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Abstract: The era of big data in healthcare is here, and this era will signiﬁcantly improve medicine and especially
oncology. However, traditional machine learning algorithms need to be promoted to solve such large-scale realworld problems due to a large amount of data that needs to be analyzed and the diﬃculty in solving problems
with nonconvex nonlinear settings. We aim to minimize the composite of a smooth nonlinear function and a
block-separable nonconvex function on a large number of block variables with inequality constraints. We propose a
novel parallel ﬁrst-order optimization method, called asynchronous block coordinate descent with time perturbation
(ATP), which adopts a time perturbation technique that escapes from saddle points and sub-optimal local points.
The details of the proposed method are presented with analyses of convergence and iteration complexity properties.
Experiments conducted on real-world machine learning problems validate the eﬃcacy of our proposed method. The
experimental results demonstrate that time perturbation enables ATP to escape from saddle points and sub-optimal
points, providing a promising way to handle nonconvex optimization problems with inequality constraints employing
asynchronous block coordinate descent. The asynchronous parallel implementation on shared memory multi-core
platforms indicates that the proposed algorithm, ATP, has strong scalability.
Key words: Convergence analysis; Asynchronous block coordinate descent method; Time perturbation;
Nonconvex nonsmooth optimization; Real-world study
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1 Introduction
In real-world studies (RWS), healthcare is coming to the era of big data, which will signiﬁcantly
beneﬁt oncology (Khozin et al., 2017). The last
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decade has witnessed a growing interest in the potential beneﬁts and relevance of RWS (Bertsimas et al.,
2008; Li et al., 2018; Sun et al., 2019) with increasing
large-scale datasets and rapid development of machine learning algorithms. It has been reported in the
literature that the nonconvex regularized objective
function usually yields better statistic results (Fan
and Li, 2001). However, it is beyond the ability of
traditional machine learning algorithms to solve such
large-scale RWS problems due to the large amount
of data that needs to be analyzed and the diﬃculty
in solving such problems, especially the nonconvex
settings and inequality constraints.
In this study, we focus on solving the following
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nonconvex nonsmooth optimization problem with
inequality constraints on a large number of block
variables:
min

x ∈Rd

s.t.

x)  f (x
x1 , x 2 , . . . , x n ) +
h(x

n

i=1

xi )
ri (x

(1)

A 1x 1 + A 2x 2 + . . . + A nx n ≤ b ,

where xi ∈ Rdi , x = [x1 ; x2 ; . . . ; xn ] ∈ Rd ,
n
∈ Rp×di , and b ∈ Rp . Funci=1 di = d, A
i n
tion r(x) 
i=1 ri (xi ) is a separable lower
semi-continuous function (possibly nonconvex nonsmooth) and function f is a smooth nonlinear function (possibly nonconvex). Note that ri (xi ) can
be an indicator function of a closed set χi ∈ Rdi
(possibly nonconvex). Problem (1) covers many interesting and important applications in RWS and
problems from various ﬁelds such as distributed optimization and coordination (Bertsekas and Tsitsiklis,
1989; Li et al., 2019), statistics learning (Friedman
et al., 2001), resource allocation (Xiao et al., 2004),
and network utility maximization (Palomar and Chiang, 2006). One typical example is the constrained
Lasso problem (James et al., 2012), which is obtained
1
by setting f = Y − D T x22 and ri = λxi 1 ,
2
where D = [D1 , D2 , . . . , DN ] whose ith column Di
(i = 1, 2, · · · , n) is the ith data sample, and λ > 0 is
a balancing parameter.
With respect to escaping from sub-optimal
points, a promising approach for solving problem (1)
is graduated optimization (Hazan et al., 2016), under the assumption that f is separable convex and
ri is a simple indicator function with a closed convex set χi (i = 1, 2, . . . , n). However, it is computationally prohibitive to solve large-scale problems, because we need to compute the Hessian matrix of the
self-concordant barriers (Nesterov and Nemirovskii,
1994) at each iteration. Problem (1) is an extension
to multi-term convex optimization problems (Qiao
et al., 2016b, 2018; Shen et al., 2017, 2018; Wang
et al., 2017), an extension to nonconvex problems
(Qiao et al., 2016a, 2017), and is highly related to the
analysis of ﬁrst-order optimization solvers for neural
networks (Zou et al., 2018, 2019). Recent results (Ge
et al., 2015; Anandkumar and Ge, 2016; Jin et al.,
2017) demonstrated that ﬁrst-order methods, such
as stochastic gradient descent, can also provide the
theoretical guarantee to escape from saddle points
and achieve sub-optimal points for many nonconvex optimization problems. The ﬁrst-order methods
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have been widely used and thoroughly studied due
to their ability to solve large-scale machine learning problems. On the other hand, the block coordinate descent (BCD) method has been recognized as a
very powerful algorithm for solving problem (1) when
b ≥ 0 and Ai = 0 (i = 1, 2, . . . , n). At each iteration of a BCD optimization algorithm, a single block
variable is updated while the other block variables
are ﬁxed. Compared to the gradient- and Newtontype methods, the per-iteration memory and computational consumption of the BCD method are deﬁcient. Therefore, BCD and its randomized variants are particularly suitable for huge-size optimization problems, conﬁrmed by a variety of experiments
(Nesterov, 2012; Razaviyayn et al., 2014; Xu and
Yin, 2017). However, it is still an open problem to
use BCD methods for escaping from saddle points.
Another diﬃculty comes from the constraint for the
optimization of problem (1). Hong et al. (2016) and
Jiang et al. (2019) analyzed the optimization algorithm for solving nonconvex problems with aﬃnity
constraints. However, these methods focus on solving the equality constrained consensus and sharing
problems, where the nonsmooth part of the objective
function is assumed to be convex. In contrast, the
algorithm proposed in this study can handle more
general problems in the form of problem (1) with
inequality constraints.
Sophisticatedly constructed noises were added
to the gradient updates in the perturbed gradient
method in Jin et al. (2017). In contrast, we propose
a novel asynchronous BCD method that uses the
time perturbation technique, which eﬃciently helps
obtain high performance and escape from the saddle
points in handling large-scale problems. An illustration of the asynchronous update manner is shown in
Fig. 1.
The contributions of this work are listed below:
1. We propose a new asynchronous BCD with
path-following and time perturbation method, ATP
for short, for solving problem (1).
2. We present analyses for the theoretical convergence and iteration complexity of the proposed
ATP method.
3. Experimental results demonstrate the convergence behavior of the proposed algorithm for the
randomized block variable selection rule with time
perturbation.
4. We conduct empirical comparisons of the
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proposed algorithm under diﬀerent settings, i.e., randomized variable selection rule vs. cyclic variable
selection rule, synchronous vs. asynchronous, and
with time perturbation vs. without time perturbation. The experimental results demonstrate the eﬃcacy of ATP.
5. Experiments conducted on the real-world application of constrained folded concave penalized linear regression show that ATP can escape from saddle
points and local optima. Besides, ATP shows strong
scalability in handling large-scale machine learning
problems in a distributed setting.
Barrier
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Idle

Idle

Node 2

Node 3

Computation

Idle

Idle
(a)

Node 1

Idle

Node 2

Idle

Node 3
(b)

Fig. 1 Synchronous manner (a) and asynchronous
manner (b)

2 Related work
Various approaches have been proposed to solve
problem (1) without inequality constraints. One of
the most potent methods is the BCD-type method.
The storage cost and computational cost at each iteration of BCD-type methods are much lower than
the counterparts of most existing gradient-based
methods, because the BCD-type methods choose
a single block to update at each iteration, making
them be able to solve large-scale machine learning
problems (Nesterov, 2012; Razaviyayn et al., 2014).
In the last decade, the BCD-type methods (Sun
et al., 2017; Xu and Yin, 2017) were developed with
well-established convergence properties only when
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Ai = 0 (i = 1, 2, . . . , n), and have been widely used
in various real-world applications due to their ability to solve large-scale machine learning problems
with provable theoretical analysis. However, to the
best of our knowledge, the theoretical analysis of
BCD methods in solving nonconvex problems with
inequality constraints is still missing.
To handle the diﬃculty brought by inequality
constraints of problem (1), the alternating direction
method of multipliers (ADMM) (Hong et al., 2016;
Wang et al., 2019) has been widely used, which relies on the Lagrangian relaxation and subgradienttype method of multipliers. Speciﬁcally, Hong et al.
(2016) presented an analysis of ADMM with either a
cyclic or a randomized block variable selection rule,
but focused on solving consensus and sharing problems. Wang et al. (2019) presented asymptotic convergence results under the assumption that the objective function is a Kurdyka-Lojasiewicz function
while the iteration complexity remains unknown.
However, none of these methods can eﬀectively
escape from sub-optimal points and they severely
suﬀer from saddle points in the nonconvex setting.
Furthermore, these methods need to restrict the
properties of the objective function f , ri ’s, and Ai ’s
in problem (1). In this study, we are the ﬁrst to
consider an asynchronous BCD method with pathfollowing and time perturbation to solve the nonconvex optimization problem with inequality constraints. The proposed ATP algorithm is the ﬁrst
one to demonstrate the eﬃcacy of an asynchronous
update manner with time perturbation for solving
nonconvex optimization problems. In addition, the
proposed algorithm can scale to multiple cores to
handle large-scale machine learning problems.
With respect to solving large-scale problems in
optimization, asynchronous-parallel methods have
drawn more and more attention due to the increasing amount of large-scale data/variables involved in
real-world machine learning applications. In distributed settings, asynchronous-parallel algorithms
(Bertsekas and Tsitsiklis, 1989) keep all workers
continuously running and eliminate the idle waiting time and costly synchronization communication.
Recently, Cannelli et al. (2018) and Zhang et al.
(2018) considered asynchronous algorithms for nonconvex cases, Xu (2019) considered asynchronous algorithms for problems with equality constraints, and
Sun et al. (2017) and Peng et al. (2019) developed
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theoretical analysis of asynchronous methods for
convex problems without aﬃnity constraints under unbounded delay and mild assumptions. However, the theoretical convergence guarantee of asynchronous BCD with randomized BCD for inequality
constraints has never been analyzed.
Note that this work is an extension of Liu (2019).
In contrast, the algorithm proposed is diﬀerent by
adding the path-following technique, the theoretical analysis of the ATP method for nonconvex nonsmooth optimization problems is the major diﬀerence,
and experiments are conducted to explore the eﬀectiveness of the proposed algorithm.

3 Problem formulation
We consider the optimization of problem (1) and
make the following assumptions:
Assumption 1 f (x1 , x2 , . . . , xn ) is continuously
diﬀerentiable with respect to xi for 1 ≤ i ≤ n. The
gradient is Lipschitz continuous with a constant Li >
0 such that
∇i f (x1 , x2 , . . . , xn ) − ∇i f (x̃1 , x̃2 , . . . , x̃n )
≤Li x1 − x̃1 , x2 − x̃2 , . . . , xn − x̃n , ∀x, x̃ ∈ Rd .
Assumption 2
The domain of the objective
function h is a compact and closed set. Speciﬁcally,
xi  ≤ Di for (x1 , x2 , . . . , xn ) ∈ dom(h).
Assumption 3
The proximal mapping of ri (x),
i.e.,


x − x̄2
,
prox(x̄) = arg min ri (x) +
2
ri
x
is easily obtained for i = 1, 2, . . . , n.
Note that the least square and logistic functions
satisfy Assumption 1, i.e.,
 n
2

1 
 T

f (x1 , x2 , . . . , xn ) =
d i xi − b i 


2n 
i=1

or
f (x1 , x2 , . . . , xn ) =



n
1
log 1+exp(−bi ·dT
x
)
,
i i
n i=1

T
T
n×d
where [dT
is a data matrix
1 ; d2 ; . . . ; dn ] ∈ R
T
and b = [b1 , b2 , . . . , bn ] ∈ Rn . Furthermore, Assumption 3 is satisﬁed by many nonconvex penalty
functions, such as smoothly clipped absolute deviation (SCAD) (Fan and Li, 2001), minimax concave
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penalty (Zhang CH, 2010), and capped-1 penalty
(Zhang T, 2010).
Next, we recall the deﬁnition of the generalized
gradient (Rockafellar and Wets, 2009) to characterize
the ﬁrst-order optimality conditions of problem (1).
Definition 1 Let g : Rd → R ∪ {+∞} be a proper
lower semi-continuous function. Suppose g(x̄) is ﬁnite for a given x̄. For v ∈ Rd , we say the following:
1. v is a regular sub-gradient (or Frechet subˆ x̄), if
diﬀerential) of h at x̄, written as v ∈ ∂h(
lim inf

x=x̄ x→x̄

h(x) − h(x̄) − v, x − x̄
≥ 0.
x − x̄

2. v is a general sub-gradient of h at x̄, written
as v ∈ ∂h(x̄), if there exist sequences {xk } and {v k }
such that xk → x̄ with h(xk ) → h(x̄) and v k ∈
k
ˆ
) with v k → v as k → +∞.
∂h(x
When applying the ﬁrst-order methods for general nonconvex optimization of problem (1), we claim
that it has the highest possibility of obtaining a sequence of iterations that converges to a stationary
point. Ge et al. (2015) showed that deterministic/
stochastic gradient descent converges to a minimum
point almost surely if the strict saddle property
holds. Therefore, it has been recognized as a signiﬁcant reference if the iterations generated by the
proposed algorithm converge to a stationary point:
k,j
= arg min Φ̄i xk,j+1
xk,j+1
i
1≤l≤i−1 , xi , xi<l≤n , μ .
xi

(2)

4 Asynchronous block coordinate descent with time perturbation
In this section, we propose a novel asynchronous
BCD method with a randomized block variable selection rule. We present the details of the algorithm running on the server (Algorithm 1) and on
the worker (Algorithm 2).
We ﬁrst introduce the barrier function to penalize the inequality constraints, and then construct the
following potential function:
Φ(x1 , x2 , . . . , xn ; μ) =f (x1 , x2 , . . . , xn ) +

n


ri (xi )

i=1



n

− μg b −
Ai xi ,

(3)

i=1

where g : Rp → R is the barrier function, μ is deﬁned
as a barrier parameter, and a log barrier function
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Algorithm 1 ATP for nonconvex optimization
(server)
1: Initialize γ ∈ (0, 1), η ∈ (1, +∞), μ0 > 0, and x0i
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:

for i = 1, 2, . . . , n
for k = 0, 1, 2, . . . do
Initialize C k+1,1 = {1, 2, . . . , n} and xk,0
= xki for
i
i = 1, 2, . . . , n
for j = 1, 2, . . . do
Choose an active set C k+1,j+1 ⊂ C k+1,1 in inner
loop j + 1
for i ∈ C k+1,j+1 do
Receive xk,j+1
from worker
i
Update xk+1
=
xk,j+1
(inconsistent write
i
i
operation)
end for
if the stopping criterion is satisﬁed then
Set the stopping ﬂag
Break
end if
end for
μk+1 = γμk
end for

log(·) is adopted. The proposed ATP has two loops.
In each outer loop, we decrease the barrier parameter μ > 0 to 0. In each inner loop, we update each
variable xi by minimizing the potential function Φ
(Eq. (3)) for ﬁxed μ > 0. However, it is intractable
to exactly minimize Φ with respect to xi since the
smooth part of Φ is a nonconvex function which has
multiple stationary points. Therefore, we deﬁne the
following local tight approximation Φ̄i of Φ with respect to xi at (x̂1 , x̂2 , . . . , x̂n ) through linearizing
the smooth part of Φ:
Φ̄i (xi , x̂1 , x̂2 , . . . , x̂n , μ) = P (xi ) +

hi
2
xi − x̂i 
2

+ xi − x̂i , ∇fi (x̂1 , x̂2 , . . . , x̂n )
+ μAT
i ·

b−

1
n
l=1

Al x̂l

.

(4)

For ﬁxed (x̂1 , x̂2 , . . . , x̂n ) and μ, Φ̄i is a strongly
convex function of xi for a suﬃciently large proximal
parameter hi > 0, determined by an eﬃcient line
search criterion. Then we can reformulate Eq. (2) as
follows:
xk,j+1
= arg min
i
x
i



2 

1
1
1
k

P (xi )+ xi − xi − z 
,
hi
2
hi 
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Algorithm 2 ATP for nonconvex optimization
(worker)
1: repeat
2:
3:
4:
5:
6:
7:
8:
9:
10:

Pull C k+1,j+1 , μ, and xk from server
Randomly choose i ∈ C k+1,j+1
Set hi ∈ [Hmin , Hmax ] and hi > 0
repeat
Update variable xi by Eq. (2)
Update the proximal parameter hi = ηhi
until the line search criterion is satisﬁed
Push xk,j+1
to server after a random time delay
i
until the stopping ﬂag is set

where



k,j+1
k,j
z =∇fi x1≤l≤i−1 , xi<l≤n
+ μAT
i ·

1
b−

i−1

l=1

Al xk,j+1
l

−

n

l=i

.

(5)

Al xk,j
l

This is equivalent to computing the proximal
mapping of P (x), hence admitting the closed-form
expression (Hong et al., 2016). In what follows, we
consider the following block variable selection rule:
Let i ∈ {1, 2, . . . , n} be the index of the ith primal
variable xi , and let C k+1,j+1 ⊂ {1, 2, . . . , n} be the
active set of primal variables updated in inner loop
j + 1 of outer loop k + 1.
4.1 Randomized block variable selection rule
A single primal variable xi is selected randomly
in the inner loop at each iteration, and the probability is
k,j
k,j
Prob(i ∈ C k+1,j+1 |xk,j
1 , x2 , . . . , xn )

≥ pmin > 0.
= pk+1,j+1
i
The proximal parameters hi > 0 in Algorithms 1
and 2 are related to the Lipschitz constant Li (which
is diﬃcult to compute in practice) and the value of
the current iteration. Therefore, we use a line search
criterion to determine the appropriate value of hi to
guarantee the eﬃciency of our algorithm in practical
applications.
4.2 Line search criterion
One of the most widely used line search criteria
simply requires that the value of the objective function be decreasing after updating the block variables
xi for i = 1, 2, . . . , n. Speciﬁcally, in this work we
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accept the value of proximal parameter hi if xi is
updated when the following line search criterion is
satisﬁed:
k,j
k,j
k
k
−Φ xk,j+1
Φ xk,j+1
1≤l≤i−1 , xi≤l≤n , μ
1≤l≤i , xi+1≤l≤n , μ
2
σhi 
 k,j
k,j+1 
(6)
≥
 ,
xi − xi
2

where σ is a constant in the interval (0, 1).
4.3 Stopping criterion
We repeat the inner loop for ﬁxed μk in outer
loop k + 1 until the following stopping criterion is
satisﬁed for 1 ≤ i ≤ n:



, xk,j+1
, . . . , xk,j+1
dist − ∇i f xk,j+1
n
1
2

 k,j+1 
T
(7)
+ Ai y, ∂ri xi
≤ μk ,
n
where yi b − j=1 Aj xk,j+1
= μk and μk > 0 is
j
i
a barrier parameter in outer loop k + 1.
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when
(8)
hi ≥ (Li + μk sT Ai AT
i s)/(1 − σ),

i−1
n
.
where s = 1
b − l=1 Al xk,j+1
− l=i Al xk,j
l
l
In addition, hi is bounded under the line search
criterion.
Proof For i ∈ C k+1,j+1 , it follows from the update
of xk,j+1
that
i

k,j+1
ri (xk,j
)+ xk,j+1
−xk,j
i ) ≥ri (xi
i
i ,
k,j
∇fi (xk,j+1
1≤l≤i−1 , xi≤l≤n )+

5 Analyses of convergence and iteration complexity
5.1 Convergence analysis
We ﬁrst present a lemma which guarantees that
the line search criterion in inequality (6) is satisﬁed:
Lemma 1
Given the constant σ ∈ (0, 1) and
k+1,j+1
in inner loop j + 1 of outer loop k + 1,
i∈C
the line search criterion in inequality (6) is satisﬁed

1

+μk AT
i ·
b−

i−1

l=1

2
hi 

 k,j+1
−xk,j
xi
i 
2


Al xk,j+1
−
l

n

l=i

Al xk,j
l





k,j
+ f xk,j+1
≥ri xk,j+1
i
1≤l≤i , xi+1≤l≤n
 

i
n

k,j+1
k,j
k
Al xl
−
Al xl
−μ log b−
l=1

−

4.4 Time perturbation
Diﬀerent from the gradient perturbation proposed in Jin et al. (2017), where sophisticatedly constructed noises were added to the gradient updates,
we use the time perturbation technique in the asynchronous procedure within the BCD decomposition
framework. Speciﬁcally, the read and write operations are set not to be locked, and the client will
push the intermediate values to the server node after
a random time delay of ΔTi after updating the primal variables xi for i = 1, 2, . . . , n at each iteration.
Time perturbation can be viewed as an implementation of out-of-order updates, and the experiments
demonstrate that the time perturbation technique
can greatly help the proposed ATP algorithm escape
from sub-optimal points.

1395

−

l=i+1

k,j
fi (xk,j+1
1≤l≤i−1 , xi≤l≤n )
i−1


Al xk,j+1
l

l=1

−

n



− μ log b
k


Al xk,j
l

l=i


2
hi −Li −μk sT Ai AT

i s  k,j+1
+
−xk,j
xi
i  .
2
Therefore, we have
k,j
k,j
k
k
−Φ xk,j+1
Φ xk,j+1
1≤l≤i−1 , xi≤l≤n , μ
1≤l≤i , xi+1≤l≤n , μ


2
hi − Li + μk sT Ai AT

i s  k,j+1
≥
− xk,j
xi
i  .
2

Combining the above inequality with inequality (8) yields hi − Li + μk s TA iA T
i s ≥ σhi , which
implies inequality (6).
Next, we prove that hi is bounded under the line
search criterion. It is trivial to show that hi is lowerbounded, since hi ≥ Hmin > 0 (Hmin is deﬁned in
our algorithm). We prove that hi is upper-bounded
by contradiction. Since the line search criterion is


satisﬁed whenever hi ≥ Li + μk sT Ai AT
i s /(1−σ),


we have hi ≤ η Li + μk sT Ai AT
i s /(1 − σ).
Then we present a lemma which guarantees
that the stopping criterion of each of the inner


approx, xk+1
, . . . , xk+1
loop is satisﬁed and xk+1
n
1
2
imates the stationary point of the potential function Φ(·, μk ) for ﬁxed μk . Speciﬁcally, we de

, x̄k+1
, . . . , x̄k+1
ﬁne the stationary point of x̄k+1
n
1
2
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of the potential function Φ(·, μk ) for ﬁxed μk ,


approximates
and prove that xk+1
, xk+1
, . . . , xk+1
n
1
2
 k+1 k+1

k+1
x̄1 , x̄2 , . . . , x̄n
under the error level of μk .
, x̄k+1
, . . . , x̄k+1
Lemma 2
Let (x̄k+1
n ) be the
1
2
stationary point of the potential function Φ(·, μk ),
and the randomized block variable selection rule
is employed. There exists some j > 0 such that
the stopping criterion in inequality (7) is satisﬁed almost surely for the randomized block variable selection rule after a ﬁnite number of inner
, xk+1
, . . . , xk+1
loops. Then (xk+1
n ) approximates
1
2
k+1
k+1
k+1
(x̄1 , x̄2 , . . . , x̄n ) under the error level of μk .
Speciﬁcally, there exists ȳ > 0 such that, for i =
1, 2, . . . , n,

, xk+1
, . . . , xk+1
μ ≥dist − ∇i f (xk+1
n )
1
2

k+1
+ AT
) ,
i ȳ, ∂ri (xi


n

k+1
k
μ =ȳi b −
Ai xi
,
k

i=1

b>

n


i

Ai xk+1
,
i

i=1

almost surely for the randomized block variable selection rule.
Proof
Using Lemma 1, we obtain inequality (6)
in the line search criterion:
k,j
k,j
k
k
−Φ xk,j+1
Φ xk,j+1
1≤l≤i−1 , xi≤l≤n , μ
1≤l≤i , xi+1≤l≤n , μ
2
σhi 
 k,j
k,j+1 
≥
 .
xi − xi
2

Summing inequality (6) over i ∈ C k+1,j+1 and
combining the fact that xj+1
= xji for i ∈
/ C k+1,j+1
i
yields

compact set and μk ≤ μ0 , we have
Φ

k
xk,j
1≤l≤n , μ

=

f (xk,j
1≤i≤n )

+


− μ log b −
≥ h∗ − μ0 log
+

n




n


ri (xk,j
i )

i=1
n



Ai xk,j
i

i=1

b





Ai  xk,j
i 

i=1
∗

≥Φ .

(10)

Since k and μk are ﬁxed in any inner loop of
outer loop k + 1 and xki = xk,0
for i = 1, 2, . . . , n, we
i
k,0
k
conclude that Φ(x1≤l≤n , μ ) is ﬁnite.
For the randomized block variable selection rule,
we take the conditional expectation from both sides
of inequality (9), implying



k,j+1
k,j
k
k
Φ xk,j
|x
−
E
Φ
x
,
μ
,
μ
1≤l≤n
1≤l≤n
1≤l≤n
n
2 


σHmin
 k,j
k,j+1 
≥
E xi − xi
 .
2
i=1
By the deﬁnition of the randomized block vari≥ pmin , we have
able selection rule and pj+1
i



k,j+1
k
k  k,j
x
Φ xk,j
−
E
Φ
x
,
μ
,
μ
1≤l≤n
1≤l≤n
 1≤l≤n
n
2 
σpmin Hmin  
 k,j
k,j+1 
≥
xi − x̃i
 ,
2
i=1

where x̃k,j+1
1≤i≤n is a “virtual” iteration assuming that
all variables are updated in this inner loop. Thus,
k
{Φ(xk,j
1≤l≤n , μ )} is a supermartingale with respect to
the natural history. By the supermartingale converk
gence theorem, {Φ(xk,j
1≤l≤n , μ )} converges and we
almost surely have


k
k
− Φ xk,j+1
Φ xk,j
1≤l≤n , μ
1≤l≤n , μ

n
2 

σhi 
 k,j
k,j+1 
≥

xi − xi
2
i=1
n
2
σHmin  
 k,j
k,j+1 
≥
xi − xi
 .
2
i=1
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n 
2

 k,j
k,j+1 
xi − xi
 → 0, j → +∞,

(11)

i=1

(9)

Next, we show that the potential function
Φ(x1≤i≤n , μ) is lower-bounded. Since dom(h) is a

since σ > 0, pmin > 0, and Hmin > 0. By the same
argument, we conclude that it holds almost surely
for the randomized block variable selection rule that
n 
n 

2


 k,j
 k,j
k,j+1 
k,j+1 
xi − xi
<n
xi − xi
 → 0.
i=1

i=1

(12)
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Noting that xk,j+1
→ xk+1
for i = 1, 2, . . . , n
i
i
if the stopping criterion in inequality (7) is satisﬁed,
we derive from the ﬁrst-order optimality condition
that

T k
, x̄k+1
, . . . , x̄k+1
dist − ∇i f (x̄k+1
n ) + Ai ȳi , (13)
1
2

n 


 k,j+1
k,j 
k
∂ri (x̄k+1
)
≤
C
−
x
x
i
i ,
i
i=1


ȳik

n


b−



Ai x̄k+1
i

i=1
n


= μk ,

(14)

i

Ai x̄k+1
< b,
i

(15)

i=1

for i =

is
1, 2, . . . , n.
xk,j+1
, xk,j+1
, . . . , xk,j+1
n
1
2
 k+1 k+1

x1 , x2 , . . . , xk+1
. Following Eq. (11),
n

equal to
we conclude that the stopping criterion is satisﬁed
after a ﬁnite number of inner loops.
Then we are ready to state our main result about
the limiting behavior of our algorithm. As μk → 0,


, xk+1
, . . . , xk+1
we show that the sequence xk+1
n
1
2
converges to the stationary point of problem (1).
Theorem 1
Suppose the randomized block vari
, xk+1
,
able selection rule is employed. Then xk+1
1
2

k+1
converges to the stationary point of prob. . ., xn
lem (1) almost surely for the randomized block variable selection rule.


Proof Since xk1 , xk2 , . . ., xkn lies in the compact
set for k = 0, 1, 2, . . ., the set of its limiting points
is not empty. Consider a limiting point (x̃1 , x̃2 , . . .,
x̃n ) with the sub-sequence {xr1k , xr2k , . . ., xrnk }∞
k=0
converging to (x̃1 , x̃2 , . . ., x̃n ). Then we almost
surely have


dist − ∇i f (x̄1 , x̄2 , . . . , x̄n ) + AT
ȳ,
∂r
(
x̄
)
≤ μr k ,
i
i
i


n

ȳi b −
Ai x̄i ≤ μrk ,
i=1
n


i

Ai x̄i < b,

i=1

for the randomized block variable selection rule. As
k → +∞, we have μrk → 0. Therefore, we con

converges to the
, xk+1
, . . . , xk+1
clude that xk+1
n
1
2
stationary point of problem (1) almost surely for the
randomized block variable selection rule. This completes the proof of Theorem 1.
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5.2 Iteration complexity analysis
In this subsection, we present the iteration complexity analysis of our algorithm with the randomized block variable selection rule. Note that the iterations may not converge to the global optimum point
in nonconvex optimization. Therefore, the closeness
to the optimal solution cannot be used to measure
the iteration complexity. Inspired by Razaviyayn
et al. (2014), we use the size of proximal gradient
of the potential function as a measure of optimality.
More precisely, we deﬁne

ˆ
∇Φ(x,
μ) =x − arg min
∇f (x), y − x
+

n

i=1

yi − x i

1
,
b − Ax

hi
2
+
,
(16)
yi − xi 
2

ri (xi ) + μAT
i ·

where x = (x1 , x2 , . . . , xn ) and y = (y1 , y2 , . . . , yn ).
ˆ
For ﬁxed μ > 0, ∇Φ(x,
μ) = 0 implies that


dist −∇i f (x) + AT
i y, ∂ri (xi ) = 0,
yi (b − Ax)i = μ, Ax < b.
Then if we let μ < , the iterations generated reach
the -stationary 
point of problem
(1). Therefore, the


ˆ
decrease rate of ∇Φ(x, μ) and μ can be viewed as
an iteration complexity analysis of our algorithm. In
the asynchronous update
 we focus mainly
 manner,

ˆ
on the decrease rate of ∇Φ(x, μ) within outer loop
k + 1 under the stopping criterion (inequality (7))
used in practice.
Theorem 2
Suppose the randomized block variable selection rule is employed. To reach the stationary point of problem (1), the stopping criterion in inequality (7) is satisﬁed almost surely for
the randomized block variable selection rule within
O(1/) inner loops, and the number of iterations in
the outer loop is O(log(1/)).
Proof We know from inequality (10) that for any
k ≥ 0 and j ≥ 0, there is
∗
k
Φ(xk,j
1≤l≤n , μ ) ≥ Φ .

(17)

Next, we need to derive the upper bound of
k
Φ(xk,j
1≤l≤n , μ ) and show that this bound does not
depend on k ≥ 0 and j ≥ 0. Since dom(h) is a
compact set, h(xk1≤l≤n ) is bounded. Therefore, it is
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n
suﬃcient to show that −μk log(b − l=1 Al xkl ) or



−μk E log(b − nl=1 Al xkl ) is upper-bounded.
n
We ﬁrst prove that −μk log(b − l=1 Al xkl ) is
upper-bounded for the randomized variable selection rule. Suppose the contrary that −μk log(b −
n
k
+∞. There exists
l=1 Al xl ) → +∞ as k →
n
k
M > 0 such that −μ log(b − l=1 Al xkl ) > 0 whenever k ≥ M . In this case, we have
 
 


n
n
Al xkl > −μk log b−
Al xkl .
−μk−1 log b−
l=1

l=1

Therefore, we conclude that
Φ(xk1≤l≤n , μk−1 )

≥

Φ(xk1≤l≤n , μk ).

(18)

From inequality (9), we have
k−1
Φ(xk−1
)
1≤l≤n , μ

≥

(19)

Therefore, combining inequalities (18) and (19) we
have


n

k
k
Al xl ≤ Φ(xk1≤l≤n , μk ) − h∗
−μ log b −
l=1
M−1
≤ Φ(xM−1
) − h∗
1≤l≤n , μ

n

(20)

which contradicts with that −μk log(b− l=1 Al xkl )
→ +∞ as k → +∞.
 Therefore, we conclude that the upper bound of
k
E Φ(xk,j
1≤l≤n , μ ) exists for the randomized block
variable selection rule.
We denote this upper bound as Φ̄∗ and the numk
. Then
ber of inner loops in outer loop k + 1 as Tinner
the following holds for the randomized block variable
selection rule:
 n

Tk
2
−1

σHmin inner
 k,j
k,j+1 
E
xi − xi
 ≤ Φ̄∗ − Φ∗ .
2
j=0
i=1
k
Therefore, when Tinner
= O(1/μk ), there exists some
k
j ≤ Tinner such that

 n
2

 k,j
k,j+1 
(21)
E
xi − xi
 ≤ μk
i=1

for the randomized block variable selection rule.
On the other hand, we obtain the number of
iterations required in the inner loop as
log(1/)

T =



k=0

6 Experiments
In large-scale RWS applications, a range of exciting and essential models can be reformulated as
nonconvex optimization problems in the form of
Eq. (1). Experiments were conducted on a shared
memory multiprocessing platform to validate the efﬁcacy of the proposed ATP algorithm in solving the
problem of constrained folded concave penalized linear regression, which is a classical problem in sparse
learning proposed in James et al. (2012):
d

1
r(βi )
min y − Xβ2 + λ
β 2
i=1

(22)

s.t. Cβ ≤ b,

Φ(xk1≤l≤n , μk−1 ).

< +∞,
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Cγ
C
C 1/ − 1
1
≤
=
·
· ,
γ k δ0
δ0 1/γ − 1
δ0 − γδ0 

which implies that the number of iterations required
in the outer loop is O(log(1/)) and μk < .

where r(·) is the SCAD (Fan and Li, 2001), X ∈
Rn×d , y ∈ Rn , C ∈ Rm×d , and b ∈ Rm are the given
data, and λ > 0 is the regularization parameter.
To explore the eﬀectiveness of the proposed algorithm, we conducted experimental comparisons
among ATP variants under diﬀerent settings, i.e.,
randomized variable selection rule vs. cyclic variable selection rule, with time perturbation vs. without time perturbation, and synchronous vs. asynchronous. We implemented two baselines to solve
problem (22), the inexact augmented Lagrangian
method (IALM) and three-block linearized alternating direction method of multipliers (LADMM). Note
that these two algorithms were implemented without theoretical convergence guarantee, while the proposed algorithm has been guaranteed to converge as
analyzed in Section 5.
The algorithms were implemented in C++ with
OpenMP (Dagum and Menon, 1998) and Eigen
(Guennebaud and Jacob, 2010), and the public accessible code (https://github.com/linboqiao/ATP)
is available online. OpenMP (open multi-processing,
http://www.openmp.org/wp-content/uploads/
openmp-4.5.pdf) is an application programming
interface (API) that supports multi-platform shared
memory multiprocessing programming.
Eigen
(http://eigen.tuxfamily.org/dox/) is a high-level
C++ library for linear algebra, matrix and vector
operations, geometrical transformations, numerical
solvers, and related algorithms. Experiments were
R
R
Xeon
CPU
conducted on a server with an Intel
E5-2620, 2.4 GHz, and 32 GB memory, running
Ubuntu 16.04 Server. OpenMP version 4.5 and
Eigen version 3.3.2 were used.
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Matrices X and C were generated with independent standard Gaussian entries, and the columns
of X were standardized to have unit norms. Groups
of the matrix were constructed to validate the robustness of the proposed algorithm. Then b was
obtained via b = Cβ + ˆ with the ﬁrst ﬁve entries of
the coeﬃcient vector to be 1 and the rest to be 0, and
y = Xβ +  with  ∼ N (0, δ 2 Id ). We selected different regularization parameters in {1.4, 1.6, 1.8, 2.0}
to show that our algorithms are robust. Parameters
δ, λ, γ, and μ were set to 2, 2, 0.8, and 1, respectively. ATP terminated when the relative changes
in the last six consecutive objective function values
were less than 10−7 or the number of iterations exceeded MAX-ITER, which was set to be 1000 in this
work.
6.1 Randomized variable selection rule vs.
cyclic variable selection rule
To explore the eﬀectiveness of diﬀerent variable selection rules, i.e., randomized variable selection rule and cyclic variable selection rule, synchronous BCD with these two kinds of variable selection rules was used to solve problem (22). Table 1
presents the performance comparison among synchronous BCD with time perturbation under the set-
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ting of the randomized variable selection rule (SyncBCD-TP-R) and that under the setting of the cyclic
variable selection rule (Sync-BCD-TP-C) as well as
IALM and LADMM. The experimental results show
that the proposed algorithms with time perturbation
have better performance than IALM and LADMM.
Among the proposed algorithms, the randomized
variable selection rule performs better than the cyclic
variable selection rule.
6.2 Synchronous block coordinate descent
with time perturbation vs. without time
perturbation
To demonstrate the eﬀectiveness of time perturbation, synchronous type of BCD was implemented
to solve problem (22) under diﬀerent settings, i.e.,
synchronous BCD with time perturbation and without time perturbation. Fig. 2 shows the convergence
behavior of ATP with synchronous updating rules
(Sync-BCD-TP) in solving the nonconvex folded
concave linear regression problem, running with 1,
2, 4, 8, 16, 22, 24, 26, 28, and 30 threads. The results demonstrate that time perturbation has a signiﬁcant eﬀect in helping the algorithm ﬁnd a better
solution. Besides, Sync-BCD-TP converges signiﬁcantly faster with multi-thread settings since it uses

Table 1 Performance comparison among Sync-BCD-TP-R, Sync-BCD-TP-C, IALM, and LADMM
Method

(n, d)

(Objective, Time (s))

σ
λ = 1.4

λ = 1.6

λ = 1.8

λ = 2.0

Sync-BCD-TP-R

(126.73, 7.31)

(120.12, 7.61)

(141.27, 7.25)

(160.17, 7.11)

Sync-BCD-TP-C

(720.09, 23.39)

(807.96, 23.52)

(942.65, 23.92)

(950.82, 23.79)

(1048.47, 46.70)

(1146.34, 46.60)

(1171.69, 48.32)

(1170.91, 46.33)

(1348.56, 30.61)

(1534.81, 30.39)

(1717.74, 30.66)

(1896.04, 30.64)

Sync-BCD-TP-R

(93.17, 8.15)

(119.38, 7.57)

(148.05, 7.39)

(173.73, 7.13)

Sync-BCD-TP-C

(679.48, 23.48)

(672.42, 24.47)

(627.10, 24.08)

(1158.11, 24.39)

IALM

(2000, 5000)

0.1

LADMM

IALM

(2000, 5000)

0.3

(1150.52, 47.84)

(1304.51, 47.51)

(1450.57, 47.67)

(1590.68, 46.76)

LADMM

(1370.99, 31.49)

(1560.77, 31.55)

(1746.86, 31.64)

(1931.58, 31.56)

Sync-BCD-TP-R

(276.60, 15.12)

(286.44, 15.04)

(384.07, 14.45)

(417.84, 15.00)

Sync-BCD-TP-C

(84.84, 33.19)

(85.20, 37.54)

(57.03, 37.11)

(123.92, 37.25)

IALM

(1000, 10 000)

0.1

LADMM

(3109.88, 64.10)

(3553.76, 61.16)

(3997.23, 60.27)

(4440.59, 56.81)

(3761.72, 24.75)

(4299.11, 24.47)

(4836.50, 24.71)

(5373.87, 24.93)
(430.40, 15.85)

Sync-BCD-TP-R

(283.47, 14.34)

(376.80, 14.92)

(405.42, 14.41)

Sync-BCD-TP-C

(134.16, 38.10)

(114.69, 37.68)

(58.43, 40.84)

(92.20, 38.34)

(3132.08, 111.95)

(3579.23, 122.77)

(4026.25, 140.42)

(4472.96, 126.79)

(3774.29, 35.96)

(4313.47, 36.26)

(4852.62, 36.26)

(5391.79, 36.42)

IALM

(1000, 10 000)

LADMM
Bold values represent the best results

0.3
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(b)
Fig. 2 Convergence behavior of synchronous block coordinate descent with time perturbation (Sync-BCDTP) with the randomized selection rule: (a) objective
value as a function of time cost with diﬀerent numbers of threads; (b) objective value as a function of
the iteration index with diﬀerent numbers of threads.
References to color refer to the online version of this
ﬁgure

the randomized BCD method, which is known as the
best algorithm for large-scale problems.
6.3 Synchronous vs. asynchronous
Read lock or write lock is disabled when a worker
is reading or writing shared variables to eliminate the
costly synchronous update operation. The barrier
parameter μ was set to be vanishing, as proposed in
the ATP algorithm. An eﬃcient line search criterion
was adopted in the implementation. Other parameters were set according to our theoretical analysis.
Fig. 3 shows the convergence behavior of Algorithm 1 in solving the nonconvex folded concave linear regression problem, running with 1, 8, 10, 12, 16,
18, 20, and 22 threads. When the algorithm was updated synchronously, namely one-thread ATP, with-
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Fig. 3 Convergence behavior of ATP escaping from
local optima and saddle points: (a) objective value
as a function of time cost; (b) objective value as a
function of the iteration index. References to color
refer to the online version of this ﬁgure

out the eﬀect of time perturbation, it got stuck in
bad saddle points in the nonconvex setting, with a
ﬁnal objective value of 906.7278. When the asynchronous update manner was adopted with time perturbation, the algorithm escaped from saddle points
to achieve a ﬁnal objective value of 2.6764 when
tested with 22 threads. In Table 2, the asynchronous
BCD with time perturbation technique shows significant improvement in escaping from local optimum
points and saddle points. Besides, ATP converged
fast with a multi-thread environment with the randomized variable selection rule. Furthermore, Fig. 4
demonstrates that ATP is scalable to multi-core platforms, and has an almost linear speedup ratio against
the number of threads. We observe that the algorithm scales up to 22 threads for the tested problem.
Degenerated convergence can be observed with 23
and 24 threads. This is mostly due to the following
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Table 2 Objective values with time perturbation (TP)
and without time perturbation (No-TP) on the problem of constrained folded concave penalized linear
regression
d

n

m

Update manner

Objective value

1000
1000
1000
1000
1000
1000
1000
1000
2000
2000
2000
2000
2000
2000
2000
2000

100
100
100
100
200
200
200
200
100
100
100
100
200
200
200
200

10
10
20
20
10
10
20
20
10
10
20
20
10
10
20
20

No-TP
TP
No-TP
TP
No-TP
TP
No-TP
TP
No-TP
TP
No-TP
TP
No-TP
TP
No-TP
TP

928.16
19.65
910.85
2.48
826.64
436.61
829.04
2.35
1895.75
2.28
1919.50
2.22
1790.53
2.35
1824.84
2.47

7 Conclusions
In RWS, the last decade has witnessed a
growing interest in big data in healthcare systems.
However, traditional machine learning algorithms
were not designed for solving such large-scale RWS
problems due to a large amount of data that needs
to be analyzed and the diﬃculty in solving problems

1401

30
25
Ratio of speedup

reasons:
1. Since there are only 24 processors (two CPUs,
with each CPU having six physical cores and each
physical core having two simulated processors due to
the hyper threading feature from Intel) available on
the server, the computation resource is limited. We
further used the Intel VTune to analyze the performance of Sync-BCD-TP with the thread number varying from 1 to 8 on a notebook, and the
results are publicly available (https://github.com/
linboqiao/ATP/tree/master/Perf_analysis).
2. The total computational cost may vary due
to the randomness of the randomized selection rule
and the stopping criterion.
3. The variable x used for the current update is more staled when a relatively large number of threads are used, hence leading to slower
convergence.
4. High cache miss rates and false sharing would
signiﬁcantly slow down the program execution.

2019 20(10):1390-1403

20
15
10
5
0

0

5

10
15
Number of threads

20

25

Fig. 4 Strong scaling results of ATP

with nonconvex nonlinear settings. In this paper, we
have proposed a novel asynchronous block coordinate descent method with time perturbation, named
ATP, to tackle large-scale nonconvex optimization
problems with inequality constraints. We have
presented convergence analysis of the proposed
optimization algorithm with the randomized block
variable selection rule and time perturbation, as
well as iteration complexity analysis. Experiments
conducted on real-world machine learning problems
validated the eﬃcacy of our proposed method.
The experimental results demonstrated that time
perturbation enables ATP to escape from saddle
points and sub-optimal points, providing a promising way to handle nonconvex optimization problems
with inequality constraints employing asynchronous
block coordinate descent. The asynchronous parallel
implementation on shared memory multi-core
platforms indicated that the proposed algorithm
ATP has strong scalability.
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