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Abstract: We propose a contraction transformation algorithm to plan a complete coverage trajectory for a mobile robot to accomplish specific types of missions based on the Arnold dynamical system. First, we construct a chaotic mobile robot by combining the variable z of the Arnold equation and the kinematic equation of the robot. Second, we construct the candidate sets
including the initial points with a relatively high coverage rate of the constructed mobile robot. Then the trajectory is contracted to
the current position of the robot based on the designed contraction transformation strategy, to form a continuous complete coverage trajectory to execute the specific types of missions. Compared with the traditional method, the designed algorithm requires
no obstacle avoidance to the boundary of the given workplace, possesses a high coverage rate, and keeps the chaotic characteristics
of the produced coverage trajectory relatively unchanged, which enables the robot to accomplish special missions with features of
completeness, randomness, or unpredictability.
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1 Introduction
With the development of artificial intelligence
and robotics, the research field in autonomous mobile
robots has become a topic of great interest because of
the robots’ ever-increasing applications across a wide
range of activities. This research is needed for a variety of applications such as vacuum cleaning robots
(Park et al., 2012), lawn mowers (Ousingsawat and
Earl, 2007), harvesting (Oksanen and Visala, 2009),
‡
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and exploring underwater sources (Galceran and
Carreras, 2013; Torres et al., 2016; Zheng et al., 2016).
The above applications all involve a key issue, i.e.,
complete coverage path planning, which addresses
the problem of requiring a traverse for every feasible
area in a given workplace while avoiding obstacles.
However, there exist some other specific types of
missions, such as patrolling (Martins-Filho and Macau, 2007a; Hwang et al., 2011; Banerjee et al., 2015;
Curiac and Volosencu, 2015a), surveillance (MartinsFilho and Macau, 2007b; Curiac and Volosencu,
2015b), and demining (Prado and Marques, 2014),
which require not only complete coverage of the entire terrain, but also finding explosives and intruders
that pursue an unpredictable path. These tasks are
achieved by designing a chaotic path planner or
controller.
Sekiguchi and Nakamura (1999) first constructed a chaotic mobile robot based on the Arnold
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dynamical system, in which the chaotic behavior of
the Arnold dynamical system is imparted to the
mobile robot’s motion control. Since then, the interaction between mobile robotics and chaos theory has
been studied. The main features of chaotic systems
are their topological transitivity and their sensitive
dependence on the initial conditions (Lorenz, 1997).
It is the topological transitivity that guarantees a
chaotic mobile robot to patrol the whole surveillance
region completely without repetitions. The sensitive
dependence on the initial conditions is a desirable
characteristic for patrol robots, since the trajectory
produced by the chaotic mobile robot is unpredictable
or random (Volos et al., 2012a). A chaotic system is
very different from a random signal. Chaotic motion
is based on determinism, which in the case of mobile
robots is an advantage. This happens because the
behavior of a robot can be predicted in advance by the
system designer.
There are two strategies to construct a chaotic
mobile robot. One of them is to use a chaotic dynamical system to obtain the coordinates of the mobile robot directly; this includes two-dimensional (2D)
systems, namely a standard map (Martins-Filho and
Macau, 2007a; Sooraska and Klomkarn, 2010) and a
Henon map (Curiac and Volosencu, 2014). The other
method is to use one of the variables of the dynamical
chaotic system combined with the kinematic equation
of the mobile robot to construct a chaotic path planner
or controller for the robot, for example, the onedimensional (1D) system of a logistic map (Volos et
al., 2012b), and the three-dimensional (3D) systems,
namely Arnold (Nakamura and Sekiguchi, 2001;
Volos et al., 2013), Lorenz (Li et al., 2016), and Chua
(Volos et al., 2013). These two methods can both
produce complete and unpredictable trajectories to
satisfy the requirements of the specific types of missions previously mentioned, but they also have disadvantages. The first method of construction is simple.
The trajectory produced is distributed relatively uniformly (Li et al., 2018), or can be improved easily,
such as in the Chebychev system, which can be used
as two 1D systems to form a 2D system (Li et al.,
2017). Nevertheless, the distances between the adjacent sub-goals produced by the constructed path
planner may be very large, because they are produced
by the chaotic system directly and cannot be controlled by the designer. This phenomenon can cause
some problems, such as in the case of obstacle
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avoidance between two planned sub-goals (Li et al.,
2015), path tracking problems, etc. The distance step
of the planned path generated by the second approach
can be controlled by the designer and executed directly by the robot. One of its main drawbacks is an
obstacle avoidance problem along the boundaries of
the workplace and the obstacles. Researchers have
always used a mirror mapping strategy (Nakamura
and Sekiguchi, 2001; Fahmy, 2012; Volos et al., 2013;
Liu et al., 2017) to solve this problem although it can
cause unevenness and repeatability of the coverage
trajectory. While most of the mentioned researchers’
work has addressed chaotic surveillance of an area,
Curiac and Volosencu (2009, 2012) studied the surveillance of a number of specified locations, and
provided random-like sequences of points for fictitious obstacles (Curiac and Volosencu, 2015b; Curiac
et al., 2018) based on the chaotic dynamics.
Compared with other well-known lowdimensional continuous chaotic systems, the 3D Arnold equation has some advantages in that the structures of the Arnold equation and the mobile robot
equation are similar. It is easy to deal with its variables. Also, it has a higher coverage rate (Nakamura
and Sekiguchi, 2001). In this study, we use the Arnold
dynamical system integrated with the kinematic
equation of the mobile robot to construct a chaotic
path planner to achieve complete coverage path
planning for specific types of missions. A contracted
transformation strategy is designed to form the continuous trajectory and solve the problems that exist in
the common mirror mapping method.
2 Arnold dynamical system
The Arnold dynamical system describes a steady
solution to the 3D Euler equation which expresses the
behaviors of noncompressive perfect fluids on a 3D
torus space, which is written as follows:
=
 x A sin z + C cos y,

=
 y B sin x + A cos z ,

=
 z C sin y + B cos x,

(1)

where A, B, and C are constants, and (x, y, z) denotes
the position of a particle. It is known that the Arnold
equation shows periodic motion when one of the
constants, for example C, is 0 or small and shows
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chaotic motion when C is large (Nakamura and
Sekiguchi, 2001). There exist some combinations that
can put the system into a chaotic state. Here we select
a commonly used group, namely, [A, B, C]=[1, 0.5,
0.5], to construct the chaotic mobile robot. The following is the model used:
=
 x sin z + 0.5cos y,

=
 y 0.5sin x + cos z ,
 z 0.5sin y + 0.5cos x.
=


(2)

Fig. 1 shows the 3D phase space and 2D phase
space of Eq. (2), where the equation should be discretized first in a iterative form, the initial state is (x0,
y0, z0)=(4, 3.5, 0), the iterative step in its discretization
form is h=0.1, and the number of iterations is n=2000.
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Fig. 1 Phase space: (a) x-y-z; (b) x-y; (c) x-z; (d) y-z

The Lyapunov exponent is used as a measure of
sensitive dependence on the initial conditions, which
is one of the two characteristics of chaotic behavior
(Peitgen et al., 2004). There are n Lyapunov exponents in an n-dimensional state space, and the system
is concluded to have sensitive dependence on the
initial conditions when the maximum Lyapunov exponent λmax is positive, and the system is concluded to
be in a chaotic state. The Lyapunov exponents calculated by different methods are different. Sampling
10 000 time series of variable z, we calculate the
Lyapunov exponents of the Arnold equation by its
discretization form and definition. The parameters
and initial states are as follows:
Coefficients: A=1, B=0.5, C=0.5;
Initial states: x1=4, x2=3.5, x3=0;

Iterative step in the discretization form of the
equation: h=0.001;
Number of iterations: t=10 000;
Lyapunov exponents obtained: λ1=−2.0229×
−6
10 , λ2=3.8362×10−6, λ3=−1.8132×10−6.
Since the maximum exponent λ2 is positive, the
Arnold equation has sensitive dependence on the
initial conditions. Then Eq. (2) expresses a chaotic
dynamical system.
In this study, we assume the chaotic Arnold
system (2) to construct the chaotic mobile robot based
on the above settings for the initial conditions and the
iterative step h.
3 Construction and analysis of the chaotic
mobile robot
The Arnold equation is a continuous formula and
has three variables. First, the construction method of
the chaotic mobile robot is described in detail. Second,
the discretization procedure to solve the differential
equations of the constructed chaotic mobile robot is
introduced. Finally, the coverage efficiency of the
chaotic mobile robot constructed by each variable is
computed and discussed.
3.1 Construction of the chaotic mobile robot
To generate the chaotic mobile robot, one of the
variables of the Arnold equation is employed for integration with the kinematic model of the mobile
robot. Here, variable z is used. The mobile robot
considered in this work is a typical two-wheeled
mobile robot (Sekiguchi and Nakamura, 1999), and
the kinematic model is as follows:
 x = v(t )cosθ (t ),

 y = v(t )sin θ (t ),
 z = ω (t ),


(3)

where v(t) is the linear velocity which can be supposed as a constant value v, θ(t) is orientation, and ω(t)
is the angular velocity. Choosing one variable from
Eq. (2) of the Arnold equation, the chaotic mobile
robot can be constructed by replacing θ(t) with it.
There are two strategies to design it according to
whether the linear velocity v(t) is a constant or variable.
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If v(t) is a variable, the designed chaotic mobile robot
is as follows:
=
 x sin z + 0.5cos y,
 y 0.5sin x + cos z ,
=

 z 0.5sin y + 0.5cos x,
=
=
 xr v(t ) ⋅ cos z ,
=
y r v(t ) ⋅ sin z ,


 θ = ω (t ),
1

=
 v(t ) 2 ( vr (t ) + vl (t ) ) ,

ω (t ) 1 ( v (t ) − v (t ) ) ,
=
r
l

L

(4)

(5)

where (xr, yr) is the coordinate position of the robot,
vr(t) is the linear velocity of the right wheel of the
mobile robot, vl(t) is the linear velocity of the left
wheel, and L is the distance between the left and right
wheels. The chaotic mobile robot constructed based
on Eq. (4) includes six first-order differential equations. It produces the coverage trajectory by controlling the values of vr(t), vl(t), and z. If the linear velocity v(t) is supposed as a constant value v, the designed chaotic mobile robot can be simplified as
follows:
=
 x sin z + 0.5cos y,
 y 0.5sin x + cos z ,
=

(6)
=
 z 0.5sin y + 0.5cos x,
 x = v ⋅ cos z ,
 r
 y r = v ⋅ sin z.
Five first-order differential equations are included and the coverage trajectory is produced by
controlling the angular velocity of the robot, namely
variable z. All of the states evolve in a fivedimensional (5D) space according to Eq. (6), or in a
six-dimensional (6D) space according to Eq. (4),
where both include the 3D subspace of the Arnold
system. Thus, the models constructed possess chaotic
characteristics. Since we only want to verify the efficiency of the path planning strategy, the simpler
model constructed based on Eq. (6) is used.
In Eq. (6) the same procedure is used to design
the chaotic mobile robot with x and y of the Arnold
equation as it does with z, and z is replaced in the
fourth and fifth equations of Eq. (6) with x or y.
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3.2 Solution of the chaotic mobile robot
Eq. (6) includes five first-order differential
equations. The five variables, besides the robot covering trajectory, can be computed by discretizing the
differential equations. For the Arnold equation, the
second-order Runge Kutta method is enough to obtain
accurate results of the variables. Its common model is
as follows:
Yn + 0.5k1 + 0.5k2 ,
Yn+1 =

k1 = hf ( X n , Yn ),
k = hf ( X + h, Y + k ).
1
n
n
 2

(7)

Then the discretization parameters of the differential equations in Eq. (6) are
 K1,xn h( A sin zn + C cos yn ),
=
 y
=
 K1,n h( B sin zn + A cos yn ),
 z
=
 K1, n h(C sin zn + B cos yn ),
 xr
 K1, n = hv cos zn ,
 K yr = hv sin z ,
n
 1, n
(8)
 x
=
h ( A sin( zn + K1,z n ) + C cos( yn + K1,z n ) ) ,
2, n
K
 y
=
h ( B sin( xn + K1,z n ) + A cos( zn + K1,z n ) ) ,
2, n
K
 z
K 2, n h ( C sin( yn + K1,z n ) + B cos( xn + K1,z n ) ) ,
=
 xr
z
=
 K 2, n hv cos( zn + K1, n ),
 K yr hv sin( z + K z ).
=
n
1, n
 2, n

Finally, the discretization formula of model (7)
to the chaotic mobile robot is
 xn =+
xn−1 0.5K1,xn−1 + 0.5K 2,x n−1 ,

yn−1 0.5 K1,yn−1 + 0.5 K 2,y n−1 ,
 yn =+

zn−1 0.5K1,zn−1 + 0.5K 2,z n−1 ,
 zn =+
x =
X n−1 + 0.5 K1,Xn−1 + 0.5 K 2,Xn−1 ,
 r,n
Yn−1 0.5 K1,Yn−1 + 0.5K 2,Y n−1.
 yr,n =+

(9)

Given an initial state (x0, y0, z0, xr.0, yr.0), the five
variables (xn, yn, zn, xr.n, yr.n), including the covering
trajectory (xr.n, yr.n) of the mobile robot, can be computed step by step. Here, (x0, y0, z0) is the initial state
of the Arnold equation, and (x0, y0, z0)=(4, 3.5, 0). It
remains unchanged in this study. (xr.0, yr.0) is the start
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point of the robot in a given workplace, which can be
given arbitrarily in the running domain.
Fig. 2 shows the covering trajectories produced
by the chaotic mobile robot constructed based on
Eqs. (8) and (9) at different numbers of iterations,
where (xr.0, yr.0)=(1, 1). In the figures, the blue lines
show the covering trajectories, the red “O” denotes
the start point, and the black “◇” expresses the end
point. From Fig. 2, we can see that the chaotic mobile
robot can produce a continuous covering trajectory
based on a given initial state.
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Table 1 Coverage rates of the three variables
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Fig. 2 Coverage trajectories produced by the proposed
chaotic mobile robot: (a) n=800; (b) n=1500
References to color refer to the online version of this figure

In the following verification, only the initial state
(xr.0, yr.0) of the robot and the iteration number n are
changed according to the experimental requirements.
3.3 Coverage efficiency discussion of each variable
All the variables x, y, and z in the chaotic Arnold
equation can be used to construct the chaotic mobile
robot. Which one has the best coverage efficiency
demonstrated by the constructed chaotic mobile robot?
The coverage rate is commonly used to evaluate the
coverage efficiency. It is a ratio of the covered terrain
ΩC to the total workplace Ωmn, defined as
Coverage_rate
= ΩC Ωmn × 100%.

(10)

The workplace is commonly discretized into a
grid map to simplify the computation of the coverage
rate. In this circumstance, the coverage rate is the total
number of grids covered:
Coverage_rate =

1
M

where I(i) (i=1, 2, ..., M) is the coverage situation for
each grid in the divided workplace, and M is the total
number of divided grids in the workplace.
Even though the parameters of the Arnold system and the iterative step are all the same, the coverage rate can be very different at different start points.
We analyze the coverage rate of the three variables
based on 10 identical start points, at n=800. The results are shown in Table 1. The mean and standard
deviation of the coverage rates in Table 1 are calculated and illustrated in Table 2.

M

∑ I (i),

(11)

i =1

1, when the grid is covered,
(12)
I (i ) = 
0, when the grid is not covered,

Coverage_rate (%)
y
z

Start point
(xr.0, yr.0)

x

(0, 0)
(1, 1)
(2, 2)
(3, 3)
(4, 4)
(5, 5)
(6, 6)
(7, 7)
(8, 8)
(9, 9)

56.76
66.25
27.75
38.25
34.75
39.25
33.25
43.25
54.75
60.00

44.25
35.75
38.75
42.25
53.25
46.00
40.00
46.50
22.00
28.75

41.25
58.50
40.75
35.25
56.00
47.50
40.50
57.00
49.00
50.25

Table 2 Statistics for the coverage rates of the three
variables
Statistics variable
Mean (%)
Standard deviation

x

y

z

45.426
13.0405

39.75
9.1074

47.60
8.0062

4 Characteristics of the coverage trajectory
The coverage trajectory produced by the chaotic
mobile robot constructed also has the two main chaotic features, namely sensitivity to the initial conditions and topological transitivity. These features can
guarantee generation of the unpredictable and complete coverage trajectory for the mobile robot under
the specific types of missions.
4.1 Sensitivity to the initial conditions
Sensitivity to the initial conditions means that
two arbitrarily close start points can produce very
different iterative trajectories after several iterative
steps. Fig. 3 exemplifies the feature based on two
produced trajectories which have basically the same
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Ωmn remains unchanged due to the fact that most of
the coverage trajectory runs out of the given workplace and never comes back. Fig. 4d has the same
covered area as Fig. 4c, though its number of iterations displays real differences. This phenomenon can
reduce the work efficiency of the mobile robot, and it
is difficult to obtain a 100% coverage rate of a given
workplace. Other start points in the workplace have a
similar problem, or the situation is worse wherein
most of the trajectories run out of the boundary and
never come back.
20

20

15

15

10

10

yr

yr

start points. The start point of the blue line is (xr.0, yr.0)
=(1, 1), and the purple dotted line is (xr.0, yr.0)=(1.01,
1.01). The two red circles “O” denote the start points
at almost the same position. However, after several
iterations, the two trajectories end at very different
positions, expressed by the black “◇.”
From this, the following conclusions can be
obtained:
1. The trajectory produced by the chaotic mobile
robot has sensitivity to the initial conditions. Thus, it
meets the needs of the special missions for the mobile
robot due to its randomness or unpredictability.
2. The constructed system can produce rich iterative trajectories. Just tiny differences in the initial
conditions of the robot are able to generate very different trajectories. This can satisfy different coverage
requirements.
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Fig. 3 Sensitivity to the initial conditions of the produced
trajectories
References to color refer to the online version of this figure

4.2 Coverage characteristics
The system constructed has topological transitivity, so it can produce the coverage trajectory to
survey the whole workplace. Yet, the trajectory is not
limited to a constant area, which is shown in Fig. 2.
With an increase in the number of iterations n, the
covered area increases. Fig. 2b has a larger iteration
number, and also possesses a larger covered area, but
the boundary of the workplace changes.
If the produced trajectory is bound to a given
workplace, what will happen? Suppose the given
workplace is Ωmn, and the size is m×n=20×20. The
start point of the robot is (xr.0, yr.0)=(10, 10). Fig. 4
illustrates the coverage trajectories at different numbers of iterations. It is shown that in the beginning the
covered area increases with the increase in the number of iterations n. When n>4000, the covered area in
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Fig. 4 The coverage trajectories in a given workplace:
(a) n=100; (b) n=3000; (c) n=4000; (d) n=10 000

Is it possible to obtain a high coverage rate while
compressing the whole coverage trajectory into a
given workplace? The answer is no. Fig. 5 exhibits
the compressed results for all of the coverage trajectories produced in Fig. 4. It shows that the coverage
rate is growing step by step with an increase of n in
the beginning. When n is larger than a certain value,
the coverage rate is decreasing. Twenty data samples
of the coverage rate at different n’s are listed in Fig. 6
and Table 3. Fig. 6 shows the change of the coverage
rate very intuitively. High values are obtained when n
is not very large, while a very small value is obtained
when n is larger than a certain value. Table 3 shows
that the coverage rate reaches the maximum value
66% at n=9300, while it reaches the sub-maximum
value 62.5% at n=1200. The coverage rates of the
coverage trajectories produced by other start points
demonstrate a similar feature. Fig. 7 shows an example for (xr.0, yr.0)=(3, 3). It also obtains a higher coverage rate at a smaller number of iterations.
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Table 3 Coverage rate at different iteration number n at
(xr.0, yr.0)=(10, 10)

5

5

00

5

10
xr

15

20

0

0

5

(c)

(d)

Fig. 5 Compressed results of the coverage trajectories:
(a) n=100; (b) n=3000; (c) n=4000; (d) n=10 000
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Fig. 6 The coverage rate vs. the iteration number n at
(xr.0, yr.0)=(10, 10)

Coverage rate (%)

50
40

Iteration
number n
200
300
500
800
1200
1700
2300
3000
3800
4700

Coverage_rate
(%)
46.25
55.75
52.50
54.50
62.50
59.75
54.75
49.75
54.00
55.50

Iteration
number n
5700
6800
8000
9300
10 700
12 200
13 800
15 500
17 300
19 200

Coverage_rate
(%)
56.50
58.50
61.50
66.00
39.75
16.25
10.00
10.00
9.75
9.75

2. The coverage rate can reach a high value at a
certain number of iterations while using the compressed coverage trajectory, but not 100%. This may
not satisfy the complete coverage need of the special
tasks.
3. Not only does the number of iterations influence the coverage rate, but the start point of the chaotic mobile robot does. However, a real robot can start
from any initial point in a given workplace. A random
start point cannot guarantee having a higher coverage
rate.
A strategy of complete coverage path planning
should be considered to enable the constructed mobile
robot to accomplish the specific types of missions,
with a relatively small iteration number and a higher
coverage rate in a given workplace.

30

5 Contraction transformation strategy

20
10
0

0

0.5

1.0
n (×105)

1.5

2.0

Fig. 7 The coverage rate vs. the iteration number n at
(xr.0, yr.0)=(3, 3)

Given the above discussions, the problems existing in coverage path planning for the constructed
chaotic mobile robot are as follows:
1. The robot may run out of the workplace and
never come back while using the coverage trajectory
produced by the constructed chaotic mobile robot
directly.

To overcome the above problems, a contraction
transformation strategy is proposed to accomplish
complete coverage path planning for the special mission. It includes two parts:
1. Construction of the candidate sets of the start
points with a higher coverage rate
There are rich trajectories with a higher coverage
rate that can be produced by the start points in a given
workplace due to the characteristics of sensitivity to
the initial conditions. Theoretically, it is possible to
find the start points that are distributed in all parts of
the running workplace to satisfy the need. The selected start points (xr.0, yr.0) are recorded in the candidate set Set(xr.0, yr.0). The coverage trajectory
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Suppose there is a given running workplace, Ωmn,
and the size is m×n=20×20. The coverage trajectories
produced by the chaotic mobile robot constructed are
mapped to Ωmn, and their start points are denoted as
(xr.0, yr.0), where xr.0∈[0, 10], yr.0∈[0, 10]. After mapping, the corresponding start point (xr.0, yr.0) changes
to a certain point in Ωmn, expressed as (x′r.0, y′r.0),
where (x′r.0)∈[0, 20], (y′r.0)∈[0, 20]. The candidate set
Set(xr.0, yr.0) includes the start points (xr.0, yr.0), which
have higher coverage rates (here suppose Coverage_
rate≥40%). After mapping, the corresponding set is
changed to Set(x′r.0, y′r.0), Set(x′r.0, y′r.0)={(x′r.0, y′r.0), n,
Coverage_ raten}. The final goal of Set(x′r.0, y′r.0) is to
contain enough start points (x′r.0, y′r.0) to cover each
area of Ωmn.
Figs. 6 and 7 show that the chaotic mobile robot
can obtain a higher coverage rate with 1000 iterations.
Thus, we sample the start points around this number
of iterations. To improve the sampling efficiency, 12
data samples of the start points (x′r.0, y′r.0) are collected.
When the coverage rate for the first data sample is
greater than 40%, these group start points are collected in Set(x′r.0, y′r.0). The construction procedures
for Set(xr.0, yr.0) and Set(x′r.0, y′r.0) are shown in Algorithm 1.
Function(Path_controller, (xr.0, yr.0)) is the chaotic mobile robot constructed. It produces the coverage trajectory (xr.n, yr.n) based on the given start point
(xr.0, yr.0). The coverage trajectory (xr.n, yr.n) produced
above is mapped to the running workplace Ωmn by
function Map((xr.0, yr.0), Ωmn), and the trajectory (x′r.0,
y′r.0) is obtained. Ωmn is discretized into a grid map,
and the number of grids is m×n. Then the coverage

Algorithm 1 Construction of the candidate sets
1 Set(xr.0, yr.0)=[]; Set(x′r.0, y′r.0)=[];
2 Valuemin=0; Valuemax=10; Valuestep=0.1;
3 nmin=800; nmax=1900; nstep=100;
2 for xr.0=Valuemin:Valuestep:Valuemax;
3 for yr.0=Valuemin:Valuestep:Valuemax;
4
[xr.n, yr.n]=Function(Path_controller, (xr.0, yr.0));
6
[x′r.n, y′r.n]=Map((xr.0, yr.0), Ωmn);
7
Coverage_raten=Function([x′r.n, y′r.n], m×n);
8
if Coverage_raten≥40%
9
for n=nmin:nstep: nmax
10
Set(xr.0, yr.0)←{(xr.0, yr.0), n};
11
Set(x′r.0, y′r.0)←{(x′r.0, y′r.0), n, Coverage_raten};
12
end for
13 end if
14 end for
15 end for
16 return {Set(xr.0, yr.0), Set(x′r.0, y′r.0)};

When (xr.0, yr.0)=(0, 0), the produced coverage
trajectory is shown in Fig. 8a, at n=800, and Fig. 8b is
the mapped figure in Ωmn. After mapping, the position
of the start point changes, denoted as (x′r.0, y′r.0). The
computed coverage rate in Fig. 8b is 41.25%. Since it
is greater than 40%, the chaotic mobile robot produces 12 coverage trajectories in turn based on the
start point (0, 0), from n=800. Each time n increases
by 100. Then the 12 coverage trajectories produced
are mapped to Ωmn and 12 different start points (x′r.0,
y′r.0) emerge. They are collected into Set(x′r.0, y′r.0).
40

20
15

20

yr

5.1 Construction of the candidate sets

rate for the start point of the compressed coverage
trajectory (x′r.n, y′r.n) is calculated by Function([x′r.n,
y′r.n], m×n) based on Eqs. (9) and (10).

yr

produced by the start points in Set(xr.0, yr.0) is mapped
to the given workplace. Then start points (x′r.0, y′r.0)
after mapping are recorded in candidate set Set(x′r.0,
y′r.0).
2. Contraction transformation
For a given target point in the running workplace,
the coverage trajectory produced by one start point
(x′r.0, y′r.0) which is nearer the target point is contracted to it. This can link two coverage trajectories to
form a continuous trajectory for the coverage task.
Given the above two-part strategy, a continuous
trajectory with a higher coverage rate can be formed
to achieve complete coverage path planning.

0
−20
−100

−50

xr

0

(a)

50

10
5
0
0

5

10
xr

15

(b)

20

Fig. 8 The coverage trajectories at (xr.0, yr.0)=(0, 0), n=800:
(a) coverage trajectory produced by the chaotic mobile
robot; (b) coverage trajectory mapped in Ωmn

Fig. 9 shows the coverage rates of the 12 mapped
coverage trajectories, n=800–1900. Fig. 10 illustrates
the 12 start points (x′r.0, y′r.0) in Ωmn. The black “O”
denotes the first start point, at n=800. The number of
iterations of the points in other positions can be
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deduced based on the first start point, and the difference is 100 in turn.

Coverage rate (%)
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Fig. 9 The coverage rates at (xr.0, yr.0)=(0, 0), n=800–1900
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Fig. 10 The 12 start points (x′r.0, y′r.0) in Ωmn

The parts for the constructed candidate sets
Set(xr.0, yr.0) and Set(x′r.0, y′r.0) are shown in Fig. 11.
Fig. 11a illustrates the start points (xr.0, yr.0) which can
produce the coverage trajectories with higher coverage rates. Based on the selected start point, 12 coverage trajectories with different numbers of iterations
are produced and mapped to Ωmn. Then the 12 start
points (x′r.0, y′r.0) of the mapped coverage trajectories
are depicted in Fig. 11b. The marks labeled with the
same color in Fig. 11 indicate the corresponding
sampled groups.

yr

(0, 0)
(1.0, 0)
(1.0, 1.0)
(1.0, 1.2)
(1.0, 1.4)
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(7.0, 7.0)
(8.0, 8.0)
(8.0, 8.3)
(8.0, 9.0)

(a)

The robot can start from any position in a given
environment Ωmn. Suppose the position is Rob_start (xr.0,
yr.0). A start point (x′r.0, y′r.0) in Set(x′r.0, y′r.0), which is
closer to Rob_start, is selected to produce the coverage
trajectory and contracted to the position of Rob_start.
The contracted trajectory is used as part of the real
trajectory of the robot. It has an end point that is regarded as the target contracted point of the next time.
The above procedure is repeated until the whole
coverage task finishes.
The goal of contraction transformation is to
contract the start point Trej2_start(xr2_start, yr2_start) of the
second trajectory Trej2(xr2, yr2) to the end point
Trej1_end(xr1_end, yr1_end) of the first trajectory. After
contraction, the second trajectory Trej2(xr2, yr2)
changes to the third trajectory Trej3(xr3, yr3).
The contraction procedure includes two parts:
contraction of the horizontal coordinate and contraction of the longitudinal coordinate for the produced
coverage trajectory. Suppose the parameter of contraction of the horizontal coordinate is kx, and the
parameter of contraction of the longitudinal coordinate is ky. The detailed procedure is as follows.
5.2.1 Contraction of the horizontal coordinate
If Trej2_start is on the right side of Trej1_end, the
second trajectory Trej2 should be contracted to the left
side, while keeping its minimum value of the horizontal coordinate unchanged until the values of the
horizontal coordinate of the two points are equal.
k x = xr 2_ start xr1_ end ,
xr3 = xr 2 k x .

(13)
(14)

Otherwise, the second trajectory Trej2 should be
contracted to the right side, while keeping its maximum value of the horizontal coordinate unchanged
until the values of the horizontal coordinate of the two
points are equal.

20
15
10
5
0

5.2 Contraction transformation algorithm

kx =
(m − xr1_ end ) (m − xr 2_ start ),
0

5

10
xr

15

20

(b)

Fig. 11 The selected start points in Set(xr.0, yr.0) (a) and the
corresponding start point group in Set(x′r.0, y′r.0) (b)

xr3 = m(1 − k x ) + k x ⋅ xr 2 .

(15)
(16)

5.2.2 Contraction of the longitudinal coordinate
If Trej2_start is below Trej1_end, the second trajectory Trej2 should be contracted to the downside, while
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k y = yr 2_start yr1_ end ,

(17)

yr3 = yr 2 k y .

(18)

Otherwise, the second trajectory Trej2 should be
contracted to the upside, while keeping its maximum
value of the longitudinal coordinate unchanged until
the values of the horizontal coordinate of the two
points are equal.
ky =
(m − yr1_ end ) (m − yr 2_ start ),
yr3 = m(1 − k y ) + k y ⋅ yr 2 .

(19)
(20)

Fig. 12 shows the flowchart of the algorithm.
Initialization
Suppose the end point of the first trajectory Trej1 is (xr1_end, yr1_end);
the start point of the second trajectory Trej2(xr2, yr2) is (xr2_start,
yr2_start), and the mapped trajectory is Trej3(xr3, yr3); the compressed
parameter of the horizontal coordinate is kx; the compressed
parameter of the longitudinal coordinate is ky.

changes to (13.8, 11.6). Assume that the end point
Trej1_end(xr1_end, yr1_end) of the first trajectory Trej1 is
(11, 11). To link the two trajectories Trej1 and Trej2 to
form a continuous path for the robot, the contraction
transformation task is to contract Trej2_start to the position of Trej1_end. The contracted trajectory Trej3(xr3,
yr3) is shown in Fig. 13c for the designed contraction
transformation algorithm, and its coverage rate
changes to 41%. The formed trajectory Trej3(xr3, yr3)
is shown in Fig. 13d when Trej2_start is contracted to
another trajectory, Trej1_end(xr1_end, yr1_end)=(15, 16),
and its coverage rate changes to 25%. The above
discussions show the following:
1. The designed contraction transformation algorithm is feasible. In a given workplace, the start
point of a trajectory can be contracted to any end point
of another trajectory, but the coverage rate of the
contracted trajectory decreases.
2. The largest the distance between two points,
the smaller the coverage rate of the contracted trajectory. Therefore, we had better choose the nearest
start point and end point to carry out the contraction
transformation.

xr2_start>xr1_end?

0

Compression of the longitudinal coordinate

yr2_start>yr1_end?

N

15

10

10

5

ky=(m−yr1_end)/(m−yr2_start)
yr3=m(1−ky)+kyyr2

End

Fig. 12 Flowchart of the contraction transformation
algorithm

Suppose a start point Robstart(xr.0, yr.0) of the robot
is (8, 8). The coverage trajectory produced for the
chaotic mobile robot is shown in Fig. 13a for n=800.
Fig. 13b shows the mapped trajectory whose coverage
rate is 49%. The trajectory is denoted as the second
trail Trej2, and its start point Trej2_start(xr2_start, yr2_start)
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keeping its minimum value of the longitudinal coordinate unchanged until the values of the horizontal
coordinate of the two points are equal.
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Fig. 13 Contraction transformation algorithm: (a) coverage trajectory produced by the chaotic mobile robot; (b)
mapped trajectory in the given workplace; (c) contracted
trajectory to the end point (11, 11); (d) contracted trajectory to the end point (15, 16)

6 Implementation of complete coverage path
planning
Given a surveillance workplace Ωmn without
obstacles, an algorithm is designed to achieve complete path planning with a smaller number of iterations and a higher coverage rate. The procedure is as
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follows:
1. In Ωmn, select the start point Robstart(xr.0, yr.0) of
the mobile robot randomly. The start point is also the
end point Trejend of the first trajectory.
2. A start point Trejstart nearer Trejend is selected
from the candidate set Set(x′r.0, y′r.0).
3. The produced coverage trajectory based on
Trejstart is contracted to the position of Trejend and
forms the new part of the planned coverage trajectory
for the mobile robot, and the end point of the trajectory is updated as the new Trejend.
4. The coverage rate of the planned trajectory in
Ωmn is computed.
5. If the coverage rate satisfies the need of the
requirement, the procedure ceases; otherwise, go to
step 2.
Suppose the start point Robstart(xr.0, yr.0) is
(10, 10) in Ωmn. The size of Ωmn is 20×20. The task of
the robot is to cover the workplace Ωmn quickly with a
higher coverage rate, and here it is 90%. Fig. 14
shows the planned coverage trajectory using the designed algorithm, where the purple “O” expresses the
start point, the black “◇” denotes the end point, and
the blue lines are the planned path. The designed path
is continuous and includes six sections of the contracted trajectories. Its coverage rate is 91%, and
n=7100. This shows that the algorithm is effective
and can satisfy the requirement of the coverage task
with a smaller number of iterations and a higher
coverage rate. It needs no obstacle avoidance along
the boundary of the workplace. For comparison, the
mirror mapping approach shown in Fig. 15 is implemented, where mi is the current position of the
robot, mi′ is the next point that is outside the boundary,
mi+1 is the mirror mapped position for the mobile
robot, mcross is the intersection point of the connecting
line between the inside and outside robot coordinates
with the boundary, and the brown bold line expresses
the boundary. In a real space, the mobile robot moves
as if it were reflected by the boundary (Fig. 16). In the
figure, the start point is the same as that in Fig. 14,
denoted as the purple “O.” The red “*” on the
boundary are the intersection points when the robot
collides with the boundary. From the generation
process of the trajectory (Fig. 16), the trajectory is
formed clockwise along the boundary of the workplace. This circumstance spoils the chaotic characteristics of the chaotic mobile robot and loses the

unpredictability of the trajectory. In addition, as can
be seen from Figs. 16c and 16d, there are multiple
reflections at the boundaries, which may decrease the
planning efficiency. In Fig. 16d, the number of iterations is almost the same as that in Fig. 14, while the
number of reflections nf is 1500, and the coverage rate
is 62.5%, lower than that of the designed algorithm.
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Fig. 14 The planned coverage trajectory produced by the
designed algorithm
References to color refer to the online version of this figure
mi

mi+1

mcross
mi′

Fig. 15 Mirror mapping

Fig. 16 The planned coverage trajectories produced by
the mirror mapping method: (a) nf=20, n=418, Coverage_
rate=12%; (b) nf=100, n=779, Coverage_rate=16.75%;
(c) nf=500, n=3401, Coverage_rate=55.75%; (d) nf=1500,
n=7121, Coverage_rate=62.50%
References to color refer to the online version of this figure
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7 Conclusions
A chaotic mobile robot has been constructed
using variable z which possesses the highest coverage
rate of the three variables based on the Arnold dynamical system. The contraction transformation
strategy has been designed to link the contracted
coverage trajectories to a continuous path to achieve
the coverage task with completeness, randomness, or
unpredictability. The algorithm can maintain the
chaotic characteristics in a relatively unchanged
manner. The coverage rate of the planned path can
reach a higher value with a smaller number of iterations. The advantages of the algorithm are:
1. Variable z is used to construct the chaotic
mobile robot with the kinematic model of the mobile
robot. The designed chaotic system can produce the
coverage trajectory with a higher coverage rate.
2. In a given workplace, the trajectory produced
can be contracted to any start point in it and form a
continuous trajectory with a high coverage rate based
on the construction of the candidate set and the design
of the contraction transformation strategy.
3. No obstacle avoidance is needed to avoid
collisions of the workplace boundaries. The produced
trajectory is bounded in the workplace and the coverage rate and efficiency are improved.
4. All the coverage trajectories are produced by
the designed chaotic mobile robot and possess the
chaotic characteristics, namely completeness, randomness, or unpredictability, to meet the requirements of specific types of tasks.
5. The designed algorithm can be applied to
other 3D chaotic systems to construct a chaotic mobile robot that produces a patrol or surveillance continuous coverage path.
In the future we will consider pursuing further
work in the following areas:
1. At present, there are relatively few sampled
start points in the constructed candidate set. More
points should be collected by testing a large number
of data samples to cover the whole workplace evenly
and densely.
2. The designed algorithm works in a bounded
environment without obstacles inside. The influence
of obstacles should also be considered.
3. The chaotic mobile robot is constructed only
with variable z. While variable x can produce the
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coverage trajectories at a high coverage rate based on
some start points, the hybrid chaotic mobile robot can
be considered to be constructed by variables x and z
together to improve the coverage rate and efficiency.
4. Because the designed chaotic mobile robot
defines the position goal in each step, a closed-loop
controller should be designed to track each sub-goal;
otherwise, the coverage rate will be affected and
disturbed by various factors.
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