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Bifurcation control of solid angle car-following model through a 
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Abstract: In order to alleviate unstable factor-caused bifurcation and reduce oscillations in traffic flow, a feedback control with 
consideration of time delay is designed for the solid angle model (SAM). The stability and bifurcation condition of the new 
SAM is derived through linear analysis and bifurcation analysis, and then accurate range of stable region is obtained. In order to 
explore the mechanism of the influence of multiple parameter combinations on the stability of controlled systems, a definite 
integral stabilization method is provided to determine the stable interval of time delay and feedback gain. Numerical simulations 
are explored to verify the feasibility and effectiveness of the proposed model, which also demonstrate that feedback gain and 
delay are two key factors to alleviate traffic congestion in the SAM.
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1 Introduction 

With the continuous development of urbanization, 
traffic accidents and congestion have increasingly 
become obstacles to urban development. To cope with 
the increasing traffic demand, improve traffic efficiency, 
and suppress traffic congestion, scholars have conducted 
research on these three types of traffic flows and have 
proposed many traffic flow models that can describe 
the characteristics of real traffic flows. These models 
include hydrodynamic models (Ge et al., 2014), queu‐
ing models (Geroliminis et al., 2009), gas kinetic mod‐
els (Helbing and Treiber, 1998), car-following models 
(Sun et al., 2018), and cellular automata models (Kong 
et al., 2021). Among them, the car-following model is 
the most extensively studied in micro traffic flow. It em‐
ploys a dynamic approach to investigating the appropri‐
ate behavior of the following car resulting from changes 
in the motion state of the preceding vehicle. Currently, 
the most widely used research on car-following models 
is the optimal velocity (OV) model proposed by Bando 

et al. (1995), which uses acceleration changes to de‐
scribe car-following behavior. For the practical deceler‐
ation situation, Helbing and Tilch (1998) established a 
generalized force model (GFM) to resolve these ques‐
tions. Jiang et al. (2001) proposed a full velocity dif‐
ference (FVD) model to further improve the accelera‐
tion and deceleration of the vehicle by considering 
the influence of both negative and positive speed dif‐
ferences on the acceleration of the rear vehicle. Based 
on the velocity difference model, Yu et al. (2013) pro‐
posed the full velocity difference and acceleration model 
(FVDAM) by considering the distance from the preced‐
ing vehicle, and the differences in velocity and acceler‐
ation from it. Cheng et al. (2017) established a newly 
continuous macroscopic model on the basis of FVDM, 
which successfully solved problems of small perturba‐
tions that previous models ignored.

With the continuous development and wide appli‐
cation of psychological research, scholars have gradu‐
ally tried to put aside the vehicle factor and to use the 
human factor to describe car-following behavior by pro‐
posing a psycho-physiological model, which is based 
on the perception and response characteristics of the 
driver. This idea was first put forward by Michaels and 
Cozan (1963). The idea was that the driver’s psycho-
physiological characteristics had a certain promotion 
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effect on the driver’s safe driving, which was embod‐
ied in the driver’s visual range or size of the previous 
car. Meanwhile, Wiedemann (1974) also discovered 
how psycho-physiological characteristics affect car-
following behavior, and proposed a basic model of car-
following, which became a core model for the well-
known microscopic simulation software Vissim. The 
ideas of Michaels and Cozan (1963) and Wiedemann 
(1974) had important implications for the study of the 
influence of driver’s psycho-physiological characteris‐
tics on driving behavior, but they also slowed down the 
speed of research on this topic because they were not 
represented by more specific models and factors. van 
Winsum (1999)’s research results made up for this defi‐
ciency. He developed a basic car-following model when 
integrating the research results of many psychologists 
on car-following behavior. Andersen and Sauer (2007) 
further improved the basic model and proposed the 
driving by visual angle (DVA) model. In addition, based 
on the full velocity difference (FVD) model of Jiang 
et al. (2001), Jin et al. (2011) improved the physiologi‐
cal car-following model, and proposed the visual angle 
model (VAM). Considering the characteristics of the 
driver’s perspective, scholars believe that driver’s per‐
spective will influence safe driving during the processes 
of car-following and lane-changing. For this reason, 
Zhang et al. (2023) proposed a bi-directional visual 
angle model (BDVAM) that considered the collision 
sensitivity coefficient, rearview perspective ratio, and 
multiple vehicles. Furthermore, Jiang et al. (2021) 
considered the actual scene of a two-way road with‐
out isolation belt, and believed that the change of 
vehicle types in adjacent lanes would affect the driver’s 
decision-making in car-following. Therefore, an ex‐
tended VAM based on the FVD model was established 
to verify this feature and the results of the analysis 
proved it. Considering that the vehicle height will also 
affect the driver’s perspective to a certain extent, Ma 
et al. (2020) proposed adding a stereo perspective to 
the original basic car-following model. The specific 
model’s expression and perspective view (Fig. 1) are 
as follows:

an( t) = α{V [Ωn( t) ] - vn( t)} - λ d
dt
Ωn( t)  (1)

where an( t) is the acceleration of the vehicle n, V[Ωn(t)] 
is the optimal speed of the driver in this perspective, 
Ωn( t) is the perspective of the driver n at the moment 
t, and λ is the reaction coefficients. vn(t) refers to the 
speed of the nth vehicle, and α is the sensitivity coeffi‐
cient of the driver’s speed.

In Fig. 1, τ is the delay time. Dsn(t−τ) is the dis‐
tance between the nth vehicle and the vehicle in front 
of it. Δsn(t−τ) represents the relative velocity of the nth 
vehicle at time t−τ. ln−1 is the length of the (n−1)th vehi‐
cle, and A and r are the spherical surface area and radius, 
respectively. A1 is the unit sphere area, and A2 is the rect‐
angular area of the shaded area. θ is the angle between 
the solid angle and the vertical axis. φ is the angle be‐
tween the projection vector of a solid angle on the base 
plane and one of its axes. n′ refers to the normal line.

In the car-following model, the follower is affected 
by many factors. The main ones are the actual road 
design, the mechanical performance of the vehicle, and 
the individual characteristics of the driver (including 
psychological quality, driving experience, and driving 
age). The driver’s individual characteristics are mainly 
reflected in the response time lag in the model. For the 
study of time delay, Herman et al. (1959) assumed that 
the driver’s response came from the stimulus of the 
relative speed change signal, and considered the fact 
that there is a certain delay in the driver’s response to 
the stimulus. They established the first time-delay car-
following model. Bando et al. (1998) introduced the 
reaction time delay into the optimal speed model and 
proposed a time-delay optimization speed model. The 
results showed that the stability of the fleet depends not 
only on the size of the driver’s reaction time delay, but 
also on the number of vehicles in the fleet. To this end, 
Treiber et al. (2006) incorporated the driver’s response 
time delay into the intelligent driving model and pointed 
out that the negative impact of the driver’s reaction time 
lag can be compensated by considering the behavior of 
multiple vehicles ahead. To further explore the influ‐
ence of time delay on the system, the time delay param‐
eters that are most conducive to the stability of the sys‐
tem are studied. Konishi et al. (1999) added a time-
delay feedback control term based on the OV to im‐
prove traffic flow stability while suppressing traffic con‐
gestion. Das and Maurya (2022) proposed a neural net‐
work car-following model with instantaneous response Fig. 1  Schematic diagram of solid angle
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delay, and the results showed that its trajectory reproduc‐
tion accuracy was better than the classical model.

In addition, the time-delay control strategy was 
first proposed by Konishi et al. (1998), and from their 
conclusions we can find that time delays are important 
to traffic flow. On the one hand, delay can degrade con‐
trol performance and even lead to system instability. On 
the other hand, a well-designed time-delay control sys‐
tem can improve the stability of traffic flow (Konishi 
et al., 1998). For example, Konishi et al. (2000) added a 
time-delay feedback control term on the basis of opti‐
mizing the speed model to improve the stability of uni‐
form traffic flow and achieved the purpose of restrain‐
ing traffic congestion. Zhao and Gao (2006) designed 
a new feedback controller with hysteresis based on the 
coupled map-following model, which effectively sup‐
pressed traffic congestion in the bottleneck section. 
Fang et al. (2015) designed static and dynamic feed‐
back controllers for suppressing traffic congestion after 
considering the effect of continuous vehicle speed dif‐
ference on traffic flow stability. In addition, bifurca‐
tion research (Jin and Xu, 2016; Zhang et al., 2019) is 
also highly regarded as a theoretical research method 
for feedback control. Ngoduy et al. (2021) established 
a general bifurcation structure for a car-following model 
with multiple time delays, and found that multiple time 
delays offset each other’s impact on traffic instability. 
Guan et al. (2022) proposed a car-following model 
based on VAM that considers the driver’s perspective 
and expected time.

This study establishes a controlled solid angle 
model (SAM) with feedback gain and response time 
delay, and obtains stable intervals through linear analy‐
sis and bifurcation analysis. The control effect of the 
feedback delay control strategy under multiple parame‐
ter combinations is simulated. Finally, the parameters of 
the controlled SAM are calibrated and the effectiveness 
of the control system is verified through simulation.

2 Controlled solid angle model 

When faced with unstable situations such as traf‐
fic congestion, SAM has certain limitations. The main 
objective of this research is to reduce those limitations.

dvn (t)
dt

=α[ ]V ( )Ωn( )t -vn( )t + εM [ ]vn( )t -vn( )t- τ 

(2)

where ε is the feedback gain parameter for the time 
delay speed difference of the target vehicle. M=

2An-1 ( )h- ln-1

3
, h is the headway, and the optimal ve‐

locity function V (Ωn (t)) is:

V (Ωn( t) ) =V1 +V2 tanh (C1

Sn - 1( )t
Ωn( )t

-C2 )  (3)

where Sn−1(t) represents the headway of the front vehicle 
at time t without considering the delay time.

Using the constants V1=6.75 m/s, V2=7.91 m/s, 
C1=0.13, and C2=1.57, the parameter calibration and 
verification are based on the empirical data of Helbing 
and Tilch (1998). We convert Eq. (2) into Eq. (4):

ì

í

î

ï
ïï
ï
ï
ï

ï

ï
ïï
ï

ï

dvn( )t
dt

= α[ ]V ( )Ωn( )t - vn( )t +

                  εM [ ]vn( )t - vn( )t - τ 

dxn( )t
dt

= vn( )t 

(4)

where xn (t) represents the position of the nth vehicle 

at time t.

3 Linear analysis of the controlled SAM 

In this section, the stability of the feedback control 
model is preconditioned by our linear analysis. For a 
steady traffic flow, all vehicles in the system travel at 
V( )Ω0  and the same headway h, while the viewing 

angle remains unchanged. Apparently, we can obtain:

v0
n( t) =V (Ω0)  x0

n = hn +V (Ω0) t h =
L
N
 (5)

where N and L denote the number of total vehicle and 

the length of road, respectively, Ω0=An-1 ( )h- ln-1

2
 rep‐

resents the perspective of the driver of the target vehi‐
cle in a steady flow of traffic. Giving a small perturba‐
tion yn( t), we can obtain:

xn=hn +V (Ω0) t + yn( t) . (6)

Linearizing the equation as follows:
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dy2
n( )t

dt2
=α

é

ë

ê
êê
ê ù

û

ú
úú
ú-V ′( )Ω0

2An - 1

( )h - ln - 1

3
Dyn( )t - y′n( )t +

εMy″n( )t × τ                                       (7)

where V ′( )Ω0 =dV ( )Ω dΩ | Ω=Ω0
. Expanding yn( t) with 

the form of yn( t)=eikn + zt, where z and k represent the 
complex number and frequency of the waves, respec‐
tively, it follows that:

z2=α
é

ë

ê
êê
ê ù

û

ú
úú
ú-V ′( )Ω0

2An - 1

( )h - ln - 1

3
( )eik - 1 + εMz2 × τ. (8)

Expanding z=z1( ik )+z2( )ik
2
+, and substituting 

it into Eq. (8), we can derive:

ì
í
î

ïïïï

ïïïï

z1 =-MV ′( )Ω0 

αz2 = ( )Mετ - 1 z 2
1V ′( )Ω0 -

α
2

MV ′( )Ω0 .
(9)

Substituting z1 into z2 we can obtain the expres‐
sion of the neutral stability curve of the time-delay feed‐
back control model as follows:

V ′ (Ω0 )=
α

2(Mετ - 1)M
. (10)

When ε = 0 the stable condition is consistent with 
the stable condition of the car-following model without 
considering the viewing angle difference. Subsequently, 
Fig. 2a depicts the neutral stability curve under differ‐
ent τ of parameter w=1.8 m, H=2.0 m, and ε=0.5 s−1. H 
and w represent the height and width of the vehicle, 
respectively, and the blue line curve represents the criti‐
cal value of the stable interval of the uncontrolled SAM. 
When τ=0, that is, when the influence of the response 
delay is not considered, the part above the blue curve, 
that is, the stable region is the smallest, indicating 
that the system stability performance is the worst at 

Fig. 2  Neutral stability curve of k=1, N=7: (a) w=1.8 m, H=2.0 m, and ε=0.5 s−1; (b) w=1.8 m, H=2.0 m, and τ=0.5 s; (c) ε=
0.5 s−1, H=2.0 m, and τ=0.5 s; (d) ε=0.5 s−1, w=2.0 m, and τ=0.5 s. References to color refer to the online version of this figure
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that time. As τ increases from 0.1 to 0.9 s, the neutral 
stability curve first moves downward and then rises, 
which indicates that the influence of the integral form 
of flow difference effect on the traffic flow stability is 
not linear. Fig. 2b is the neutral stability curve generat‐
ed by taking ε=0.0 0.1 0.3 0.7 and 0.9 s−1 when w=
1.8 m H=2.0 m and τ=0.5 s. The figure intuitively 
shows that the pattern of the neutral stability curve 
corresponds to the law reflected by the response delay 
τ, indicating that there is an optimal value for the pro‐
motion of the gain value k=1 and the response delay τ 
on the system stability and that, beyond this optimal 
value, the control effect of the control item begins to 
weaken and, therefore, the rational design of the con‐
trol item has a significant promoting effect. Fig. 2c is 
the neutral stability curve under the conditions ε=0.5 s−1, 
H=2.0 m, and τ=0.5 s and taking w=1.8 1.9 2.0 2.1 
and 2.2 m. From the change of the neutral stability 
curve in the figure, we can find that the width of the 
vehicle keeps increasing, the stability curve moves 
down, and the stable area increases slowly, indicating 
that the increase of the vehicle width improves the sta‐
bility of the system from 1.8 to 2.2 m, but, compared 
with the 2D view-following model that does not con‐
sider the car height, the stereoscopic view model 
that does consider it obviously helps to improve the 
stability of the system. Fig. 2d is the neutral stability 
curve under the conditions of H=1.0 1.5 2.0 2.5, 
and 3.0 m when ε=0.5 s−1, w=2.0 m, and τ=0.5 s. The 
results show that as the vehicle height increases from 
1.0 to 3.0 m, the stability also has a promoting effect.

4 Bifurcation analysis of the controlled SAM 

In this section, a bifurcation analysis is performed 
on a single-delay feedback-controlled SAM to study its 
bifurcation properties. Suppose vehicles are traveling on 
an adequate long single-lane circular road without over‐
taking. A small derivation is added for uniform flow:

v0
n( t) =V (Ω0) + ηn( t) 

x0
n = nh +V (Ω0) t + ξn( t)  (11)

where ηn( t) and ξn( t) are derivations.

Substituting Eq. (11) into Eq. (4), we can obtain:

ì

í

î

ï
ïï
ï
ï
ï

ï
ïï
ï
ï
ï

dηn( )t
dt

=α{ }V′( )Ω0 ( )-M [ ]ξn+ 1( )t - ξn( )t -ηn( )t +

                  Mε[ ]ηn( )t - ηn( )t- τ 
dξn( )t

dt
= ηn( )t .

(12)

In order to facilitate the subsequent calculation, 
we let β=αV ′(Ω0)(-M), δ=Mε - α, and the subscript 

nÎ{12 N} represents the serial number of the vehi‐
cle in the fleet. Then Eq. (12) is simplified as

ì

í

î

ïïïï

ï
ïï
ï

dηn( )t
dt

= β[ ]ξn + 1( )t - ξn( )t + δηn( )t -Mεηn( )t - τ 

dξn( )t
dt

= ηn( )t .

(13)

The specific solution process of the controlled 
SAM has been showed in Section S1 of the electronic 
supplementary materials (ESM). When k=N, which 

means ck=1 and sk=0 ( )ck=cos
2kπ
N

 sk=sin
2kπ
N

, com‐

bining the two equations of Eq. (S25) in Section S1 
yields the following equivalence relationship:

[ μ2 -ω2 - δμ]
2
+ [ 2μω - δω]

2
= ( μ2 +ω2) M 2ε2e-2μτ.

(14)

Obviously, with fixed w=1.8 m and H=2 m, for 
k=N, Eq. (14) with μ and ω as the dependent variables 
(μ is the real part and ω is the imaginary part as 
shown in Eqs. (S5) and (S6) in Section S1) and V ′ as 
the independent variable has two roots, one is (0 0) 
and the other is ( f 0), where f depends upon ε, τ, and δ 
(i.e. Mε-α). When k=N, as V ′ increases, there are two 
fixed points of eigenvalues, one is located at (0 0) 
and the other is located at ( f 0). When N=7 and k¹N, 
the distribution of real and imaginary parts of the ei‐
genvalues of Eq. (S24) is drawn in Figs. 3a and 3b. 
Fig. 3a indicates the distribution of eigenvalues of an 
uncontrolled SAM, namely ε=0 s−1; when V ′=0, for any 
value of k, the eigenvalues have fixed points (0 0) and 
(-1, 0). While V ′ increases, the different eigenvalues 
are separated along the trajectory with the correspond‐
ing hyperbola. For adequately small V ′>0, the real part 
of the eigenvalues of each k is negative, which indi‐
cates that the system will be asymptotically stable. 
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However, the system loses stability suddenly when V ′ 
is adequate big for the eigenvalues to pass through the 
imaginary axis. In Fig. 3, we observe that the eigen‐
values corresponding to k=1 and 6 will firstly pass 
through the imaginary axis, then k=2 and 5, and finally 
k=3 and 4. Fig. 3b shows the eigenvalue distribution 
of the SAM controlled with one delay. In Fig. 3b, the 
length of the hyperbolic locus is longer than that in 
Fig. 3a while k=1, indicating that the controlled SAM 
can suppress the oscillation, which further explains that 
suitable delay setting can delay or alleviate effect of 
Hopf bifurcation.

In Figs. 3a and 3b, the stability changes drastically 
when the eigenvalues intersect the imaginary axis. Hopf 

bifurcation occurs when λ12=±iω appears. Therefore, 
when λ = iω, the Hopf bifurcation critical condition can 
be obtained:

ì
í
î

-ω2 +Mεωsτ + β = βck

-δω +Mεωcτ = βsk
(15)

where cτ=cos(τ2ω) and sτ=sin(τ2ω).
Letting ε = 0 in Eq. (S24) in Section S1, the sta‐

bility condition is as follows:

α = 2cos2( kπ
N )V ′. (16)

5 Design of time-delay feedback control 

This section focuses on obtaining the optimal set 
of feedback control parameters. Among them, Jin and 
Xu (2016) put forward the following control principles:

f ( λ) = λ2 - δλ +Mεe-τλ λ + β - β (cos
2kπ
N

+ isin
2kπ
N ) .

(17)

The Nyquist criterion is generally used to design 
the time-delay control strategy. In addition, using the 
definite integral stabilization method and the integral 
stabilization criterion, the product function is computed 
as a transcendental real equation associated with the 
characteristic equation. The result of the calculation of 
the definite integral Π represents the number of char‐
acteristic roots in the right half complex plane. If Π=0, 
the controlled system will be stable. Conversely, when 
Π¹0, there are stop-and-go waves in the traffic flow. 
The problem with the multi-delay control design seems 
to be well resolved. Jin and Xu (2016) improved the 
definite integral method, and the specific improvement 
procedures are given in the Section S2 of ESM.

According to the control method in Section S2, the 
effects of multi-parameter combination for controlled 
system stability are explored. Some parameters are 
shown below:

α = 2 Dxn( t) = h = 25 m  V ′=V ′(h) = 1.448 m/s2
N = 10 w = 1.8 m  H = 2.0 m. (18)

To demonstrate the feasibility of the reaction-
delay feedback control strategy, the unstable state of 

Fig. 3  Absolute value distribution curve of SAM and 
controlled SAM (α=1 and N=7): (a) uncontrolled SAM, ε=
0; (b) controlled SAM, ε=0.65 s−1, and τ=0.35 s
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the SAM is compared. In Fig. 4, τ and the first delay 
interval for the controlled SAM will be predicated by 
plotting Ω ( τ) for different α, ε, and τ. The estimate of 
τ will be obtained by the point at which the jump of 
Ω ( τ) occurs. The first stable reaction time interval cor‐
responding to Ω ( τ)=0 is easily found from Fig. 4. In 
Figs. 4a and 4b, the feedback gains are chosen as ε=0.5 
and -0.5 s−1, and the results show that the first stabiliza‐
tion delay regions of Figs. 4a and 4b are found to be 
respectively [00.741] and [0.508 1.089]. In addition, 
there are second and third stable intervals [1.183, 1.812] 
and [1.862 1.931] in Fig. 4a. By comparison, the sta‐
bilization delay interval of negative feedback (i.e. ε=
−0.5 s−1) is found to be significantly smaller than that 
of positive feedback (i.e. ε=0.5 s−1). When α=2 s−1, and 
V ′=V ′( )θ0 =1.448, the performance of positive feed‐

back is superior to negative feedback. From Figs. 4c 
and 4d, the first stabilization delay interval is shown as 
[0.054 0.792] and [0.601 0.812] for fixed ε=0.5 s−1 and 
−0.5 s−1, respectively. That is, for a fixed ε=0.5 s−1, the 

controlled SAM is stable, and when the system is unsta‐
ble, the traffic congestion can be alleviated by select‐
ing the response delay in interval [0.054 0.792].

To demonstrate the performance of the control, 
several combinations of parameters were chosen for 
the equations during the simulation. In summary, the 
stability condition of the uncontrolled SAM is α>2V ′. 
It is obvious that the uncontrolled SAM is instable in 
this case, which should find an appropriate composi‐
tion of ε and τ. From Figs. 5a and 5b, the values of τ 
are chosen as 0.55, 0.90, and 1.85 s for a fixed ε=0.5 s−1, 
and it is obvious that τ=0.55 s belongs to [0, 0.741]. 
However, τ=0.90 and 1.85 s are not included in the three 
stable delay intervals. It means that if ε=0.5 s−1 and τ=
0.55 s, the controlled SAM will be stable. When ε=
0.5 s−1 and τ=0.90 s or ε=0.5 s−1 and τ=1.85 s, the system 
will be unstable. Fig. 5a shows the speed time-varying 
curve of the first vehicle. For ε=0.5 s−1 and τ=0.55 s, the 
small disturbance in the homogeneous flow tends to 
zero quickly, effectively suppressing traffic congestion. 

Fig. 4  Unstable root number Ω(τ) of controlled SAM: (a) ε=0.5 s−1, α=2.0 s−1; (b) ε=−0.5 s−1, α=2.0 s−1; (c) ε=0.5 s−1, α=3.0 s−1; 
(d) ε=−0.5 s−1, α=3.0 s−1
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However, when ε=0.5 s−1 and τ=0.90 s or ε=0.5 s−1 and 
τ=1.85 s, small disturbances evolve into large oscilla‐
tions with time passes in the homogeneous traffic flow. 
Similarly, when ε=0.5 s−1, the values of τ are chosen 
as 0.80, 0.15, and 1.20 s. Only ε=−0.5 s−1 and τ=0.80 s 
are selected from the stabilization delay interval [0.505, 
1.089] in Fig. 5b. Similar phenomena can be observed 
and will not be repeated here.

6 Case studies 

6.1 Parameter calibration

This section uses 558 datasets of the 59th vehicle 
in the next generation simulation (NGSIM) database to 
calibrate the optimal parameters, which include the 
required data such as speed, acceleration, and distance. 
Because the modified dataset involves non-following 

vehicle trajectory data and there is changing lane behav‐
ior, the following is used as the filtering condition to 
satisfy the following behavior condition:

(1) The chosen vehicles should be in the same 
lane, and this study chooses data located in lane 1.

(2) Preceding and following vehicles are not 0.
(3) The distance between the vehicles in front and 

rear cannot be too large so as to ensure that vehicles 
are always following. Thus, this study selects 160 feet 
as equal to 48.768 m, which means that the Space_
Headway in the dataset is no larger than 160.

After filtering through the above conditions, 558 
datasets of single-lane car-following data can be ac‐
quired. The segment data of the 59th vehicle is shown 
in Table 1.

The least squares method is used to optimize the 
calibration parameters non-linearly. This method is a 
parametric calibration of parameters based on the min‐
imum error between model simulation data and similar 
observation data. In addition, parameter combinations 
optimized by genetic algorithms with an error range of 
5% or less were selected for analysis in both models. 
The normalization process is then performed for each 
parameter, and the results of the optimization process 
for each parameter are clustered systematically.

As shown in Table 2, it can be seen that from the 
same data, the time-delay control can be reduced, which 
means that the time-delay control system can effectively 
weaken the harmful influence of the optimal speed on 
unified traffic flow. Besides, the smaller h indicates 
that the minimum safe distance requirement in steady 
traffic flow is smaller, and the larger vmax means the 
maximum speed of each vehicle can be achieved as 
the traffic flow increases, which implies that a con‐
trolled SAM will maintain a smoother operation and 
be more likely to achieve stability.

6.2 Numerical simulation

Setting the time difference step Dt=0.05 s in the 
numerical simulation, vehicles were increased to 100 
during the simulation to better suit the real traffic flow. 
We assume that the N initial vehicles travel at the same 
speed and distance on a loop of 2000 m long, and the 
initial parameters are:

xn(0) = nh + yn(0)  vn(0) =V (h)  h =
L
N
 (19)

where yn(0)=0.01.

Fig. 5  Time-varying curve of the velocity (v) of the first vehicle 
under different τ (where α=2): (a) ε=0.5 s−1; (b) ε=−0.5 s−1
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Based on Section 4, choosing ε=0.3 s−1 and α=
2.0 s−1 corresponds to the unstable SAM and the feed‐
back control effect diagram is shown in Fig. 6. τ and 
the stabilization delay interval for the SAM will be 
predicted in Fig. 6 by plotting Ω( )τ  at different time 
delays τ. The estimate of τ can be decided by the point 
at which the jump of Ω( )τ  occurs. From Fig. 6, the 
stable reaction time intervals corresponding to Ω( τ)=0 
are [0 0.673] and [1.182 1.971]. In addition, to veri‐
fy their performance, a few combinations of parame‐
ters were chosen for the simulations. In Fig. 7, for a 
fixed ε=0.3 s−1, the value of τ was chosen as 0.4, 1.0, 
and 2.0 s; τ=0.4 s is from [0, 0.673] in Fig. 6. However, 
the other values τ=1 s and τ=2 s are not included in 
the stabilization delay intervals [0, 0.673] and [1.182, 
1.971]. If ε=0.3 s−1 and τ=0.4 s, the controlled SAM 
is stable. When ε=0.3 s−1 and τ=1.0 s, or ε=0.3 s−1 
and τ=2.0 s, the system is unstable. Fig. 7 shows the 
speed–vehicle number curve in three cases. For ε=0.3 s−1 
and τ=0.4 s, small disturbances approximate to zero 

quickly, effectively suppressing traffic congestion. How‐
ever, when ε=0.3 s−1 and τ=1.0 s, or ε=0.3 s−1 and τ=
2.0 s, large oscillations over time arise from small 
disturbances in the homogeneous flow. In Fig. 8, the 

Table 1  Fragment data of the 59th vehicle following

ID
59
59
59
59
59
59
59
59
59
59
59
59
59
59
59
59
59
59
59
59

Length (m)
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15

Width (m)
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7

Velocity (m/s)
19.96
20.52
21.26
22.07
22.74
22.95
22.58
21.97
21.66
21.90
22.48
23.05
23.29
29.27
30.04
31.03
31.48
31.14
30.50
30.06

Acceleration (m/s2)
5.90
6.34
7.34
8.75
5.89
4.79

−5.90
−5.75
−2.67

3.24
5.22
5.48

−1.76
7.39

12.27
10.05
−0.37
−8.18
−8.71
−5.43

Lane-ID
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

Preceding
52
52
52
52
52
52
52
52
52
52
52
52
52
52
52
52
52
52
52
52

Following
66
66
66
66
66
66
66
66
66
66
66
66
66
60
60
60
60
60
60
60

Headway (m)
46.01
45.97
45.79
45.55
45.25
44.77
44.16
43.50
42.84
42.38
42.09
41.91
41.96
53.70
54.19
54.53
54.76
54.96
55.03
55.03

Width (m)
6.7
6.7
6.7
6.7
6.7
6.7
6.7
6.7
6.7
6.7
6.7
6.7
6.7
6.7
6.7
6.7
6.7
6.7
6.7
6.7

Class
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2

Table 2  Calibration parameters

Item

Range

SAM

Controlled SAM

α (s−1)

[0, 2]

0.5164

0.4823

h (m)

[8, 40]

31.5834

27.0565

vmax (m/s)

[20, 40]

29.4532

34.4623

ε (s−1)

[−1, 1]

0

0.7746

τ (s)

[0, 2]

0

0.7179

PI*

0.6624

0.6237
* PI represents parameter index, which was proposed by Ossen et al. (1965) to describe the fitness of parameter calibration

Fig. 6  Unstable root number Ω(τ) of controlled SAM (ε=
0.3 s−1 and α=2.0 s−1)
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parameter set ε=0.3 s−1 and τ=0.4 s has the smallest 
hysteresis loop compared to ε=0.3 s−1 and τ=1.0 s and 
ε=0.3 s−1 and τ=2.0 s, which means that it is the most 
stable compared to the other two, and this is in line 
with the findings above.

To better demonstrate the control impact of the 
parameter set ε=0.3 s−1 and τ=0.4 s, Fig. 9 shows 
the density waveforms of controlled and uncontrolled 
SAMs, and Fig. 10 shows its 2D graph. Obviously, 
the irregular walking wave in Fig. 9b disappears un‐
der the control of parameter settings, which is a fur‐
ther proof of the effectiveness of the prediction and 
proposed control strategy.

7 Conclusions 

In this study, a feedback control considering time 
delay is devised for SAM to prevent unstable factor-
caused bifurcation, which will reduce oscillations in 
traffic flow. Precise range of stable zone is derived by 
contrasting the results of the linear analysis and bifur‐
cation analysis. As the foundation for time-delay feed‐
back control design, we provide a definite integral 
method, which will exploring the mechanism of the 
influence of multiple parameter combinations on the sta‐
bility of controlled systems. More cars were employed 
to confirm the system’s viability, and numerical simu‐
lations demonstrate that using suitable feedback gain 
and delay settings can really significantly increase the 
stability of traffic flow. Additionally highlighting the 
accuracy of the result, the ideal feedback gain and time 

delay parameters acquired by calibration are in the 
control system’s stable zone.

However, more in-depth studies are worth con‐
ducting in the future because:

(1) This paper only applies the delayed feedback 
control strategy to control VAM and SAM. The con‐
trol strategy can be applied to other models, such as 
intelligent driver model (IDM) (Xie et al. 2019) and 
cooperative adaptive cruise control model (Milanés 

Fig. 8  Hysteresis loop of controlled SAM under different 
τ: (a) ε=0.3 s−1, τ=0.4 s; (b) ε=0.3 s−1, τ=1.0 s; (c) ε=0.3 s−1, τ=2.0 s

Fig. 7  Variation curve of velocity and number of vehicles 
under different τ (ε=0.3 s−1 and α=1.0 s−1)
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and Shladover, 2014), which plays an important role in 
promoting the development of traffic flow theory.

(2) In the actual traffic environment, in addition to 
having a certain delay in responding to driving factors, 
drivers will also make certain predictions on driving 
factors based on their experience in driving scenarios. 
Feedback control with multiple delays and expected 
time helps to better control the bifurcation phenomenon 
of the traffic flow.
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