1; for
case d, T, =1, T, =0; for case e, T, =0, T, =1.

Each line in each figure introduced specific time. The

T,, =1; for case b,

time cycle 7, =2mw/w,, according to the smaller

979

frequency was divided by 6; thus, each line represents
time advance by 1/6 time cycle.
Fig. 5 introduces four temperature distributions

s

for those same parameters: T, =1, T, =1, ¢

0.05, @; =001, =03, r =0.6, k!

’”3* =1
0.05, k, =0.01. Every case has its specific frequency

relation: for case a, @ =1, ®, =3; for case b,

. T=T(r, t) . T=T(r, t)
0.8- 1 0.8 1 1
0.6r
0.4 2
0.2r 6
"\ o ~
-0.2-
3
-0.4F
-0.6F 5 B 0.6 5 b
-0.8 4 -0.8- 4 R
43 04 5 06 . 07 8 9 1 43 04 05 06 . 07 08 09 1
r r
(a) (b)
; T=T(r, t) . T=T(r, t)
0.8 b 0.8 1 T
0.6 1 8 0.6- 1
0.4 A 0.4 2 B
0.2F > . ) 0.2 6 g
~ O [ 4 ~ o
3
0.2 g 0.2 3 1
0.4+ d 0.4+ g
5
-0.6F 4 8 -0.61- 5 B
-0.8F . -0.81- 4 B
-6,3 OT4 OTS 0!6 OT? 0j8 0?9 1 -6.3 0?4 0?5 016 . 017 0?8 0?9 1
r r
(c) (d)
, T=T(r, t)
0.8- 1 g
0.6 2 b
0.4+ A
6
0.2+ B
~ 0 3 g
-0.21 B
-0.4r 5 N
-0.6F i
0.8+ 4 1
93 04 05 06 . 07 08 09
r
(e)
Fig. 4 Five temperature distributions for the parameters listed in Section 2
o =1, =1, a =005 a, =001, =03 r =06 r =1, k =005 k, =001. The amplitude relations are: (a)

T =1,

Tp=1 () Ty =1 T;,=05; (¢) T, =05, T, =1 (d) T, =1,

Ty =0; (o) Ty, =0, Ty, =1
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T=T(r, t)
1 T T T
1
0.5 4
2
6
~ OF 4
3
5
-0.5| N
4
63 0‘4 0‘5 016 ) 0‘7 0‘8 0‘9 1
r
(a)
T=T(r, 1)
1 T T T T T T
1
0.5 2
6]
~ o [3 g
0.5 5
4
43 0 0.5 06 0.7 0.8 0.9 1

r.

()

T=T(r, 1)

0.8 1 g
0.6 2

0.4- A
0.2-

02+ g
0.4 N
-0.6F 5 E
-0.8F 4 b

= L L i i L L
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
r

(b)
T=T(r, )

0.8 1
0.6 8
0.4P 2] A

0.2t 6

-0.2F 3

-0.4[/ 5
-0.61-
-0.81-

43 0.4 0.5 06 07 0.8 0.9 1

;
(d)

Fig. 5 Four temperature distributions for those parameters listed in Section 2

T, =1, T,=1, a =0.05,

a,=001, =03, =06, ry=1, k =0.05 k, =0.01. The frequency relations are: (a)

o =1, @;=3 (b) o =3, 0;=1; (¢) ® =3, w;=3; (d) & =6, ¥)=6

o =3, w, =1; for case ¢, ® =3, w, =3; for case
=6, w, =6.
Fig. 6 introduces three temperature distributions

.
d, o

for those same parameters: 7, =1, T, =1, o =1,
o, =1, 1" =0.3, 1, =0.6, 1, =1. Every case has its
specific diffusivity and conductivity relations: for
case a, @, =0.01, @, =0.05, &k =0.01, &, =0.05;
for case b, @ =0.05, «a, =0.05, k =0.05, k, =
0.05; for case c, &, =0.01, «a, =0.01, & =0.01,
k; =0.01.

Fig. 7 introduces a temperature distribution for
the characterized parameters: 7, =1, T, =1, o =
1, o, =1, o =005 «a, =001, k =0.05, k, =
0.01, #" =03, 17 =09, rf =1.

Line 1 in Fig. 4a clearly shows the break point at
¥'=0.6 which denotes the boundary surface between
the two layers. The line gradient on the left side of the

boundary surface is smaller than that on the right.
According to the conductivity relations between the

two layers (k' /k; =5), a larger gradient results from

lower conductivity (k, =0.05). A similar break point

is shown for almost all the other lines in Figs. 4 and 5
where the thermal conductivities are not identical. A
few more selected examples are line 2 in Fig. 4a, lines
1 and 2 in Fig. 4b, and lines 1 and 2 in Fig. 5a.

Note that the gradient sign does not change while
passing through the boundary surface. The above
mentioned lines show preservation of negative gra-
dients, while lines 3 and 4 in Fig. 4b, for example,
show preservation of positive gradient lines. The
amplitude relations are shown clearly in Figs. 4a—4e.
The temperature range on the outer surfaces is equal
to twice the amplitude of the relevant boundary
constraint.

The temperature gradients in Figs. 4—7 show that
heat is either entering or leaving through the two
surfaces simultaneously: in no case does heat enter
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T=T(r, t)

0.8~ 1 1
0.6F 2 B
0.4 2
02k 6 |

-0.2¢ 3 4
0.4 4
odf ]

0.8 4 B

0.8F 1

0.6

0.2+ 6

0.2F
0.4F
-0.6F
0.8F

(b)

T=T(r, t)

0.8 1 i
0.6

02 6

0.2F 3
-0.4p
-0.6F E
-0.8F E

;
(c)

Fig. 6 Three temperature distributions for those parame-
ters listed in Section 2

Ty=1, T,=1, =1, oj=1, =03, =06, ry=1.
The specific diffusivity and conductivity relations are: (a)
a’ =001, «,=005 k =001, k, =0.05 (b)  =0.05,
a, =0.05, &k =0.05, k,=0.05; (c) o =0.01, a,=0.01,
k; =0.01, k, =0.01

through one surface and go out through the other at
the same time. In Fig. 4a, for example, lines 1 and 2
show heat entering the wall, and lines 2 and 3 show
heat leaving simultaneously through the two surfaces.
This result may be related to the boundary constraints

having the same phase and to the steady positive
values of the thermal conductivities.

Figs. 5¢ (o =w, =3) and 5d (@ =w,=06)
show that increasing the frequency leads to a reduc-

tion in the penetration capability of the temperature
constraint.

. T=T(r, t)
os- 1]
0.6
0.4F >
0.2+ 6
~ O
-0.2r 3
0.4 5 S N
0.6
0.8 4
13 0a 05 06 07 08 09 1

Fig.7 A temperature distribution for the parameters
listed in Section 2

=1 T,=1 a =0.05,
k=005 k=001, r =03, =09, r=I

o =1, =1 a, =0.01,

While the constraint frequency at one surface
has a large value compared to that at the other surface,
as shown in Figs. 5a (@} /@ =3) and 5b (@ / @} =3),
the temperature distribution near the higher frequency
surface follows the amplitude variation, while the
temperature distribution near the lower constraint
frequency has values between the amplitude intervals.
At a high frequency constraint, the material has dif-
ficulty in following the temperature changes. The
extremum temperature values are dominant according
to the minimum value of the temperature change rate
at these points.

Fig. 6a shows the opposite trend of the break
point compared to Fig. 4a: the left gradient of all lines
in Fig. 6a is larger than that on the right, according to
the change in the thermal conductivity values.

A comparison of Figs. 6b and 6¢ shows that the
gradients of the temperature distribution lines with
larger conductivity values (Fig. 6b) are lower than
those with lower conductivity values (Fig. 6c).
Figs. 6b and 6¢ also show that while the thermal
conductivity is uniform, there are no break points in
the temperature distribution lines. These results may
be considered as a partial validation of the physical
model.
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The middle surface of the wall is equal to
1 =03+0.7/2=0.65. Fig. 7 shows that the ex-

tremum values of the temperature distribution lines
are not in the middle of the wall, but in the interval

0.6 <r" <0.65. Since the middle surface does not

ext.
divide the cylindrical shell into two equal material
quantities (the smaller quantity is near the interior
surface), the temperature gradient will be larger near
the interior surface and closer to the extremum value.

Fig. 7 shows that the break point of the distribu-
tion temperature line moves to r =0.9, which is the
new separated surface between the two materials or
between the two layers.

For constant thermal conductivities and without
heat generation the heat diffusion equation mostly
leads to a linear connection. Non-linearity potential of
the actual physical problem may be due to the use of
an improved Fourier law (non-Fourier behavior).

Relevant experimental work is needed to com-
plete the validation of this model.

4 Conclusions

1. Increasing the frequency decreases the depth
of temperature penetration.

2. In systems that are working with high fre-
quency and need insulation, it is possible to save
material thickness and insulation.

3. Temperature distribution lines showing sim-
ultaneous heat flux entry and exit were not found.

4. In contrast to a plane wall, symmetrical con-
straints will not result in a symmetrical temperature
distribution in a cylindrical wall.

5. The temperature distribution more closely
tracks the temperature constraints when thermal
conductivity is high.

6. The temperature distribution near a high fre-
quency surface constraint follows mostly the con-
straint extremum values.

7. The use of complex numbers is an appropriate
tool to deal with this work and other parallel prob-
lems. To build this physical model, a physical su-
perposition has to be used. This work introduces a
method that may be used for calculating any number
of cylindrical plane walls. This problem has some
similarities to a problem comprising fluid layers be-

tween oscillating plates, in which the velocity vector
takes the place of the scalar temperature value and the
kinematic viscosity substitutes for the thermal
diffusivity.
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