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Abstract: The face-shaped curve of the stator inner chamber of the profiled chamber flow sensor is formed with two quarters of 
circular arcs and two quarters of noncircular arcs. The two quarters of noncircular arcs are normally defined as transition curves. 
The parameters of the transition curves directly affect the dynamic performance of the sensor system. Therefore, the design and 
optimization of the transition curves is a most important part in the design of the system. Based on our previous work, this paper 
discusses more general expressions of the boundary conditions and derivations of the transition curves. The optimization of the 
transition curves considering slides with arc ends as the most concentrated part is presented in detail. Firstly, the concept of “basic 
transition curve” is proposed. Secondly, the boundary conditions and derivations of the basic transition curves are discussed and 
general expressions using a polynomial function are given. Then, the concave-convex direction of the basic transition curve is 
analyzed. Lastly, the transition curves considering the slides with arc ends are analyzed when the arc ends have equivalent radius 
with the major radius of the stator. 
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1  Introduction 
 

As a new type of rotary positive-displacement 
flow sensor, the profiled chamber flow (PCF) sensor 
consists mainly of a stator with an inner profiled 
chamber and a rotor-slides assembly as described in 
our previous work (Lu, 2007; Wu et al., 2009; Lei et 
al., 2010). Fig. 1 shows the basic configuration of a 
bidirectional PCF. The stator of the bidirectional PCF 
is a hollow noncircular cylinder with an inner profiled 
chamber and other functional structures including an 
inlet port, an outlet port, and two diversion grooves. 
The inner chamber profile is symmetric and consists 

of (i) fixed curves: two circular arcs AB  with radius 

R and CD  with radius r (R>r), and (ii) transition 

curves: two noncircular arcs BC  and  ,AD  each with 

the same shape and size. Arcs AB  and CD  are co-

axial, while the transition curves BC  and AD  are 
symmetrical, and have their major radii equal to R and 
minor radii equal to r. The shape of the transition 
curves affects the impact, penetration, friction, and 
wear of the slides-chamber assembly. Therefore, the 

design of the transition curves of BC  and/or AD  is 
of great interest, and this logically comes down to 
simultaneously satisfying particular requirements in 
kinematics and geometry. This process is similar to 
normal optimizations of cam mechanisms (Mandal 
and Naskar, 2009; Flocker, 2012). The design of 
transition curves can be also applied in many other 
areas such as highway and railway route design (Cai 
and Wang, 2009). One objective of the transition 
curve design is to optimize the values of acceleration 
and jerk of the slides. That is, the slide motion  
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function must be continuous through the first (veloc-
ity) and second (acceleration) derivatives across the 
entire cycle, and the motion function must be finite or 
continuous through the third (jerk) derivative across 
the entire interval (Naskar and Mishra, 2012). Some 
other limitations are adopted due to specific usage 
(Cardona et al., 2002). 

Polynomial functions with different orders are 
widely employed in cam transition curve design (Yu 
and Lee, 1998; Mermelstein and Acar, 2004; 
Acharyya and Naskar, 2008) and are also adopted in 
the optimization of transition curves of the PCF sen-
sor (Lei and Lu, 2011). Lei and Lu (2011) analyzed 
the geometric features and requirements of the kin-
ematics and deduced the goal functions in polynomial 
forms with the 3rd, 5th, 7th, and 9th orders for the 
transition curves. They discussed the dynamic prop-
erties including velocity, acceleration, and jerk of 
their derived functions and concluded that the 5th- 
order polynomial transition curve has optimal syn-
thesized performance among the 3rd-, 5th-, 7th-, and 
9th-order polynomial transition curves. 

The present work is based on our work described 
above and is to give general expressions of the 
boundary conditions and derivations of the transition 
curves of the bidirectional PCF. The curvature of the 
transition curves is also considered. Further, the pre-
sent work examines the design of transition curves of 
the slides with arc ends. 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
2  Basic transition curve and its curvature 
 

The working mechanics of PCF require that the 

transition curve BC  must be changed continuously 
and smoothly from point B to point C (Lei and Lu, 
2011) (Fig. 2).  

When a slide is at the initial position (Fig. 3), we 
let OBs=r1, ODs=r2, r2<r1. Bs and Ds are the right and 
left end points of the slide, respectively. As the slide 
rotates, the radial distance from the chamber center O 
to Bs, defined as ρs, is a function of the rotation angle 
θ, which is determined with the x-axis as its starting 
line. Lei and Lu (2011) considered the slides as 
straight lines, neglecting the thickness of the slide, so 
that the point-contact between the slides and the 
chamber occurs at the pointed ends (Bs and Ds) of the 
slides. In this case, r1=R and r2=r. In the present 
analysis, we also suppose ρs(θ) is a polynomial func-
tion of the following form, ki (i=1, 2, …, n) is the 
coefficient of the polynomial function, and ρs(θ) is 
called the “basic transition curve”. 
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Compared with our previous work (Lei and Lu, 

2011), general expressions and analysis of the basic 
transition curve ρs(θ) are derived in the present study 
based on proper boundary conditions, see Appendix 

Fig. 3  A slide of the bidirectional PCF at the initial 
position 

Fig. 1  Configuration of the bidirectional profiled chamber 
flow sensor 

Fig. 2  Face-shaped curve of the inner profiled chamber of 
the bidirectional PCF 
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A. It also demonstrates that the order of ρs(θ), n, 
should be odd and n≥5.  

The solutions of the coefficients of the 5th-, 7th-, 
9th-, and 11th-order polynomial functions are given 
as follows: 
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The kinematic characteristics of the basic transition 
curve can be described by the change rate (v) of the 
polar radius ρs with time T: 
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where ω is the angular velocity of the slide and is 
assumed to be constant. a and j are the 1st- and 
2nd-order derivatives of ρs with time, respectively. 

Then we can define: s ,V   s ,A   and sJ   as 

the velocity, acceleration, and jerk of the basic tran-

sition curve, where s  denotes dρs/dθ, s  denotes 

d2ρs/dθ
2, and s  denotes d3ρs/dθ

3. Fig. 4 shows the 

changes of velocity, acceleration, and jerk with nor-

malized polar angle   for different values of n. It is 
clear that when n≥7, the V, A, and J curves of the 
transition curves are all continuous and smooth across 

the entire interval for 0 1.   The maximum val-
ues of V, A, and J of the basic transition curve of n=7 
are minimal among the curves of n=7, 9, 11, …. 
When n=5, the J curve of the basic transition curve is 

not continuous at =0  and =1.  However, the 
maximum values of V and A of the basic transition 
curve of n=5 are minimal among the curves of n=5, 7, 
9, 11, …. Therefore, the basic transition curve of n=5 
is the best at “V-criterion” and n=7 is the best at 
“J-criterion” (Lei and Lu, 2011). This analyzing 
method is called “V-A-J method” (Lei et al., 2016).  

Since the 5th- and 7th-order polynomial func-
tions could be optimal for transition curves, in the 
following analysis, the 5th-order polynomial function 

is taken as an example. The basic transition curve is 
expressed as 
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Normalized polar angle,   

(a) 

Normalized polar angle,   

(b) 

Fig 4  Changes of V (a), A (b), and J (c) with normalized 
polar angle for different basic transition curves 

Normalized polar angle,   

(c) 
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A 5th-order polynomial function of ρs(θ) with 
different values of the ratio, r2/r1, is analyzed and it is 
found that the value of r2/r1, which is in the range of 
(0, 1), affects the curve shape, or the curvature, of the 
basic transition curve, as shown in Fig. 5. When the 
value of r2/r1 is as large as 0.8, the basic transition 
curve is concave throughout the whole interval; when 
it is as small as 0.5, the basic transition curve turns 
from concave to convex and then to concave again. 
Due to some practical design considerations, like 
avoiding surface interference and inappropriate tool 
cutting (Nguyen and Kim, 2007; Wu et al., 2007; 
Fujiki et al., 2011) or obtaining proper contact 
stresses and deformations of the slides and the 
chamber at the point of contact (Carra et al., 2004; 
Hidalgo-Martínez et al., 2014), it is necessary to an-
alyze the curvatures of the transition curves of the 
chamber as it is in the design of cam-follower system 
(Wu et al., 1999; Yan and Cheng, 1999; Chablat and 
Angeles, 2007).  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
The curvature (κ) of a curve y=y(x) can be ex-

pressed as  
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For the basic transition curve in the first quadrant, 
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Then the curvature of the basic transition curve 
can be expressed as 
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The radius of curvature is 
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The curvature κ and the radius of curvature ρκ 

can be positive or negative, which depends on the 
concave-convex direction of the designed basic tran-
sition curve of ρs(θ). With different values of r2/r1, 

Fig. 6 shows curvature κ as a function of   in the first 
quadrant with r1=1. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
In order for the inner face-shape of the chamber 

to have best manufacturability, including processing 
and dimensions measurement of the chamber, the 
transition curve should be concave throughout the 
whole interval. If the value of κ is negative through 0 

to 1 of angle ,  the transition curve is concave. It can 

be seen from Fig. 6 that, for a 5th-order polynomial 

x 

y 

 

Fig. 5  Shapes of the transition curves of the 5th-order 
polynomial function with different values of r2/r1 

Normalized polar angle,   

Fig. 6  Curvature κ as a function of normalized polar 

angle   and size ratio r2/r1 for the 5th-order polynomial 
function 
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function, if the value of r2/r1 is smaller than 0.66, the 
value of κ will become positive for a certain range of 

,  and the curve turns from concave to convex and 

then to concave again. To obtain a more accurate 
value of r2/r1 and to keep the value of κ negative, we 
have tried a set of values of r2/r1 in the range of (0.66, 
0.68) and found the turning value of r2/r1 is around 
0.677, which means, as long as r2/r1≥0.677, a 
5th-order basic transition curve is concave and suita-
ble for manufacturability. For the 7th-, 9th-, and 
11th-order basic transition curves, the turning values 
of r2/r1 are 0.728, 0.771, and 0.804, respectively. The 
suitable design ranges of r2/r1 for the 5th-, 7th-, 9th-, 
and 11th-order basic transition curves are 0.677≤ 
r2/r1≤1, 0.728≤r2/r1≤1, 0.771≤r2/r1≤1, and 0.804≤ 
r2/r1≤1, respectively.  

If the slides have pointed ends (Fig. 7), the point- 
contact between the slides and the chamber occurs at 
the pointed ends of the slides. In this case, the thick-
ness of the slides can be neglected and the slides can 
be considered as straight lines. The transition curve 
can be designed exactly as the basic transition curve 
from Eq. (1) with r1=R and r2=r. The curvature 
analysis above is also applicable here. Except in this 
special condition, the thickness of the slides and the 
shape of its ends need to be considered. 

 
 
 
 
 
 
 

 
 

 
3  Transition curves considering slides with 
arc ends 

 
In the present work, the arc radius of the slide is 

chosen to be R to obtain a better sealing property 

between the slide ends and the curve .AB  In this 
case, when the slide is at the initial position (Fig. 3), 
OBs=r1=R. The contact between the chamber and the 
left part of the slide ODs is shown in Fig. 8 (the 
dashed line). Os is the arc center of the left end of the 
slide. Then we have (Appendix B) 

 s 2 1 2cos cos ,OD r R R r r              (7) 

 

where θ1=arcsin(t/(2R)), θ2=arcsin(t/(2r)), and t is the 
thickness of the slides. 

Since the slide can be considered as a rigid body, 
the dynamic properties are determined by the motion 
of the center of mass, which is one-to-one corre-
spondent to the motion of point Bs or Ds. Therefore, 
the trajectory of point Bs in the first quadrant or point 
Ds in the third quadrant is first considered by fol-
lowing the design of the basic transition curves with 
the V-A-J method, as discussed in Section 2.  

 
 
 
 
 
 
 
 

 
 

The trajectory curve of Bs is the basic transition 
curve with r1=R and in this case, a 5th-order basic 
transition curve is shown as 

 

s 2

3 4 5

( ) ( )

10 15

0 1.

6 ,

R R r 

 





  

   






                (8) 

 

As shown in Fig. 9, the angle between OB1s (or OB2s) 
and OBs is in Eq. (9) (see Appendix B): 
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It can be proved that α is a monotonically in-
creasing function of θ when 0≤θ≤π/2. The range of α 
is 
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Then the trajectory curve of point B1s is 
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Fig. 7  Some sharp ends of the slides

Fig. 8  Contact of the slide with the inner chamber
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where α1=α(θ=0), and β1 is the rotation angle of OB1s, 
determined with the x-axis as its starting line. The 
trajectory curve in Eq. (11) can also be expressed in 
Cartesian coordinates as follows:  
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The trajectory curve of point B2s is 
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where β2 is the rotation angle of OB2s determined with 
the x-axis as its starting line. The trajectory curve 
expressed under Cartesian coordinates is as follows: 
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Fig. 9 shows the trajectory curves of points Bs, 
B1s, and B2s when the value of θ varies from 0 to π/2.  

3.1  Design of the transition curve  

It is indicated from Fig. 9 that the transition 
curve in the first quadrant would be the trajectory 
curve of point B1s. This speculation stands as long as 

s s 1sxO B O B R   for any value of θ in the range 

from 0 to π/2, in which Os is the arc center of 1s 2s ,B B  

and Bx is the point on the trajectory curve of B1s in the 
range of 
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where x+α(x) is the rotation angle of OBx determined 
with the x-axis as its starting line (Fig. 10a). If x+α(x) 

≥α1, then s xO B can be calculated by  
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Substituting x=θ into Eq. (16) we can obtain 
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It is easy to prove that s s 1sxO B O B  with 

Eqs. (10), (15), (16), and (17). 
If –α1≤x+α(x)≤α1, the designed trajectory curve 

is an arc with radius R (Fig. 10b), and Bx is the point 
on the trajectory curve in the range of 
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Fig. 9  Trajectory curves of the three representative 
points of the arc ends: Bs, B1s, and B2s 
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In this case, s xO B  can be calculated by 
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It is easy to prove that s xO B ≥R with Eqs. (18) 

and (19). 
It has been demonstrated that the transition curve 

should be the trajectory curve of point B1s in the first 
quadrant and the trajectory curve of point B2s in the 
third quadrant. Fig. 11 shows the whole profile of the 
rotor chamber with the designed transition curve of 
n=5. We should emphasize that the dynamic proper-
ties of the slides, the V-A-J curves, are the same as 
those shown in Fig. 4. 

3.2  Curvature of the transition curve 

In the first quadrant, the curvature of the transi-
tion curve can be derived from Eqs. (3), (5), and (12), 
but a direct derivation can lead to very long mathe-

matical expressions that are cumbersome to work 
with. The curvature κ as a function of normalized 
polar angle with different values of r2/r1 can be cal-
culated numerically with industrial mathematical 
software using Eqs. (3) and (12), as shown in Fig. 12 
with R=1 and t/R=0.2. The turning value of r/R in this 
case is around 0.656, which means, as long as r/R≥ 
0.656, a 5th-order transition curve is concave 
throughout the first quadrant. It is also found that the 
turning value of r/R depends on both the order n and 
the value of t/R (Fig. 13).  

As discussed in Section 2, the 5th- and 7th-order 
transition curves would be the best two designs for 
“V-criteria” and “J-criteria”, respectively. In Fig. 13, 
the line with circles and the line with hexagons are the 
turning values of r/R for the 5th- and 7th-order tran-
sition curves, respectively, for different thicknesses of 
the slides. As long as the values of r/R are larger than 
the lines in Fig. 13, the transition curves are concave 
throughout the interval. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 11  Whole face-shaped curve of the inner chamber, 
r/R=0.77, t/R=0.2 

(a) 

(b) 

Fig. 10  Geometrical relationship between the slide and the 
three trajectory curves when the slide is at general position 
(a) and initial position (b) 

Fig. 12  Curvature as a function of normalized polar angle 
and size ratio r/R for a 5th-order transition curve 

Normalized polar angle,   
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4  Discussion and conclusions 
 
The working of the profiled chamber flow sensor 

requires that the transition curves must satisfy several 
conditions to achieve best dynamic characteristics of 
the transition control surface moving slide assembly. 
In this paper, the boundary conditions for deriving the 
transition curves have been given in Section 2 for the 
bidirectional PCF considering slide ends with more 
general shapes. The general polynomial expressions 
in polynomial forms are provided, and these can be 
compared with the study of Lei and Lu (2011). In 
Section 2, the analysis of the transition curve curva-
ture is further work based on the study of Lei and Lu 
(2011). The dependence of the transition curve cur-
vature on the size ratio of the minor radius r2 and 
major radius r1 has been analyzed. For a 5th-order 
polynomial function, the ratio r2/r1 should be larger 
than 0.677 to make sure the transition curve is con-
cave through the entire range of θ[0, π/2].  

Since the slides can be seen as rigid, the dynamic 
properties are decided by the movement of the center 
of mass. Therefore, the analysis work on velocity, 
acceleration, and jerk of polynomial functions for the 
transition curves in references (Lei and Lu, 2011; Lei 
et al., 2016) and Section 2 of this paper is applicable 
when considering the slide with arc-shaped ends. 
Further corrections are needed to eliminate the inter-
ference between the slides with the transition curves 
while keeping the center of mass movement proper-
ties the same as those in Section 2. The 5th-order 

polynomial expression is chosen as an analyzing case 
in the present work to analyze the interference prob-
lems. The designed transition curves considering the 
slides with arc ends are given in Eqs. (8)–(14) and this 
part of work is an important extension of the previous 
systematic work of Lei and Lu (2011) and Lei et al. 
(2016). The curvature of the transition curves con-
sidering the slides is also analyzed numerically in 
Section 3.2. 
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Appendix A  Design of basic transition curve 

A1  Boundary conditions 

The boundary conditions and isometric condi-
tion are as follows: 

 

s 1(0) ,r                                 (A1) 

s 2(π/2) ,r                               (A2) 

s s 1 2

π
( ) ,

2
r r        

 
                  (A3) 

s s(0) (π/2) 0,                          (A4) 

s s(0) (π/2) 0.                          (A5) 

 

A2  Derivations of the transition curve 

It is assumed that ρs(θ) is a polynomial function 
with the following form: 
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    



 

(A6) 
 
where n≥5 is an odd number. This expression means 
the condition in Eq. (A1) is satisfied. The coefficients 
k(n+1)/2, k(n+1)/2+1, …, kn can be derived from the 
boundary conditions in Eq. (A2) and the 1st- and 
2nd-order continuity in Eqs. (A4) and (A5) and the 
extended [(n−1)/2]th-order continuity; that is 
 

( 1)/2 ( 1)/2
s s(0) (π/2) 0.n n                    (A7) 

 
So the Eqs. (A2) and (A4)–(A7) can be expressed by 
the following matrix equation: 
 

Kk=b,                                (A8) 

where 
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      (A9) 

 
where A is the symbol for permutation. The solutions 
are 
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               (A10) 

 

where |K| is the matrix determinant value of K, Δi is 
the matrix determinant value of K, in which the row i 
is replaced by matrix b. 

The isometric condition in Eq. (A3) is not di-
rectly used in derivation of the coefficients. It is in-
teresting to find that the solution of Eq. (A8) spon-
taneously satisfies the isometric condition in Eq. (A3). 
To be rigorous, it is necessary to verify this. 

Eq. (A3) indicates that  
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where π= ( ),/2   and according to Eq. (A6) we have 
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Comparing the coefficients of r1 and r2 in Eqs. (A11) 
and (A12) gives 
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(A13) 
 

The derivation of Eq. (A13) indicates 
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(A14) 

Eq. (A14) means for any value of θ, the following 
equation stands:  
 

s s

π
( ) 0.

2
        
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                    (A15) 

 

Eq. (A15) with Eqs. (A1) and (A2) means the iso-
metric condition in Eq. (A3) is satisfied. 

Furthermore, the isometric condition in Eq. (A3) 
or Eq. (A15) can also prove that n should be an odd 
number. Supposing n is an even number, n=2m (m is 
any positive integer), and the transition curve function 
is  
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Substituting Eq. (A16) into Eq. (A15) gives 
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which should stand for any value of   in the range of 
[0, 1]. The last term of Eq. (A17) can be expanded to 
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where C is the symbol for combination.  

Thus, the term of   with the highest order is 
2 1

24 .m
mmk    Since Eq. (A17) should stand for any 

value of ,  the value of k2m should be 0. Therefore, 

the value of n cannot be an even number. 
 
 

Appendix B  Geometry relations in some 
figures and equations 

B1  Geometry relations in Fig. 8 and Eq. (7) 
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B2  Geometry relations in Fig. 9 and Eq. (9) 

Fig. B1 shows the geometry relations of a slide. 
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中文概要 
 

题 目：考虑转子为圆弧顶的流量传感器异型腔过渡曲线

的优化设计 

目 的：为了使作者设计的一种新型异型腔流量传感器获

得更好的密封性能和转子动态特性，本文重点研

究转子为圆弧顶时的流量传感器定子型腔过渡

曲线的优化设计。 

创新点：将转子顶端设计为圆弧形状，优化了转子与定子

内腔之间的密封性能，但增加了曲线设计的难

度。本文给出了设计方法和相关的公式推导，并

提出过渡曲线的设计需要考虑曲线凸凹形状这

个因素。 

方 法：1. 提出“基本过渡曲线”的概念并总结多项式函

数描述的过渡曲线的优化设计方法，给出边界条

件和求解方法；2. 分析过渡曲线的凸凹形状对设

计加工的影响；3. 分析圆弧顶转子与定子内腔可

能产生的干涉问题，给出考虑转子顶端为圆弧形

状时的过渡曲线的设计方法，并分析不同阶数的

多项式函数所描述的过渡曲线的凸凹形状特点。 

结 论：1. 本文设计的过渡曲线可以使流量传感器的转子

与定子内腔获得更好的密封性能，且转子的动态

特性达到最优；2. 考虑过渡曲线的凸凹形状可降

低加工工艺的难度。 

关键词：转子流量传感器；过渡曲线；转子动态特性 

 

Fig. B1  Geometry relations of a slide


