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Abstract:    In this paper, we present an adaptive two-step contourlet-wavelet iterative shrinkage/thresholding (TcwIST) algorithm 
for remote sensing image restoration. This algorithm can be used to deal with various linear inverse problems (LIPs), including 
image deconvolution and reconstruction. This algorithm is a new version of the famous two-step iterative shrinkage/thresholding 
(TwIST) algorithm. First, we use the split Bregman Rudin-Osher-Fatemi (ROF) model, based on a sparse dictionary, to decom-
pose the image into cartoon and texture parts, which are represented by wavelet and contourlet, respectively. Second, we use an 
adaptive method to estimate the regularization parameter and the shrinkage threshold. Finally, we use a linear search method to 
find a step length and a fast method to accelerate convergence. Results show that our method can achieve a signal-to-noise ratio 
improvement (ISNR) for image restoration and high convergence speed. 
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1  Introduction 
 

In remote sensing image processes, image res-
toration is an important and practical problem for 
researchers. A remote sensing image is subjected to 
degradation caused by different kinds of atmospheric 
turbulence effects, aerosol scattering, and physical 
limitations of the sensors. Image restoration is one of 
the earliest classical linear inverse problems (LIPs) in 
imaging. Many methods were proposed to deal with 
these types of inverse problems, which mainly con-
tain regularization, total variation (Bioucas-Dias et al., 
2006), and expectation-maximization (EM) (Figueiredo 
and Nowak, 2003). 

An LIP can be solved by using an optimization 
method to minimize the sum of two convex functions: 
 

min ( )f
x

x ,                             (1a) 

f(x)=F(x)+G(x),                     (1b) 
 

where F(x) is a smooth convex function defined by a 
black-box oracle, and G(x) is a general closed convex 
function that is possibly non-smooth. The image 
restoration problem is usually described by a linear 
space invariant convolution (blurring) operator R and 
additive Gaussian noise n in the literature (Figueiredo 
and Nowak, 2003; Daubechies et al., 2004; Bioucas- 
Dias et al., 2006; Figueiredo et al., 2007; Beck and 
Teboulle, 2009a). We use x to represent the original 
image and y to represent the observed image. The 
image degradation model can be formulated as 
y=Rx+n. Thus, the original image x can be estimated 
by minimizing the objective function 
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2
2

1( ) || || ( ),
2

f τf= − +x y Rx x                 (2) 

 
where R represents a linear operator that is usually 
singular or ill-conditioned, ||·||2 is a norm in some 
given vector space (such as real Hilbert space), and 

2
2

1( ) || ||
2

F = −x y Rx  is the data misfit that represents 

the error energy between the observed image and the 
image obtained by the image degradation model, the 
purpose of which is to insure that the recovered solu-
tion is close to the true one. τ is the regularization 
parameter. f(x) is finite for all x and is called the 
regularizer or regularization function, the purpose of 
which is to overcome the ill-posedness of image  
restoration.  

In this paper, the regularization terms used are 
l1-norm (f(x)=||x||1) and TV-norm (f(x)=||x||TV). So, 
Eq. (2) can be rewritten as 
 

2
2 1

1( ) || || || || ,
2

f τ= − +x y Rx x           (3a) 

or 
2
2 TV

1( ) || || || || .
2

f τ= − +x y Rx x        (3b) 

 
This paper is concerned mainly with algorithms 

for minimizing (3a). All of the numerical experiments 
are used to solve l1-norm except for the experiment in 
Section 5.3. The relative merits of a more general 
objective function and the choice of f(x), however, 
will not be discussed here.  

A new algorithm called the iterative shrinkage/ 
thresholding (IST) algorithm was recently proposed 
to solve LIPs of the form (2). To solve such LIPs, 
some state-of-the-art algorithms belonging to the IST 
family were proposed by different researchers. These 
algorithms include a fast iterative shrinkage/ 
thresholding algorithm (FISTA) (Beck and Teboulle, 
2009b), a two-step iterative shrinkage/thresholding 
(TwIST) algorithm (Bioucas-Dias and Figueiredo, 
2007a), and the two-step algorithm (Bioucas-Dias and 
Figueiredo, 2007b). The EM algorithm for wavelet- 
based deconvolution was proposed by Nowak and 
Figueiredo (2001) and Figueiredo and Nowak (2003). 
The majorization minimization is an optimization 
technique used in different algorithms, including IST/ 

FISTA algorithms (Hunter and Lange, 2004; Bioucas- 
Dias et al., 2006; Figueiredo et al., 2007). Recently, 
Combettes and Wajs (2005) brought important con-
tributions to the understanding of the forward- 
backward splitting algorithm which includes IST. 
Another class of IST algorithms called iterative re-
weighed shrinkage (IRS) was proposed by Bioucas- 
Dias (2006). 

The original IST and TwIST use the single 
wavelet transform to represent the regularization f(x). 
In this paper, we propose the adaptive contourlet- 
wavelet iterative shrinkage/thresholding algorithm 
(TcwIST) to solve optimization problems as given in 
Eq. (2). The proposed algorithm is more effective 
than the former methods in that it can achieve a better 
signal-to-noise ratio (SNR) improvement and can 
more appropriately adapt to the remote sensing image 
with plenty of texture. 
 
 
2  Image decomposition model 
 

The cartoon+texture decomposition model has 
recently received considerable interest in the field of 
image processing. The algorithm was first proposed 
by Buades et al. (2010), and the theory was proposed 
by Meyer (2001). Meyer proposed that any image x 
can be decomposed into the sum of a cartoon/ 
geometric part, u, which is represented as a function 
of bounded variation, and a textural/oscillatory part v 
with oscillating patterns. By using this kind of de-
composition method, we can deal with the different 
image parts to achieve good image restoration results. 

The Rudin-Osher-Fatemi (ROF) model (Rudin 
et al., 1992) is used to solve a minimization problem 
of the form 
 

2

BV( )
ˆ min || || || || , 0,

2Ω ΩΩ

τ τ
∈

= ∇ + − >∫ ∫x
x x y x     (4) 

 
where Ω is an open and bounded subset of 2, and 
BV(Ω) is a bounded variation in Ω. y and x are noisy 
and denoised images, respectively. ||∇x|| is the regu-
larized function/regularizer, and the second term de-
notes data fidelity. This algorithm is widely used for 
image restoration and denoising for its capability to 
preserve piecewise smooth functions. 
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The variable splitting idea and split Bregman 
technique can be found in Bioucas-Dias and 
Figueiredo (2008), Goldstein and Osher (2009), and 
Figueiredo et al. (2009). This technique is a good 
formulation choice for l1-norm regularized problems. 
The split Bregman is used to solve unconstrained 
convex minimization problems of the form 
 

2
2,

ˆ min ( ) ( ) || || ,
2

J E τ
= + + − −

x c
x c x y x c        (5) 

 

where J(c)=||c||1 and 2
2

1( ) || ||
2

E = −x y x . The key to 

the split Bregman is that we will ‘decouple’ the l1 and 
l2 terms to form different sub-problems which can be 
solved more easily than the original composite ob-
jective function. By combining the split Bregman and 
ROF model, Gilles and Osher (2011) proposed 
Bregman Meyer’s G-norm to separate x into u+v. The 
method works well in separating texture and cartoon 
parts and requires only a few iterations to reach con-
vergence. The combination of ROF with split Breg-
man iteration is shown in Algorithm 1, where P is the 
project operator, λ and μ represent the cartoon and 
texture parameters, respectively, and PROF(a, b) is 
defined as the output of the ROF model applied to a 

with a coefficient b and is efficiently implemented by 
the split Bregman iterations. 
 
 
 
 
 
 
 
 
 

In this study an image is decomposed in the 
transform domain to achieve a good result. The key 
factor is to choose two appropriate dictionaries, one 
for the representation of texture, and the other for the 
natural scene parts. This expectation relies on the 
assumptions made earlier about dictionary Τu and Τv 
being very efficient in representing one content type 
and highly non-effective in representing the other. We 
use the curvelet dictionary Τu and discrete cosine 
transform (DCT) dictionary Τv to represent cartoon  
 

and texture parts, respectively. Thus, Algorithm 1 can 
be modified to Algorithm 2 using a dictionary for 
representation, where θu and θv are the curvelet coef-
ficient and DCT coefficient, respectively. 

 
 
 
 
 
 
 
 
 
 

 
Algorithm 2 is used to numerically solve the 

cartoon+texture decomposition model based on 
Meyer’s G-norm.  
 
 
3 Gradient-based shrinkage/thresholding 
algorithm 

3.1  Optimization problem 

The formulation (2) is usually called the analysis 
unconstrained approach, which applies a regularizer 
directly to the unknown image. The other form can be 
represented as 

 
1 2

2
1( ) || || ( ).
2

f τf−= − +θ y RW θ θ             (6) 

 
We refer to this technique as the synthesis ap-

proach. The formulation applies a regularization 
function to the image representation coefficients 
(θ=Wx). The operator W is a wavelet-like frame 
(Afonso et al., 2010), such as ‘wavelet’, ‘contourlet’, 
‘Ridgelet’, and ‘Beamlet’; W is a forward transform 
and W−1 is an inverse transform. Thus, the analysis 
and synthesis constrained versions can be written, 
respectively, as 

 
min ( )φ

x
x   subject to 2

2|| || ,ε− ≤y Rx          (7) 

and 
min ( )φ
θ

θ   subject to 1 2
2|| || .ε−− ≤y RW θ      (8) 

 

Algorithm 1    Combination of ROF with split 
Bregman iteration 
Initialization: u0=v0=0 
while ‘not converged’ do 

  Update u by un+1=PROF(x−vn, λ) 
  Update v by vn+1=x−un+1−PROF(x−un+1, 1/μ) 

end while 
 
 

Algorithm 2    Image decomposition model 
represented by curvelet and DCT 
Initialization: u=v=0, θu=θv=0 
while ‘not converged’ do 

  Update u by 1
ROF( , )n nP λ+ = − v vu x T θ  

          Update v by 
1

ROF( ,1 / )n n nP µ+ = − − −u u u uv x T θ x T θ  
end while 
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The parameter ε usually has a clear meaning (it is 
proportional to the noise variance) and is more natural 
to determine than the parameter τ, but the constrained 
version may be more difficult to solve than the  
unconstrained version. In this study we focus on 
solving the unconstrained problem (6) in the con-
tourlet and wavelet domain. 

3.2  Existing gradient-based algorithms 

To be consistent with the former algorithms, we 
replace image coefficient θ with x and denote the 
operator as A=RW−1. Thus, objective function (6) can 
be rewritten as 
 

2
2

1( ) || || ( ).
2

f τf= − +x y Ax x               (9) 

 
In the TwIST algorithm, we have a general 

formulation 
 

xk+1=(1−α)xk−1+(α−β)xk+βΓτ(xk),        (10) 
 

and the relaxed parameters can be taken as 
 

α=1+ρ2, β=2α/(1+ξ). 
 

The variable ξ is a small value, and ρ is determined by 
the ith eigenvalue of ATA. The operator Γτ(x) is de-
fined as 
 

Γτ(x)=ϒτ(x−γ∇f(x)), 
 
where ϒτ is a denoising operator, given by a soft 
shrinkage function 
 

( , ) ,   ( , ) ,
( , ) 0,  | ( , ) | ,

( , ) ,  ( , ) ,

x i j x i j
x i j

x i j x i j
τ

δ δ
ϒ δ δ

δ δ
=

− ≥
 <
 + ≤ −

x  

 
where x(i, j) represents the (i, j)th entry of matrix x. 
Using a shrinkage function, Eq. (10) can be written as 
 

xk+1=(1−α)xk−1+(α−β)xk+βϒτ(xk−γk∇f(xk), γkδ).  (11) 
 

We also provide a compromise shrinkage function 
 

0( , , )τϒ δ δx                                                                

0

0

0

(1 ) ( , ) sgn( ( , ))(| ( , ) | ),
  | ( , ) | ,

0,   | ( , ) | ,
sgn( ( , ))(| ( , ) | ( )),

| ( , ) | .

m x i j m x i j x i j
x i j
x i j

n x i j x i j
x i j

δ
δ
δ
δ δ

δ δ

− + −
 ≥= <
 − −
 ≤ ≤

       

 
Herein parameters m and n are used to determine the 
shrinkage rule: m=0 denotes a hard shrinkage func-
tion and m=1 denotes a soft shrinkage function; n 
deals with the contourlet and wavelet coefficients to 
reserve the significant components. The compromise 
shrinkage function (CSF) is a compromise of hard and 
soft shrinkage. We can adjust or shrink the coeffi-
cients by changing these parameters. The CSF can 
give a better SNR than hard shrinkage, especially for 
some m less than zero. While the coefficients are 
between δ and δ0, important image information can be 
retained by adjusting the parameter n. We have veri-
fied the difference in shrinkage operators (Section 
5.3), but the results are not shown in this paper. Fig. 1 
shows a plot of the shrinkage function. 
 
 
 
 
 
 
 
 
 
 
 
 
 
4 Contourlet-wavelet iterative shrinage/ 
thresholding algorithm 

4.1  Description of the proposed algorithm 

In this study the proposed TcwIST algorithm is 
used to solve Eq. (9). We use Algorithm 2 to de-
compose the degraded image into cartoon and texture 
parts. The regularization f(x) is represented by 
wavelet and contourlet. Thus, Eq. (9) can be written 
as 

 
 

Fig. 1  Shrinkage function 
(a) Hard shrinkage function; (b) Soft shrinkage function;  
(c) Compromise shrinkage function 

(a)                            (b)                              (c)

δ
δ− δ−

δ 0δ δ+
0δ δ− −
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2
2 c c w w

1( ) || || || ( ) || || ( ) || ,
2 p pf τ τ= − + +x y Ax Ψ x Ψ x    

(12) 
 

where Ψc and Ψw are two different transform matrices, 
which represent the contourlet and wavelet frame/ 
basis, respectively, and ||·||p represents the corre-
sponding l1-norm or TV-norm. We assume that these 
matrices correspond to orthogonal bases or the Par-
seval frame. Thus, we can obtain  
 
Ψc∈

N1×N, Ψw∈
N2×N with T T

c c w w ,N= =Ψ Ψ Ψ Ψ I  (13) 
 
where N1>N, N2>N, Ψ is the forward-transform and 
its transpose is ΨT, and IN is an identity matrix with 
size N. The parameter pairs τc, τw of objective function 
(12) are determined by noise standard deviation σ to 
some extent. By using decomposition on observation, 
we can solve objective function (12) as the optimiza-
tion problem 
 

2
2,

c w

1ˆ ˆ, arg min{ ( , ) || ||
2

                             || || || || },p p

f

τ τ

= ≡ − −

+ +
u v

u v u v u u v vx x

u v

x x x x y A x A x

x x
                                                                             (14) 
 

where xu represents the wavelet coefficients, and xv 
represents the contourlet coefficients. We obtain the 
following formula (see Section 3.1 for details): 
 

1 1 1
w c( ) ,− − −= = + = +u v u u v vAx RW x R W x W x A x A x  

  (15) 
 

where 1
w
−

uW x  and 1
c
−

vW x  represent the cartoon and 
texture parts, respectively. 

In this study, the wavelet transform is a discrete 
wavelet transform (DWT) and the contourlet trans-
form is a pyramidal directional filter bank (that is, 
discrete contourlet). We use two different shrinkage 
thresholds for the smooth and texture parts. In the 
texture part, we provide a larger threshold because the 
smooth part contains more image details and the 
texture part contains more image noise. 

4.2  Parameter selection 

In this section, we discuss the parameter property. 
The main parameters are the shrinkage threshold, 
regularization parameter, and step length.  

First, we discuss the shrinkage threshold. 
Shrinkage threshold tuning can generally be selected 
to match the noise standard deviation for a good  
denoising result. The value of the initial threshold  
is proportional to noise standard deviation σ; that is, 
higher noise has a larger initial threshold. We can  
empirically estimate the threshold using an exponen-
tial formulation δ=0.0779×σ1.4972. In the compromise 
shrinkage function, we have δ0=nδ. Although the 
quality of the recovery image depends on the choice 
of δ, the rate of algorithm convergence does not de-
pend on the choice of the shrinkage threshold because 
the shrinkage function mainly decreases the noise of 
the degraded image without accelerating the algorithm. 

Second, the regularization parameter is usually 
hand tuned to achieve SNR improvement and good 
convergence speed. In this paper we use an adaptive 
and decreasing regularization parameter, which was 
mentioned by Pan and Blu (2011; 2013). The adaptive 
regularization parameter is given by 
 

τc, τw∝En/K,                            (16) 
 

where En and K are the noise energy and blurred level, 
respectively. The advantage of TcwIST is that we can 
estimate the parameter without knowing the image 
prior information, which is usually difficult to obtain. 
The regularization parameter is chosen based on noise 
energy and blurred level. When an observed image is 
contaminated by high noise, we have a large param-
eter to restrain noise. When the image was deserved 
by a high blur operator, we have a small parameter to 
focus on image deconvolution. The experimental 
results have verified that the adaptive regularization 
parameter can be a better choice for SNR improve-
ment than a fixed parameter.  

Finally, the effect of the iterative step length γk is 
twofold. A larger γk makes the algorithm more effi-
cient, but the result will be worse if the algorithm 
exceeds the optimal solution. The algorithm con-
verges slowly when using a small γk. A tradeoff exists 
between accuracy and efficiency in choosing γk. In the 
TcwIST algorithm, we use a linear search method 
(Algorithm 3) to identify the step length. 

In the linear search method, Eq. (9) can be sim-
plified as a quadratic function 

 

T T1( ) ,
2

f = −x x Qx b x                  (17) 
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where Q (Q is consistent to A) is symmetric and pos-
itive definite, and b=ATy. The constant terms of y and 
the regularization are neglected because their differ-
entials are equal to zero. We can obtain the step length 
by differentiating 
 

T1( ) ( ) ( )
2k k k k k k k k kf f f fγ γ γ− ∇ = − ∇ − ∇x x Q x  

T ( )k k kfγ− − ∇b x  
 

with respect to γk, such that we obtain 
 

T

T .k k
k

k k

f f
f f

γ
∇ ∇

=
∇ ∇Q

                         (18) 

 
 
 
 
 
 
 
 
 
 
 
 
 

4.3  Convergence of TcwIST and stopping criterion 

In FISTA (Beck and Teboulle, 2009b), the in-
formation from the two previous iterations is com-
bined in a special manner that is significantly faster 
than standard gradient-based methods, such as IST 
algorithms. This scheme has a global convergence 
rate Ο(1/k2), where k is the iteration counter. The fast 
convergence idea is also used in this paper. For the 
purpose of our analysis, we consider formulation (1). 
In the IST, the solution can be represented as 
 

xk+1=xk−γk∇F(xk).                    (19) 
 

This term can be expanded to obtain a new formulation 
 

2
1 2

1( ) ( ), ( ) || || ,
2k k k k k

k

F F
γ+ = + − ∇ + −x x x x x x x  

(20) 
 

where the right-hand side of the equation contains 
constant, first-order, and two-order terms. By ex-
tending this gradient updating mechanism to problem 
(9) and neglecting the constant term, Eq. (20) can be 
rewritten as 
 

( ) 2
1 2

1 ( ) ( ).
2k k k k

k

F Gγ
γ+ = − − ∇ +x x x x x   (21) 

 
Thus, we can obtain an inequality  
 

( ) ( ) ( ) ( ), ( )k k kF G F F+ ≤ + − ∇x x x x x x  

                       2
2|| || ( ),

2 k
L G+ − +x x x           (22) 

 
where L (L=1/γk) is the Lipschitz constant. The solu-
tion can be easily proven to satisfy an inequality 
 

2
0 2|| ||

( ) ( ) ,
2k

LF F
k

∗
∗ −

− ≤
x xx x          (23) 

 
where x* is a global optimal solution. 2

0 2|| ||L ∗−x x  is 
a constant, such that the convergence of IST is de-
termined by k. In FISTA, the solution is represented 
as 
 

2
0 2

2

2 || ||
( ) ( ) .

( 1)k
LF F

k

∗
∗ −

− ≤
+

x xx x          (24) 

 
Compared with the convergence of IST (O(1/k)), 

the convergence of FISTA is O(1/k2). More details can 
be found in Nesterov (1983) and Beck and Teboulle 
(2009b). 

In this paper we use the relative error of the ob-
jective function as a stopping criterion. This error is 
also used in IST and TwIST. 
 

1
obj

| ( ) ( ) |
error .

( )
k k

k

f f
f
+ −

=
x x

x
            (25) 

 
A good option is for a user to tune the stopping 

criterion based on application requirements. Further 
details on the stopping criteria for formulation (9) can 
be found in Wright et al. (2009) (Section II-H). 

 

Algorithm 3    Backtracking line search 
Choose γ>0, η>1, κ∈(0, 1) and constants γmin, γmax 

(0<γmin<γmax) 
Repeat  

Choose γk∈[γmin, γmax] 
Repeat  

f(xk+γkpk)≤f(xk)+κγk∇fT(xk)pk 
with pk=−∇f(xk) 
γk←ηγk 

Until xk+1 satisfies an acceptance criterion 
k←k+1 

Until the stopping criterion is satisfied 
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5  Numerical experiments 
 

In this section, we present results from numerical 
experiments to compare our method with state-of-the- 
art methods. We perform experiments on three cover 
types of remote sensing images (other images show 
the same trends): airport (512×512), vegetated sur-
face (512×512), and water body (512×512). To 
compare other methods, a 256×256 Cameraman im-
age was used in our experiments. In TcwIST, we 
solved the optimization problem (14) and the choice 
of different parameters was discussed in Section 4.2. 
The image restoration process can be described as 
follows: (1) Use Algorithm 2 to decompose the ob-
served image and obtain the cartoon and texture parts; 
(2) Use the TcwIST algorithm to solve Eq. (14), and 
the regularization parameters and shrinkage threshold 
are computed by the adaptive method and experiential 
fomula; and (3) A backtracking method is adopted in 
the iteration to find the step length. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

5.1  Cartoon-texture decomposition 

In the first test, we apply Algorithm 2 to show 
the cartoon-texture decomposition results for the 
image depicted in Fig. 2. Figs. 2b and 2c show the 
corresponding cartoon and texture parts obtained by 
the algorithm, respectively. In our experiment we set 
λ=1000, μ=1000. 

5.2  Image deconvolution with l1-norm 

We use the TcwIST algorithm to deal with image 
restoration in Experiments 2, 3, and 4. Figs. 3–5 show 
the image restoration results for the vegetated surface, 
Beijing airport, and water body, respectively. 

5.3  Image deconvolution with TV-norm 

Fig. 6 shows the image deconvolution results 
with TV-norm in Experiment 3. TV-norm can achieve 
better restoration performance than l1-norm. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2  Image decomposition with Algorithm 2 
(a) Original airport image; (b) Cartoon part; (c) Texture part 

(a)                                                              (b)                                                              (c) 

(a)                                                              (b)                                                              (c) 

Fig. 3  Image deconvolution in Experiment 2 
(a) Original vegetated surface image; (b) Blurred image; (c) Restoration image 
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5.4  Experiment setting and analysis 

Table 1 shows the settings used in the four ex-
periments: Gaussian blur with low noise, blur opera-
tor 1/(1+i2+j2) with medium noise, uniform blur with 
medium noise, and blur operator [1, 4, 6, 4, 1]T[1, 4, 6, 
4, 1]/256 with high noise. In this section we present  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
the experimental results for image restoration using 
both l1-norm and TV-norm regularization. For com-
parison, we provide two criteria: (1) SNR improve-
ment (ISNR=10lg(||y−x||/||xk−x||), where x is the 
original image) of restoration, and (2) algorithm 
convergence speed. 

(a)                                                              (b)                                                              (c) 

Fig. 4  Image deconvolution in Experiment 3 
(a) Original Beijing airport image; (b) Blurred image; (c) Restoration image 

(a)                                                              (b)                                                                    (c) 
Fig. 5  Image deconvolution in Experiment 4 

(a) Original water body image; (b) Blurred image; (c) Restoration image 

(a)                                                              (b)                                                              (c) 

Fig. 6  Image deconvolution with TV-norm 
(a) Original Cameraman image; (b) Blurred image; (c) Restoration image 
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First, we compare the methods based on ISNR. 
The ISNR along the iterations is shown in Fig. 7. To 
provide a comprehensive analysis, we show the image 
restoration results in Table 2. A distinct improvement 
is observed when the proposed method is used com-
pared to the TwIST algorithm, especially in the  
medium- and high-noise situations.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Second, we discuss the convergence speed. The 
objective function f(xu, xv) along the iterations is 
shown in Fig. 8. In Table 3, we compare the conver-
gence speed of our method and those of the state-of- 
the-art algorithms: IST, TwIST, and sparse recon-
struction by separable approximation (SpaRSA).  

The objective function value c1000
IST at conver-

gence is obtained by running the IST algorithm with 
1000 iterations, and the other methods are required to 
reach the same objective function value of 1.001× 
c1000

IST for comparison. In the test we give four dif-
ferent blur operators with different noise levels. Our 
method is faster than the other methods in most cases, 
especially in the low- and medium-noise cases. 
However, each iteration of TcwIST is more expensive  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 8  Convergence speed of TcwIST, TwIST, and IST 
for the first 100 iterations on the Cameraman image in 
Experiment 2 
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Table 1  Experimental settings 

Experiment Blur operator σ 
1 H1: Gaussian 0.56 
2 H2: 1/(1+i2+j2) 2  
3 H3: uniform 8  
4 H4: [1, 4, 6, 4, 1]T[1, 4, 6, 4, 1]/256 7 

 

Table 2  Experimental results for the comparison of different methods 

Image Method 
ISNR  Number of iterations 

Exp 1 Exp 2 Exp 3 Exp 4  Exp 1 Exp 2 Exp 3 Exp 4 

Vegetated 
surface 

IST 12.0117 5.8891 2.5235 −1.9004  30 127 90 72 
FISTA 12.6477 5.4166 2.4206 −3.8022  10 97 77 69 
TwIST 11.6069 0.0631 2.2701 −16.3308  19 51 24 70 
TcwIST 12.6298 6.4389 2.8450 1.9142  7 29 21 19 

Beijing 
airport 

IST 12.2667 4.3813 3.2175 −2.7629  14 110 83 70 
FISTA 12.2489 4.0793 2.9580 −4.6344  10 87 71 68 
TwIST 12.0773 −1.1992 −4.8401 −17.2974  10 39 47 73 
TcwIST 12.2865 5.1783 4.1338 2.2261  8 15 42 10 

Water 
body 

IST 5.7042 1.7555 1.5322 −5.7278  13 86 58 68 
FISTA 5.6216 0.3155 0.2627 −7.9396  10 77 57 67 
TwIST 5.5557 −7.1274 −12.6817 −21.1395  9 44 53 80 
TcwIST 5.6931 4.0123 3.1182 3.6309  7 24 16 7 

 

Fig. 7  SNR improvement produced by TcwIST, TwIST, 
and IST for the first 100 iterations of image deconvolution 
of the Cameraman image in Experiment 3 
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because of the contourlet transform, the total runtime 
of which is 0.2709 s (FISTA, 0.0519 s). Thus, two 
iterations of the transform consume 0.2166 s because 
we have to transform a cell matrix into a normal one 
for computation. Therefore, it is necessary to find a 
fast and convenient method to solve this problem. 

All experiments are conducted using MATLAB 
2011b for Windows XP system on a desktop computer 
equipped with an Intel Pentium Dual-Core 3.2 GHz 
CPU and 2 GB RAM. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
6  Conclusions 

 
In this paper, we propose a new class of iterative 

shrinkage threshold algorithm called TcwIST for 
remote sensing image restoration. The remote sensing 
image contains different cover types of terrain, and 
we can obtain good image restoration results by using 
an image decomposition model. An adaptive method 
and an experiential method are used to estimate the 
regularization parameter and shrinkage threshold to 
obtain a better ISNR than that using the original pa-
rameters, especially in severe linear inverse problems 
and high-noise situations. We also use a fast algorithm 
and a linear search method in the TcwIST algorithm to 
achieve fast convergence. 
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