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calculated using a Hilbert transform as shown in  
Eq. (15). The results are presented in Fig. 10. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
From Fig. 10, it can be seen that anti-phase 

synchronization can be reached by applying an ap-
propriate coupling coefficient when output ends 3, 4 
are connected using resistor coupling. The failure of 
complete synchronization could be due to the fact that 
the coupling between the outputs from the tunnel 
diodes can be suppressed by the outputs from para-
sitic capacitance C1 paralleled with the diode. Then, 
cross coupling is considered between output ends 3, 2, 
and the dynamical system is described by Eq. (8). The 
results are plotted in Fig. 11. 

With the increase of the coupling coefficient for 
resistor connection, the maximum value for the error 

function just fluctuates between several finite values, 
and the realization of complete synchronization be-
comes difficult when a coupling resistor is used to 
bridge the connection between output ends 3, 2. 
Consider a clear illustration, where the evolution of 
the error function is calculated under different cou-
pling coefficients, as shown in Fig. 12.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The results in Fig. 12 provide evidence that cross 

coupling via a resistor can generate the coexistence of 
chaos and periodicity, and the transition from chaos to 
periodicity can be induced with the increase of the 
coupling coefficient. Furthermore, we calculate the 
phase series to observe the occurrence of phase syn-
chronization, and the results are plotted in Fig. 13. 

Phase synchronization can be stabilized under 
cross coupling when the coupling resistor bridges the 
connection between output ends 3, 2, and the transient 

 

Fig. 9  Evolution of the error function via resistor cou-
pling under connection output ends 3, 4 for k2=0 (a), 
k2=0.3 (b), k2=0.6 (c), and k2=1 (d) 

 

Fig. 10  Error evolution of a phase series via resistor 
coupling with a connection between output ends 3, 4 for 
k2=0 (a), k2=0.3 (b), k2=0.5 (c), and k2=1 (d) 
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Fig. 12  Evolution of the error function via resistor cou-
pling under connection output ends 3, 2 for k3=0.2 (a), 
k3=1.5 (b), k3=3.5 (c), and k3=8 (d) 

 

Fig. 11  Dependence of the maximum error on the cou-
pling coefficient via resistor coupling with a connection of 
output ends 3, 2 
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period is shortened with an increase in the coupling 
coefficient. As mentioned above, capacitor coupling 
can contribute to the transmission of energy flow 
between the coupled circuits. Therefore, it is im-
portant to discuss the case for capacitor coupling, as 
mentioned above, where the coupling capacitor is 
bridged to connect output ends 1, 2 and then sym-
metric coupling is activated. This case is described by 
the dynamical system as defined in Eq. (10), and the 
results are plotted in Fig. 14. 

 
 
 
 
 
 
 
 
 

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
It is verified that complete synchronization be-

tween the two chaotic PR systems becomes stable 
when the coupling capacitor activates symmetrical 
coupling at the appropriate coupling coefficient, and 
the transient period becomes shorter with the increase 
of the coupling coefficient. In addition, the maximum 
value for the error function is estimated under dif-
ferent coupling coefficients, and the results are illus-

trated in Fig. 15. 
The bifurcation diagram predicts that complete 

synchronization can be reached when capacitor cou-
pling is applied with an appropriate coupling coeffi-
cient beyond the threshold of k4~0.23. Capacitor 
coupling is also considered between output ends 3, 4, 
whose dynamical system is described by Eq. (12). 
The results are given in Fig. 16. 

 
 
 
 
 
 
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

 
 

 
That is to say, complete synchronization between 

the two chaotic PR systems becomes difficult even if 
a capacitor is applied to connect output ends 3, 4. 
Furthermore, the phase series from the two PR sys-
tems are calculated to find the possibility of phase 
synchronization. The results are shown in Fig. 17. 

It is found that the two chaotic PR systems can 
be stabilized at phase synchronization, while anti- 
phase synchronization is reached with a further  
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Fig. 13  Evolution of the phase error under cross coupling 
via a linear resistor when output ends 3, 2 are connected 
for k3=0.16 (a), k3=0.21 (b), k3=3.2 (c), and k3=5 (d) 
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Fig. 14  Evolution of the error function via capacitor 
coupling under connection output ends 1, 2 for k4=0 (a), 
k4=0.23 (b), k4=1.0 (c), and k4=4.0 (d) 
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Fig. 16  Evolution of the error function via capacitor 
coupling under connection output ends 3, 4 for k5=0 (a), 
k5=1 (b), k5=5 (c), and k5=11 (d) 

 

Fig. 15  Dependence of the maximum error on the cou-
pling coefficient via capacitor coupling under connec-
tion output ends 1, 2 
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increase of the coupling coefficient for the coupling 
capacitor. It seems that capacitor coupling shows 
more efficiency in keeping the stability of phase 
synchronization and anti-phase synchronization than 
resistor coupling between output ends 3, 4. Finally, 
cross coupling via the capacitor is verified by con-
necting output ends 3, 2, whose dynamical system is 
described by Eq. (14). The results are shown in Figs. 
18 and 19. 

The error function between the two chaotic PR 
systems becomes time-varying even when the cou-
pling coefficient for the coupling capacitor increases 
greatly, and extensive numerical results confirm that 
the profile of chaotic attractors shows distinct diver-
sity and difference. Then the phase series are calcu-
lated to analyze the phase synchronization, and the 
results are plotted in Fig. 19. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
According to the previous definition for a cou-

pling coefficient, we have k5=1/k6=CX/C1; as a result, 
the modulation and feedback from the coupling ca-
pacitor is enhanced when the coupling capacitor is 
endowed with a larger value and the synchronization 
approach becomes relaxed. When the coupling ca-
pacitor is selected with finite capacitance values, a 
certain transient period is needed to reach synchro-
nization stability.  

In summary, the synchronization approach de-
pends heavily on the coupling channel and coupling 
type. The capacitor coupling plays the same role in 
realizing complete synchronization between chaotic 
systems, and the coupling capacitor just enhances the 
energy exchange of the electric field and never con-
sumes energy while the coupling resistor has to con-
sume a certain amount of Joule heat and energy when 
the coupling is activated. Complete synchronization 
is realized when resistor coupling or capacitor cou-
pling is applied to connect the outputs from capacitor 
C in each circuit, while coupling between parasitic 
capacitance C1 in the chaotic PR circuits cannot 
support complete synchronization other than phase 
synchronization. Cross coupling via a linear resistor 
or capacitor can induce phase synchronization. In-
deed, a time-varying electric field is induced in the 
coupling capacitor, and energy flow is transmitted 
across this coupling capacitor when the coupling 
connection is switched on. As a result, the coupled 
circuits are regulated to keep pace with each other, 
while resistor-based voltage coupling just consumes 
the Joule energy to suppress nonlinear oscillations in 
the coupled PR circuits. This type of coupling via 
capacitor simply provides evidence for understanding 
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Fig. 17  Evolution of the phase error under cross coupling 
via a linear resistor when output ends 3, 4 are connected 
for k5=0 (a), k5=1 (b), k5=5 (c), and k5=7.1 (d) 
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Fig. 18  Evolution of the error function via capacitor 
coupling under connection output ends 3, 2 for k6=0.01 
(a), k6=0.6 (b), k6=4 (c), and k6=10 (d) 

 

Fig. 19  Evolution of the phase error under cross coupling 
via a capacitor when output ends 3, 2 are connected for 
k6=0.01 (a), k6=0.6 (b), k6=4 (c), and k6=10 (d) 
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the well-known differential coupling control. On the 
other hand, a capacitor coupling builds a bridge for 
the exchange of field energy. For L-C (inductor and 
capacitor) circuits, the electric field energy is in-
cluded in the capacitor while the magnetic field en-
ergy stays in the inductor. Then the field energy in the 
driving, response system and coupling capacitor can 
be described by 
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As a result, the energy storage in the coupling 
capacitor will decrease to zero when two chaotic PR 
circuits are synchronized completely. In fact, the field 
energy flow can be kept in the coupling capacitor, and 
the capacitance CX dominates the transport capacity 
of energy released from the two coupled PR circuits. 
Therefore, a continuous exchange of field energy can 
regulate the dynamics of coupled systems effectively. 
Because of the conservation of energy, the field en-
ergy in the coupling capacitor comes from the energy 
release as HCX=H1−H2 in the absence of electromag-
netic radiation from these electric devices. The nu-
merical results can be further described to observe the 
evolution and transport of energy between the cou-
pled systems. 

Readers can also extend this study by applying 
an inductor (induction coil) and memristor between 
chaotic and hyperchaotic circuits, and interesting 
results could be confirmed in the forthcoming studies. 
On the other hand, capacitor coupling just provides 
insights into field coupling (Guo et al., 2017; Lv et al., 
2018; Xu et al., 2018), which is confirmed to benefit 
signal propagation between neurons even when syn-
apse coupling is suppressed or inactive. Therefore, 
researchers can build more neural circuits and explore 
signal encoding and transmission by capacitor and 
inductor coupling between hyperchaotic circuits. In 
an experimental method, Ren et al. (2019) confirmed 
that the synchronization between two Colpitts sys-
tems can be realized by building a transformer and 

that the coupling coefficient of the transformer is an 
important bifurcation parameter for the synchroniza-
tion manifold of the system. When field coupling is 
applied, secure communication can be further inves-
tigated using chaos synchronization. The coupling 
inductor and capacitor can also be used to collect 
external field energy; for example, electromagnetic 
radiation energy can be collected by these electric 
coupling devices and the coupled circuits will be 
regulated via energy flow. 

In fact, we just discussed the case between two 
nonlinear circuits. The same further investigation 
becomes attractive and important when field coupling 
is considered between neurons in a network. As is 
well known, noise, time delay, and Calcium signal 
(Tang et al., 2017; Yu et al., 2017) can change the 
neural activities of neurons. Therefore, neural circuits 
can be connected via field coupling, and the collective 
behaviors can be detected for analysis of consensus 
and synchronization.  

 
 

4  Conclusions 
 

Based on chaotic PR circuits, symmetric cou-
pling and cross coupling via a single variable are 
applied to investigate synchronization stability. It was 
found that symmetric coupling can support the sta-
bility of complete synchronization, while cross cou-
pling, for which different channel variables were 
coupled, just triggers phase synchronization. When a 
linear resistor is used to activate voltage coupling, 
complete synchronization is reached while the cou-
pling resistor has to consume a great deal of Joule 
heat and energy. Complete synchronization failed 
although phase synchronization can be stabilized 
when coupling is activated between the outputs from 
parasitic capacitance C1, which holds a small capaci-
tance. Complete synchronization, phase synchroni-
zation, and anti-phase synchronization can reach the 
desired target when capacitor coupling is activated, 
which can build a time-varying electric field, and the 
energy flow across the coupling capacitor is trans-
mitted to further regulate the outputs and dynamics in 
the coupled circuits. In summary, capacitor coupling 
enhances the exchange of energy flow between the 
coupled circuits; as a result, the synchronization be-
comes relaxed and no additive energy is consumed as 
the coupling resistor. 
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