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Abstract: In this study, we investigate the problem of multiple Mittag-Leffler stability analysis for fractional-order
quaternion-valued neural networks (QVNNs) with impulses. Using the geometrical properties of activation functions
and the Lipschitz condition, the existence of the equilibrium points is analyzed. In addition, the global Mittag-Leffler
stability of multiple equilibrium points for the impulsive fractional-order QVNNs is investigated by employing the
Lyapunov direct method. Finally, simulation is performed to illustrate the effectiveness and validity of the main
results obtained.
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1 Introduction

Recently, neural networks (NNs) have attracted
attention from various fields due to their wide ap-
plications in image processing, system identification,
propagation, pattern recognition, associative mem-
ory, combinational optimization, etc. Most of these
applications depend on the dynamical properties of
NNs. Therefore, different kinds of stability analy-
sis and properties including bifurcation and chaos in
NNs have attracted much attention (Cao and Xiao,
2007; Rakkiyappan et al., 2014, 2015a, 2015b, 2016;
Stamova, 2014; Wang H et al., 2015; Li XD and Wu,
2016; Li XD and Ding, 2017; Li XD et al., 2017; Wu
and Zeng, 2017; Yang et al., 2018; Huang YJ and Li,
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2019; Khan et al., 2019; Li X et al., 2019; Nie et al.,
2019; Pang et al., 2019; Qi et al., 2019; Wang JJ
and Jia, 2019). Quaternion-valued NNs (QVNNs)
are a generic extension of real- and complex-valued
NNs (RVNNs and CVNNs), and they inhibit the
non-commutative property of the quaternion algebra
(Chen XF et al., 2017; Hu et al., 2017; Liu Y et al.,
2017, 2018; Song and Chen, 2018; Li N and Zheng,
2020). The quaternion problems are more difficult
than those in real- or complex-valued systems, which
is the reason for the slow development in quaternion
fields.

It is well known that two-dimensional data can
be processed well in CVNNs and many RVNNs. If
the data is three- or four-dimensional, such as in
the cases with body images, color images, and four-
dimensional signals, it can be directly encoded in
terms of quaternions in quaternion networks, show-
ing QVNNs to be more important than CVNNs and
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RVNNs. Moreover, quaternions have attracted at-
tention in a wide range of applications, including
rotation, image comparison, and color night vision.
Recently, a few researchers have considered theo-
retical investigations of the dynamical properties of
QVNNs, concentrating mainly on the global behav-
ior such as global stability. Decomposition of quater-
nions is a useful method of dealing with the non-
commutativity of quaternion fields. Using plural de-
composition and the Lipschitz technique, the sta-
bility results of QVNNs were obtained in terms of
continuous and discrete time cases by Liu Y et al.
(2018). In the past decade, the incorporation of
fractional calculus into NNs has achieved better re-
sults than the integer-order NNs investigated by Cao
and Xiao (2007) and Abdurahman et al. (2015).
This is because the fractional-order derivatives in-
herently have excellent memory and hereditary prop-
erties in representing the network model. As is well
known, there are many advantages over the integer-
order NNs and the corresponding fractional-order
NNs. However, the main difference is that fractional-
order systems are more accurate than integer-order
systems; i.e, there are more degrees of freedom in
fractional-order systems. Moreover, compared with
classical integer-order systems, fractional-order sys-
tems are characterized by infinite memory. Con-
sidering all the above-mentioned reasons, the incor-
poration of a memory term into an NN model is
unavoidable. On the other hand, some researchers
have attempted to investigate the advantages of both
quaternions and fractional derivatives in NNs, and
proposed fractional-order QVNNs.

It is well known that, many factors such as
time delay, chaos, bifurcation, and system com-
plexities influence the fractional-order NNs, result-
ing in instability at certain time instants. There-
fore, the integration of impulsivity into the pro-
posed fractional-order QVNNs becomes essential.
Combining the memory and hereditary properties of
fractional-order systems and the impulsive effect, the
resulting impulsive fractional-order QVNNs guar-
antee better outcomes when compared with usual
integer-order NNs. As one of the classical phenom-
ena of dynamic NNs, multistability analysis has been
studied extensively by Zeng et al. (2010), Huang Y
et al. (2012), Zeng and Zheng (2012), Liu P et al.
(2017, 2018), and Zhang FH and Zeng (2018). In
Popa and Kaslik (2018), periodic solutions for the

Hopfield-type integer-order NNs were studied in the
presence of both time-dependent and distributed de-
lays, taking the impulsive effects into account. In
this study, we investigate the multistability problem
of impulsive fractional-order QVNNs in the Mittag-
Leffler sense. To the best of our knowledge, this
is the first time the Mittag-Leffler stability theory
has been developed thoroughly for the case of im-
pulsive fractional-order QVNNs. Mittag-Leffler sta-
bility analysis in fractional-order systems is still an
open problem.

Motivated by the above discussions, we con-
duct the study of multiple Mittag-Leffler stabil-
ity results on impulsive fractional-order QVNNs.
First, n-dimensional QVNNs are converted into a
4n-dimensional RVNN system using the decomposi-
tion and non-commutative properties of quaternions.
Then, sufficient conditions for Mittage-Leffler stabil-
ity are discussed for fractional-order nonlinear sys-
tems. Finally, two numerical examples are given
to demonstrate the effectiveness of the theoretical
results.

2 Preliminaries

In this section, we present some important defi-
nitions and lemmas of fractional calculus which help
prove the main results.
Definition 1 (Podlubny, 1998; Kilbas et al., 2006)
The Caputo fractional derivative of order 0 < α for
f(t) ∈ Cn([t0,+∞],R) is

C
t0D

α
t f(t) =

1

Γ(n− α)

t∫

t0

(t− s)n−(α+1)f (n)(s)ds,

where Γ(·) is a Gamma function defined as Γ(α) =
∞∫
t0

e−t

t1−α dt (n− 1 < α < n). If we choose 0 < α < 1,

C
t0D

α
t f(t) =

1

Γ(1− α)

t∫

t0

(t− s)−α df
(1)(s)

ds
ds.

For convenience, in the rest of this paper, we adopt
Dα to denote Caputo’s fractional derivative operator
C
t0D

α
t .

Definition 2 (Podlubny, 1998; Kilbas et al., 2006)
For any α, β > 0 and real number ν, the Mittag-
Leffler function Eα,β(ν) with two parameters is
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defined as

Eα,β(ν) =

∞∑
q=0

νq

Γ(qα+ β)
.

If β = 1, we can obtain the one-parameter form of

the Mittag-Leffler function E(ν) =
∞∑
q=0

νq

Γ(qα+1) ; if

α = β = 1, then E1,1(ν) = eν .

Consider the following fractional-order QVNNs
with impulses:⎧⎪⎪⎨
⎪⎪⎩
Dαhp(t) = −cphp(t) +

n∑
q=1

apqfq (hq(t)) +Rp,

δhp(tk) = hp(t
+
k )− hp(t

−
k ) = βkp (hp(tk)) ,

(1)
where k = 1, 2, . . . ,m and p = 1, 2, . . . , n, or, equiv-
alently, in the vector form{

Dαh(t) = −Ch(t) +Af(h(t))+R,
δh(tk) = h(t+k )− h(t−k ) = βk

(
h(tk)

)
,

(2)

where k = 1, 2, . . . ,m, 0 < α < 1, h(t) =(
h1(t), h2(t), . . . , hn(t)

)T ∈ Q
n is the state variable

at time t, C = diag(c1, c2, . . . , cn) with cp > 0,
f
(
h(t)

)
denotes the neuron activation functions,

A ∈ Q
n×n is the interconnection matrix, R =

(R1,R2, . . . ,Rn)
T ∈ Q

n is an external input, and βk
denotes the impulsive operator. The time sequence
is represented by {tk} for all k ∈ Z and satisfies
0 = t0 < t1 < . . . < tk < . . . , limk→+∞ tk = +∞.

Definition 3 If a vector h∗ ∈ R
n satisfies{

− Ch∗ +Af(h∗) +R = 0,

βk(h
∗) = 0,

where k = 1, 2, . . . , n, then h∗ is called an equilibrium
of NNs (2).
Definition 4 (Chen JJ et al., 2014) The equi-
librium point h∗ = (h∗1, h

∗
2, . . . , h

∗
n)

T of system (2)
is said to be globally Mittag-Leffler stable. There
exist positive constants U and G, such that for any
solution h(t) of system (2) with initial value h0, we
have

||h(t)− h∗|| ≤ G ||h0 − h∗||Eq (−U(t− t0)
q) ,

where t ≥ t0. If the equilibrium point h∗ of
system (2) is globally Mittag-Leffler stable, then
QVNNs (2) are globally Mittag-Leffler stable.

System (2) follows from the non-commutative
property of quaternion algebra, and uses the Hamil-
ton rules: ij = k, ji = −k, jk = i, kj = −i,

ki = j, ik = −j, ijk = i2 = j2 = k2 = −1, and
ν ∈ {R, I, J,K}; thus, we can rewrite NNs (2) as the
following four real-valued NNs:

DαhR(t) =− ChR(t) +ARfR
(
hR(t)

) −AIf I
(
hI(t)

)
−AJfJ(hJ (t))−AKfK(hK(t)) +RR,

DαhI(t) =− ChI(t) +ARf I(hI(t)) +AIfR(hR(t))

+AJfK(hK(t))−AKfJ(hJ (t)) +RI ,

DαhJ(t) =− ChJ(t) +ARfJ(hJ(t))

−AIfK(hK(t)) +AJfR(hR(t))

+AKf I(zI(t)) +RJ ,

DαhK(t) =− ChK(t) +ARfK(hK(t))

+AIfJ(hJ(t)) −AJf I(hI(t))

+AKfR(hR(t)) +RK ,

hν(t−k ) =h
ν(tk), h

ν(t+k )− hν(t−k ) = βν
k (h(tk)),

(3)

where t �= tk and p = 1, 2, . . . , n.
Assumption 1 The impulsive operator βk =

[βk1, βk2, . . . , βkn]
T is defined on {ϕ : (−∞, tk] →

L
n|ϕ is piecewise continuous on (−∞, 0], left con-

tinuous on [0, tk], with a first-kind discontinuity at
tr, and differentiable on every interval (tr−1, tr), 1 ≤
r ≤ k}. This will require βk(ϕ0) = 0 for any constant
function ϕ0.

Assumption 2 G(1) = (1,∞), G(−1) =

(−∞,−1), and GL(h) = G(hR) + iG(hI)+ jG(hJ ) +

kG(hK) for every ς ∈ {±1,±i,±j,±k}n , and we de-
fine the set Φς = GL(ς1)×GL(ς2)× . . .×GL(ςn). For
example, we take GL(−1 + i− j + k) = (−∞,−1) +

(1,∞)i + (−∞,−1)j + (1,∞)k.

Assumption 3 The components of the activation
functions fR

p , f I
p , fJ

p , and fK
p are bounded and glob-

ally Lipschitz continuous; then, for any constants
ϑνRq , ϑνIq , ϑνJq , and ϑνKq , ν = R, I, J,K, |fν

p (h)| ≤
1, and |fν

q (h
R
1 , h

I
1, h

J
1 , h

K
1 ) − fν

q (h
R
2 , h

I
2, h

J
2 , h

K
2 )| ≤

ϑνRq |hR1 −hR2 |+ϑνIq |hI1−hI2|+ϑνJq |hJ1−hJ2 |+ϑνKq |hK1 −
hK2 |.
Assumption 4 There exists an l ∈ (0, 1) such
that functions fν

q (h
ν) satisfy fν

q (h
ν) ≥ l if hν ≥ 1,

and fν
q (h

ν) ≤ −l if hν ≤ −1, for q = 1, 2, . . . , n and
ν ∈ {R, I, J,K}.
Assumption 5 The external input vector satisfies

||Rp(t)|| <aRppl − dp −
(|aIpp|+ |aJpp|+ |aKpp|

)

−
n∑

q �=p

(|aRpq|+ |aIpq|+ |aJpq|+ |aKpq|
)
,
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where t ∈ R and p = 1, 2, . . . , n.

Assumption 6 For any k ∈ Z
+ and ς ∈

{±1,±i,±j,±k}n , if σ(t) ∈ Φς , then σ(tk)+βk(σ) ∈
Φς .

For theoretical investigations, we need the fol-
lowing lemmas:
Lemma 1 (Wu and Zeng, 2017) Let χ1 > 0, χ2 >

0, χ3 > 1, χ4 > 1, and 1
χ3

+ 1
χ4

= 1. Then for any
δ > 0, we have χ1χ2 ≤ 1

χ3
(χ1δ)

χ3 + 1
χ4

(χ2
1
δ )

χ4 . The
inequality holds if and only if (χ1δ)

χ3 = (χ2
1
δ )

χ4 .

Lemma 2 (Popa and Kaslik, 2018) Let Eq. (4)
(at the bottom of this page) hold, where Mν

p =
1

dp

(
||Rν

p || +
n∑

q=1

(|aRpq|+ |aIpq|+ |aJpq|+ |aKpq|
) )

, p =

1, 2, . . . , n, and ν ∈ {R, I, J,K}.
If Assumption 3 is satisfied, then the following

statements hold:
1. There exists at least one equilibrium point of

QVNNs (1) corresponding to input vector R in set
ΦR.

2. Every equilibrium point of QVNNs (1) be-
longs to set ΦR.
Lemma 3 (Popa and Kaslik, 2018) Suppose that
Assumptions 1–5 hold. Then the following condi-
tions are true:

1. In every set Φς (ς ∈ {±1,±i,±j,±k}n), there
exists at least one equilibrium point of QVNNs (1)
corresponding to the external input vector R.

2. If Assumption 6 is satisfied, then set Φς (ς ∈
{±1,±i,±j,±k}n) is a positively invariant set.

3. If Assumption 3 holds, then the equilibrium
point of QVNNs (1) corresponding to input vector
R in set Φς (ς ∈ {±1,±i,±j,±k}n) is unique and
exponentially stable.
Lemma 4 (Zhang XX et al., 2017) For the following
fractional-order impulsive system:

{
Dαh(t) = −Ch(t) +Af(t, h(t)) +R,
δh(tk) = h(t+k )− h(t−k ) = βk(h(tk)),

(5)

where k = 1, 2, . . . ,m, assume that the following con-
ditions hold: (1) f(t, 0) = 0 (t > 0); (2) βk = 0 (k =

1, 2, . . . ,m); (3) there exists a positive definite func-
tion V (t) that satisfies DαV (t, e(t)) ≤ −ξV (t, e(t))

and V (t+, e(t) + Ek(h)) ≤ V (t, e(t)), where t = tk
and k = 1, 2, . . . ,m. Then the equilibrium point of
QVNNs (1) is Mittag-Leffler stable.
Remark 1 Based on Brouwer’s and Leray-
Schauder’s fixed point theories (Schauder, 1930),
Lemmas 1 and 2 can be easy to prove. For details,
see Lemma 2 and Theorem 2 in Popa and Kaslik
(2018).

3 Main results

In this section, the Mittag-Leffler stability anal-
ysis of multiple equilibrium points for the impulsive
fractional-order QVNNs is investigated. Consider
QVNNs (1) have the initial value hν(0) = hν0 . Let h∗

be the equilibrium point of the impulsive fractional-
order QVNNs (1) and thus make the transformation
eν(t) = hν(t) − h∗. Then system (3) is transformed
into

DαeR(t) =− CeR(t) +ARfR(eR(t))−AIf I(eI(t))

−AJfJ(eJ(t))−AKfK(eK(t)),

DαeI(t) =− CeI(t) +ARf I(eI(t)) +AIfR(eR(t))

+AJfK(eK(t)) −AKfJ(eJ(t)),

DαeJ(t) =− CeJ(t) +ARfJ(eJ(t))−AIfK(eK(t))

+AJfR(eR(t)) +AKf I(eI(t)),

DαeK(t) =− CeK(t) +ARfK(eK(t)) +AIfJ(eJ (t))

−AJf I(eI(t)) +AKfR(eR(t)),

eν(t−k ) =e
ν(tk), e

ν(t+k )− eν(t−k ) = Γνk (e(tk)),

e(0) =e0, t �= tk, p = 1, 2, . . . , n, (6)

where e(t) = (e1(t), e2(t), . . . , en(t))
T, f(t, e(t)) =

(f1(t, e1(t)), f2(t, e2(t)), . . . , fn(t, en(t)))
T, and

fp(t, ep(t)) = fp(t, ep+h
∗
p)−fp(t, h∗p) (p = 1, 2, . . . , n

and e0 = h0 − h∗).
Theorem 1 Assume that the conditions of Lemmas
2 and 3 hold, and Γνk (h

ν(tk)) = −η(hν(tk) − h∗)
(k = 1, 2, . . . ,m, ζ > 0, and ν ∈ {R, I, J,K}) where
h∗ is the steady state of the impulsive QVNNs (1).

ΦR =
([−MR

1 ,M
R
1

]
+ i

[−M I
1 ,M

I
1

]
+ j

[−MJ
1 ,M

J
1

]
+ k

[−MK
1 ,M

K
1

])
· ([−MR

2 ,M
R
2

]
+ i

[−M I
2 ,M

I
2

]
+ j

[−MJ
2 ,M

J
2

]
+ k

[−MK
2 ,M

K
2

])
· . . . · ([−MR

n ,M
R
n

]
+ i

[−M I
n,M

I
n

]
+ j

[−MJ
n ,M

J
n

]
+ k

[−MK
n ,M

K
n

])
. (4)
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If |1 − δνkp|ζ ≤ 1 and there exists inequality (7) (at
the bottom of this page), where

Āν
pq = aRpqϑ

Rν
q − aIpqϑ

Iν
q − aJpqϑ

Jν
q − aKpqϑ

Kν
q ,

Ãν
pq = aRpqϑ

Iν
q + aIpqϑ

Rν
q + aJpqϑ

Kν
q − aKpqϑ

Jν
q ,

Ǎν
pq = aRpqϑ

Jν
q − aIpqϑ

Kν
q + aJpqϑ

Rν
q + aKpqϑ

Iν
q ,

Âν
pq = aRpqϑ

Kν
q + aIpqϑ

Jν
q − aJpqϑ

Iν
q − aKpqϑ

Rν
q ,

then the impulsive fractional-order QVNN (1) is
Mittag-Leffler stable.
Proof Consider the following Lyapunov function
candidate:

V (t, e(t)) = V1 + V2 + V3 + V4, (8)

where

V1 =

n∑
p=1

ζ−1|eRp (t)|ζ , V2 =

n∑
p=1

ζ−1|eIp(t)|ζ ,

V3 =
n∑

p=1

ζ−1|eJp (t)|ζ , V4 =
n∑

p=1

ζ−1|eKp (t)|ζ .

When t �= tk (k = 1, 2, . . . ,m), calculating the frac-
tional derivatives of V (t, e(t)) along the trajectories
of NNs (3), we can find from Lemma 1 and NNs (3)
that inequality (9) (on the next page) is valid.

Using Lemma 1, we can obtain

|eRp (t)|ζ−1|eRq (t)| ≤ ζ−1

(
(ζ − 1)|eRp (t)|ζεR1

+ |eRq (t)|ζ
1

εR
ζ−1

1

)
,

|eRp (t)|ζ−1|eIq(t)| ≤ ζ−1

(
(ζ − 1)|eRp (t)|ζεR2

+ |eIq(t)|ζ
1

εR
ζ−1

2

)
,

|eRp (t)|ζ−1|eJq (t)| ≤ ζ−1

(
(ζ − 1)|eRp (t)|ζεR3

+ |eJq (t)|ζ
1

εR
ζ−1

3

)
,

|eRp (t)|ζ−1|eKq (t)| ≤ ζ−1

(
(ζ − 1)|eRp (t)|ζεR4

+ |eKq (t)|ζ 1

εR
ζ−1

4

)
.

Substituting the above inequalities into inequal-
ity (9), then we have inequality (10) (on the next
page).

Similar to the proof of DαV1, we can estimate
DαV2, D

αV3, and DαV4, which are omitted here to
save space. As for DαV1, we have inequalities (11)–
(13), shown on page 240.

Adding inequalities (10)–(13), we obtain in-
equality (14) (shown on page 241).

From inequality (7), we can select a positive

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λR = min
1≤p≤n

{
cpζ −

n∑
q=1

(
ĀR

pq

(
(ζ − 1)εR1 + εR

1−ζ

1

)
+ ĀI

pq(ζ − 1)εR2 + ĀJ
pq(ζ − 1)εR3

+ĀK
pq(ζ − 1)εR4 + ÃR

pqε
I1−ζ

1 + ǍR
pqε

J1−ζ

1 + ÂR
pqε

K1−ζ

1

)}
> 0,

λI = min
1≤p≤n

{
cpζ −

n∑
q=1

(
ÃI

pq

(
(ζ − 1)εI2 + εI

1−ζ

2

)
+ ÃR

pq

(
(ζ − 1)εI1

)
+ ÃJ

pq(ζ − 1)εI3

+ÃK
pq(ζ − 1)εI4 + ĀI

pqε
R1−ζ

2 + ǍI
pqε

J1−ζ

2 + ÂI
pqε

K1−ζ

2

)}
> 0,

λJ = min
1≤p≤n

{
cpζ −

n∑
q=1

(
ǍJ

pq

(
(ζ − 1)εJ3 + εJ

1−ζ

3

)
+ ǍR

pq

(
(ζ − 1)εJ1

)
+ ǍI

pq(ζ − 1)εJ2

+ǍK
pq(ζ − 1)εJ4 + ĀJ

pqε
R1−ζ

3 + ÃJ
pqε

I1−ζ

3 + ÂJ
pqε

K1−ζ

3

)}
> 0,

λK = min
1≤p≤n

{
cpζ −

n∑
q=1

(
ÂK

pq

(
(ζ − 1)εK4 + εK

1−ζ

4

)
+ ÂR

pq

(
(ζ − 1)εK1

)
+ ÂI

pq(ζ − 1)εK2

+ÂJ
pq(ζ − 1)εK3 ++ĀK

pqε
R1−ζ

4 + ÃK
pqε

I1−ζ

4 + ǍJ
pqε

K1−ζ

4

)}
> 0.

(7)
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DαV1 ≤
n∑

p=1

|eRp (t)|ζ−1

[
(−cp)|eRp (t)|ζ +

n∑
q=1

aRpq

(
ϑRR
p |eRq (t)|+ ϑRI

p |eIq(t)|+ ϑRJ
p |eJq (t)|+ ϑRK

p |eKq (t)|
)

−
n∑

q=1

aIpq

(
ϑIRp |eRq (t)|+ ϑIIp |eIq(t)|+ ϑIJp |eJq (t)|+ ϑIKp |eKq (t)|

)
−

n∑
q=1

aJpq

(
ϑJRp |eRq (t)|+ ϑJIp |eIq(t)|

+ ϑJJp |eJq (t)|+ ϑJKp |eKq (t)|
)
−

n∑
q=1

aKpq

(
ϑKR
p |eRq (t)|+ ϑKI

p |eIq(t)|+ ϑKJ
p |eJq (t)|+ ϑKK

p |eKq (t)|
)]

=

n∑
p=1

(−cp)|eRp (t)|ζ +
n∑

p=1

n∑
q=1

aRpq|eRp (t)|ζ−1

(
ϑRR
q |eRq (t)|+ ϑRI

q |eIq(t)|+ ϑRJ
q |eJq (t)|+ ϑRK

q |eKq (t)|
)

−
n∑

p=1

n∑
q=1

aIpq|eRp (t)|ζ−1

(
ϑIRq |eRq (t)|+ ϑIIq |eIq(t)|+ ϑIJq |eJq (t)|+ ϑIKq |eKq (t)|

)

−
n∑

p=1

n∑
q=1

aJpq|eRp (t)|ζ−1

(
ϑJRq |eRq (t)|+ ϑJIq |eIq(t)|+ ϑJJq |eJq (t)|+ ϑJKq |eKq (t)|

)

−
n∑

p=1

n∑
q=1

aKpq|eRp (t)|ζ−1

(
ϑKR
q |eRq (t)|+ ϑKI

q |eIq(t)|+ ϑKJ
q |eJq (t)|+ ϑKK

q |eKq (t)|
)

=
n∑

p=1

(−cp)|eRp (t)|ζ +
n∑

p=1

n∑
q=1

(
aRpqϑ

RR
q |eRp (t)|ζ−1|eRq (t)|+ aRpqϑ

RI
q |eRp (t)|ζ−1|eIq(t)|+ aRpqϑ

RJ
q |eRp (t)|ζ−1

· |eJq (t)|+ aRpqϑ
RK
q |eRp (t)|ζ−1|eKq (t)|

)
−

n∑
p=1

n∑
q=1

(
aIpqϑ

IR
q |eRp (t)|ζ−1|eRq (t)|+ aIpqϑ

II
q |eRp (t)|ζ−1|eIq(t)|

+ aIpqϑ
IJ
q |eRp (t)|ζ−1|eJq (t)|+ aIpqϑ

IK
q |eRp (t)|ζ−1|eKq (t)|

)
−

n∑
p=1

n∑
q=1

(
aJpqϑ

JR
q |eRp (t)|ζ−1|eRq (t)|

+ aJpqϑ
JI
q |eRp (t)|ζ−1|eIq(t)|+ aJpqϑ

JJ
q |eRp (t)|ζ−1|eJq (t)|+ aJpqϑ

JK
q |eRp (t)|ζ−1|eKq (t)|

)

−
n∑

p=1

n∑
q=1

(
aKpqϑ

KR
q |eRp (t)|ζ−1|eRq (t)|+ aKpqϑ

KI
q |eRp (t)|ζ−1|eIq(t)|+ aKpqϑ

KJ
q |eRp (t)|ζ−1|eJq (t)|

+ aKpqϑ
KK
q |eRp (t)|ζ−1|eKq (t)|

)
.

(9)

DαV1 ≤
n∑

q=1

{(
aRpqϑ

RR
q − aIpqϑ

IR
q − aJpqϑ

JR
q − aKpqϑ

KR
q

)
(ζ − 1)εR1 +

(
aRpqϑ

RI
q − aIpqϑ

II
q − aJpqϑ

JI
q − aKpqϑ

KI
q

)

· (ζ − 1)εR2 +

(
aRpqϑ

RJ
q − aIpqϑ

IJ
q − aJpqϑ

JJ
q − aKpqϑ

KJ
q

)
(ζ − 1)εR3 +

(
aRpqϑ

RK
q − aIpqϑ

IK
q − aJpqϑ

JK
q

− aKpqϑ
KK
q

)
(ζ − 1)εR4 +

(
aRpqϑ

RR
q − aIpqϑ

IR
q − aJpqϑ

JR
q − aKpqϑ

KR
q

)
εR

1−ζ

1 − cpζ

}
V1

+
n∑

q=1

{(
aRpqϑ

RI
q − aIpqϑ

II
q − aJpqϑ

JI
q − aKpqϑ

KI
q

)
εR

1−ζ

2

}
V2 +

n∑
q=1

{(
aRpqϑ

RJ
q − aIpqϑ

IJ
q − aJpqϑ

JJ
q

− aKpqϑ
KJ
q

)
εR

1−ζ

3

}
V3 +

n∑
q=1

{(
aRpqϑ

RK
q − aIpqϑ

IK
q − aJpqϑ

JK
q − aKpqϑ

KK
q

)
εR

1−ζ

4

}
V4.

(10)
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DαV2 ≤
n∑

q=1

{(
aRpqϑ

IR
q + aIpqϑ

RR
q + aJpqϑ

KR
q − aKpqϑ

JR
q

)
(ζ − 1)εI1 +

(
aRpqϑ

II
q + aIpqϑ

RI
q + aJpqϑ

KI
q − aKpqϑ

JI
q

)

· (ζ − 1)εI2 +

(
aRpqϑ

IJ
q + aIpqϑ

RJ
q + aJpqϑ

KJ
q − aKpqϑ

JJ
q

)
(ζ − 1)εI3 +

(
aRpqϑ

IK
q + aIpqϑ

RK
q + aJpqϑ

KK
q

− aKpqϑ
JK
q

)
(ζ − 1)εI4 +

(
aRpqϑ

II
q + aIpqϑ

RI
q + aJpqϑ

KI
q − aKpqϑ

JI
q

)
εI

1−ζ

2 − cpζ

}
V2 +

n∑
q=1

{(
aRpqϑ

IR
q

+ aIpqϑ
RR
q + aJpqϑ

KR
q − aKpqϑ

JR
q

)
εI

1−ζ

1

}
V1 +

n∑
q=1

{
(aRpqϑ

IJ
q + aIpqϑ

RJ
q + aJpqϑ

KJ
q − aKpqϑ

JJ
q )εI

1−ζ

3

}
V3

+
n∑

q=1

{
(aRpqϑ

IK
q + aIpqϑ

RK
q + aJpqϑ

KK
q − aKpqϑ

JK
q )εR

1−ζ

4

}
V4.

(11)

DαV3 ≤
n∑

q=1

{(
aRpqϑ

JR
q − aIpqϑ

KR
q + aJpqϑ

RR
q + aKpqϑ

IR
q

)
(ζ − 1)εJ1 +

(
aRpqϑ

JI
q − aIpqϑ

KI
q + aJpqϑ

RI
q + aKpqϑ

II
q

)

· (ζ − 1)εJ2 +

(
aRpqϑ

JJ
q − aIpqϑ

KJ
q + aJpqϑ

RJ
q + aJpqϑ

IJ
q

)
(ζ − 1)εJ3 +

(
aRpqϑ

JK
q − aIpqϑ

KK
q + aJpqϑ

RK
q

+ aKpqϑ
IK
q

)
(ζ − 1)εJ4 +

(
aRpqϑ

JJ
q − aIpqϑ

KJ
q + aJpqϑ

RJ
q + aKpqϑ

IJ
q

)
εJ

1−ζ

3 − cpζ

}
V3 +

n∑
q=1

{(
aRpqϑ

JR
q

− aIpqϑ
KR
q + aJpqϑ

RR
q + aKpqϑ

IR
q

)
εJ

1−ζ

1

}
V1 +

n∑
q=1

{(
aRpqϑ

JI
q − aIpqϑ

KI
q + aJpqϑ

RI
q + aKpqϑ

II
q

)
εJ

1−ζ

2

}
V2

+

n∑
q=1

{(
aRpqϑ

JK
q − aIpqϑ

KK
q + aJpqϑ

RK
q + aKpqϑ

IK
q

)
εJ

1−ζ

4

}
V4.

(12)

DαV4 ≤
n∑

q=1

{(
aRpqϑ

KR
q + aIpqϑ

JR
q − aJpqϑ

IR
q + aKpqϑ

RR
q

)
(ζ − 1)εK1 +

(
aRpqϑ

KI
q + aIpqϑ

JI
q − aJpqϑ

II
q + aKpqϑ

RI
q

)

· (ζ − 1)εK2 +

(
aRpqϑ

KJ
q + aIpqϑ

JJ
q − aJpqϑ

IJ
q + aKpqϑ

RJ
q

)
(ζ − 1)εK3 +

(
aRpqϑ

KK
q + aIpqϑ

JK
q − aJpqϑ

IK
q

+ aKpqϑ
RK
q

)
(ζ − 1)εK4 + (aRpqϑ

KK
q + aIpqϑ

JK
q − aJpqϑ

IK
q + aKpqϑ

RK
q )εK

1−ζ

4 − cpζ

}
V4 +

n∑
q=1

{(
aRpqϑ

KR
q

+ aIpqϑ
JR
q − aJpqϑ

IR
q + aKpqϑ

RR
q

)
εK

1−ζ

1

}
V1 +

n∑
q=1

{(
aRpqϑ

KI
q + aIpqϑ

JI
q − aJpqϑ

II
q + aKpqϑ

RI
q

)
εK

1−ζ

2

}
V2

+

n∑
q=1

{(
aRpqϑ

KJ
q + aIpqϑ

JJ
q − aJpqϑ

IJ
q + aKpqϑ

RJ
q

)
εK

1−ζ

3

}
V3.

(13)

constant ξ > 0 such that min(λR, λI , λJ , λK) ≥ ξ >

0. This implies that

DαV (t, e(t)) ≤ −ξV (t, e(t)), for t �= tk. (15)

When t = tk (k = 1, 2 . . . ,m), we obtain

inequality (16) (on the next page).

Therefore, as a consequence of Lemma 4 and
inequalities (15) and (16), it can be concluded that
the impulsive fractional-order QVNN as QVNNs (1)
is Mittag-Leffler stable.
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DαV (t, e(t)) =

n∑
q=1

{
− cpζ + ĀR

pq

(
(ζ − 1)εR1 + εR

1−ζ

1

)
+ ĀI

pq(ζ − 1)εR2 + ĀJ
pq(ζ − 1)εR3 + ĀK

pq(ζ − 1)εR4

+ ÃR
pqε

I1−ζ

1 + ǍR
pqε

J1−ζ

1 + ÂR
pqε

K1−ζ

1

}
V1 +

n∑
q=1

{
− cpζ + ÃR

pq

(
(ζ − 1)εI1

)
+ ÃI

pq

(
(ζ − 1)εI2

+ εI
1−ζ

2

)
+ ÃJ

pq(ζ − 1)εI3 + ÃK
pq(ζ − 1)εI4 + ĀI

pqε
R1−ζ

2 + ǍI
pqε

J1−ζ

2 + ÂI
pqε

K1−ζ

2

}
V2(t)

+
n∑

q=1

{
− cpζ + ǍR

pq

(
(ζ − 1)εJ1

)
+ ǍI

pq(ζ − 1)εJ2 + ǍJ
pq

(
(ζ − 1)εJ3 + εJ

1−ζ

3

)
+ ǍK

pq(ζ − 1)εJ4

+ ĀJ
pqε

R1−ζ

3 + ÃJ
pqε

I1−ζ

3 + ÂJ
pqε

K1−ζ

3

}
V3 +

n∑
q=1

{
− cpζ + ÂR

pq

(
(ζ − 1)εK1

)
+ ÂI

pq(ζ − 1)εK2

+ ÂJ
pq(ζ − 1)εK3 + ÂK

pq

(
(ζ − 1)εK4 + εK

1−ζ

4

)
+ ĀK

pqε
R1−ζ

4 + ÃK
pqε

I1−ζ

4 + ǍJ
pqε

K1−ζ

4

}
V4

≤− λRV1 − λIV2 − λJV3 − λKV4.

(14)

V (t+k , e(t
+
k )) =

n∑
p=1

ζ−1

∣∣∣∣eRp (tk) + ηRkp(e
R
p (tk))

∣∣∣∣
ζ

+

n∑
p=1

ζ−1

∣∣∣∣eIp(tk) + ηIkp(e
I
p(tk))

∣∣∣∣
ζ

+

n∑
p=1

ζ−1

∣∣∣∣eJp (tk) + ηJkp(e
J
p (tk))

∣∣∣∣
ζ

+

n∑
p=1

ζ−1

∣∣∣∣eKp (tk) + ηKkp(e
K
p (tk))

∣∣∣∣
ζ

=
n∑

p=1

ζ−1

∣∣∣∣hRp (tk)− h∗ − δRkp

(
hp(tk)− h∗

)∣∣∣∣
ζ

+
n∑

p=1

ζ−1

∣∣∣∣hIp(tk)− h∗ − δIkp

(
hp(tk)− h∗

)∣∣∣∣
ζ

+
n∑

p=1

ζ−1

∣∣∣∣hJp (tk)− h∗ − δJkp

(
hp(tk)− h∗

)∣∣∣∣
ζ

+
n∑

p=1

ζ−1

∣∣∣∣hKp (tk)− h∗ − δKkp

(
hp(tk)− h∗

)∣∣∣∣
ζ

=
n∑

p=1

ζ−1

∣∣∣∣1− δRkp

∣∣∣∣
ζ∣∣∣∣hRp (tk)− h∗

∣∣∣∣
ζ

+
n∑

p=1

ζ−1

∣∣∣∣1− δIkp

∣∣∣∣
ζ ∣∣∣∣hIp(tk)− h∗

∣∣∣∣
ζ

+
n∑

p=1

ζ−1

∣∣∣∣1− δJkp

∣∣∣∣
ζ∣∣∣∣hJp (tk)− h∗

∣∣∣∣
ζ

+
n∑

p=1

ζ−1

∣∣∣∣1− δKkp

∣∣∣∣
ζ∣∣∣∣hKp (tk)− h∗

∣∣∣∣
ζ

≤V (tk, e(tk)).

(16)

Remark 2 Theorem 1 gives the Mittag-Leffler
stability conditions for the impulsive fractional-order
QVNNs (1). This condition depends on the param-
eters of NNs and the activation functions.
Remark 3 In the past few decades, NNs have
been studied extensively for their wide applica-
tions. Mittag-Leffler stability analysis of RVNNs
and CVNNs has attracted the attention of many re-
searchers. Liu P et al. (2018) introduced a class of
integer-order recurrent NNs with unbounded time-
varying delays. Using the geometrical properties
of non-monotonic activation functions, they showed

that the addressed system has exactly (2Ki + 1)n

equilibrium points, of which (Ki + 1) were locally
asymptotically stable while others were unstable.
Tyagi et al. (2016) provided sufficient conditions for
Mittag-Leffler stability of the equilibrium points for
CVNNs. In this study, sufficient conditions are an-
alyzed to achieve the coexistence and Mittag-Leffler
stability of equilibrium points. The number of equi-
librium points of QVNNs is larger than that of
CVNNs.
Theorem 2 Assume that the conditions of Lemmas
2 and 3 hold, and βν

k (h
ν(tk)) = −δ(hν(tk) − h∗)
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(k = 1, 2, . . . ,m), where h∗ is the steady state of the
impulsive NNs (1). If |1− δνkp| ≤ 1 and there exist

ψR = min
1≤p≤n

[
cp −

n∑
q=1

(
|aRpq|+ |aIpq|+ |aJpq|+ |aKpq|

)

·
(
ϑRR
q + ϑIRq + ϑJRq + ϑKR

q

)]
> 0,

ψI = min
1≤p≤n

[
cp −

n∑
q=1

(
|aRpq|+ |aIpq|+ |aJpq|+ |aKpq|

)

·
(
ϑRI
q + ϑIIq + ϑJIq + ϑKI

q

)]
> 0,

ψJ = min
1≤p≤n

[
cp −

n∑
q=1

(
|aRpq|+ |aIpq|+ |aJpq|+ |aKpq|

)

·
(
ϑRJ
q + ϑIJq + ϑJJq + ϑKJ

q

)]
> 0,

ψK = min
1≤p≤n

[
cp −

n∑
q=1

(
|aRpq|+ |aIpq|+ |aJpq|+ |aKpq|

)

·
(
ϑRK
q + ϑIKq + ϑJKq + ϑKK

q

)]
> 0,

(17)

then the impulsive fractional-order QVNN (1) is
Mittag-Leffler stable.
Proof Consider the following Lyapunov function
candidate:

V (t, e(t)) = V1 + V2 + V3 + V4, (18)

where

V1 =

n∑
p=1

|eRp (t)|, V2 =

n∑
p=1

|eIp(t)|,

V3 =

n∑
p=1

|eJp (t)|, V4 =

n∑
p=1

|eKp (t)|.

When t �= tk (k = 1, 2, . . . ,m), calculating the
fractional-order derivative of V (t, e(t)) along the tra-
jectories of Eq. (3), we obtain inequality (19) (on the
next page).

Similarly, we can obtain inequalities (20)–(22)
(on the next page). Adding inequalities (19)–(22),
we obtain inequality (23) (on the next page).

From inequality (17), we can select a positive
constant ξ > 0 such that min(ψR, ψI , ψJ , ψK) ≥
ξ > 0. This implies that

DαV (t, e(t)) ≤ −ξV (t, e(t)), t �= tk. (24)

When t = tk (k = 1, 2, . . . ,m), we have

V (t+k , e(t
+
k )) =

n∑
p=1

∣∣∣∣eRp (tk) + ηRkp(e
R
p (tk))

∣∣∣∣

+
n∑

p=1

∣∣∣∣eIp(tk) + ηIkp(e
I
p(tk))

∣∣∣∣

+
n∑

p=1

∣∣∣∣eJp (tk) + ηJkp(e
J
p (tk))

∣∣∣∣

+

n∑
p=1

∣∣∣∣eKp (tk) + ηKkp(e
K
p (tk))

∣∣∣∣

=

n∑
p=1

∣∣∣∣hRp (tk)− h∗ − δRkp(hp(tk)− h∗)
∣∣∣∣

+

n∑
p=1

∣∣∣∣hIp(tk)− h∗ − δIkp(hp(tk)− h∗)
∣∣∣∣

+

n∑
p=1

∣∣∣∣hJp (tk)− h∗ − δJkp(hp(tk)− h∗)
∣∣∣∣

+

n∑
p=1

∣∣∣∣hKp (tk)− h∗ − δKkp(hp(tk)− h∗)
∣∣∣∣

=
n∑

p=1

∣∣∣∣1− δRkp

∣∣∣∣ ·
∣∣∣∣hRp (tk)− h∗

∣∣∣∣

+
n∑

p=1

∣∣∣∣1− δIkp

∣∣∣∣ ·
∣∣∣∣hIp(tk)− h∗

∣∣∣∣

+

n∑
p=1

∣∣∣∣1− δJkp

∣∣∣∣ ·
∣∣∣∣hJp (tk)− h∗

∣∣∣∣

+

n∑
p=1

∣∣∣∣1− δKkp

∣∣∣∣ ·
∣∣∣∣hKp (tk)− h∗

∣∣∣∣
≤V (tk, e(tk)).

(25)

Therefore, from Lemma 4 and inequalities (24)
and (25), it can be concluded that the impulsive
fractional-order QVNN as QVNNs (1) is Mittag-
Leffler stable.
Remark 4 In reviewing the existing works
(Wang F et al., 2015; Song et al., 2016a; Wang
LM et al., 2017), fractional-order CVNNs (Wang
F et al., 2015; Wang LM et al., 2017) and
integer-order systems (Song et al., 2016a, 2016b)
have been studied extensively over the last few
decades. Recently, the Mittag-Leffler stability anal-
ysis of fractional-order QVNNs was investigated
by Yang et al. (2018). However, the results on
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DαV1 ≤
n∑

p=1

sgn(eRp (t))D
αeRp (t)

=

n∑
p=1

[(
− cp +

n∑
q=1

(
|aRpq|ϑRR

p + |aIpq|ϑIRp + |aJpq|ϑJRp + |aKpq|ϑKR
p

))
|eRq (t)|+

n∑
q=1

(
|aRpq|ϑRI

p + |aIpq|ϑIIp

+ |aJpq|ϑJIp + |aKpq|ϑKI
p

)
|eIq(t)|+

n∑
q=1

(
|aRpq|ϑRJ

p + |aIpq|ϑIJp + |aJpq|ϑJJp + |aKpq|ϑKJ
p

)
|eJq (t)|

+

n∑
q=1

(
|aRpq|ϑRK

p + |aIpq|ϑIKp + |aJpq|ϑJKp + |aKpq|ϑKK
p

)
|eKq (t)|

]
. (19)

DαV2 ≤
n∑

p=1

[ n∑
q=1

(
|aRpq|ϑIRp + |aIpq|ϑRR

p + |aJpq|ϑKR
p + |aKpq|ϑJRp

)
|eRq (t)|+

n∑
q=1

(
− cp + |aRpq|ϑIIp + |aIpq|ϑRI

p

+ |aJpq|ϑKI
p + |aKpq|ϑJIp

)
|eIq(t)|+

n∑
q=1

(
|aRpq|ϑIJp + |aIpq|ϑRJ

p + |aJpq|ϑKJ
p + |aKpq|ϑJJp

)
|eJq (t)|

+

n∑
q=1

(
|aRpq|ϑIKp + |aIpq|ϑRK

p + |aJpq|ϑKK
p + |aKpq|ϑJKp

)
|eKq (t)|

]
. (20)

DαV3 ≤
n∑

p=1

[ n∑
q=1

(
|aRpq|ϑJRp + |aIpq|ϑKR

p + |aJpq|ϑRR
p + |aKpq|ϑIRp

)
|eRq (t)|+

n∑
q=1

(
|aRpq|ϑJIp + |aIpq|ϑKI

p

+ |aJpq|ϑRI
p + |aKpq|ϑIIp

)
|eIq(t)|+

n∑
q=1

(
− cp + |aRpq|ϑJJp + |aIpq|ϑKJ

p + |aJpq|ϑRJ
p + |aKpq|ϑIJp

)
|eJq (t)|

+

n∑
q=1

(
|aRpq|ϑJKp + |aIpq|ϑKK

p + |aJpq|ϑRK
p + |aKpq|ϑIKp

)
|eKq (t)|

]
. (21)

lDαV4 ≤
n∑

p=1

[ n∑
q=1

(
|aRpq|ϑKR

p + |aIpq|ϑJRp + |aJpq|ϑIRp + |aKpq|ϑRR
p

)
|eRq (t)|+

n∑
q=1

(
|aRpq|ϑKI

p + |aIpq|ϑJIp

+ |aJpq|ϑIIp + |aKpq|ϑRI
p

)
|eIq(t)|+

n∑
q=1

(
|aRpq|ϑKJ

p + |aIpq|ϑJJp + |aJpq|ϑIJp + |aKpq|ϑRJ
p

)
|eJq (t)|

+
n∑

q=1

(
|aRpq|ϑKK

p + |aIpq|ϑJKp + |aJpq|ϑIKp + |aKpq|ϑrKp
)
|eKq (t)|

]
. (22)

DαV (t, e(t)) ≤− min
1≤p≤n

[
cp −

n∑
q=1

(
|aRpq|+ |aIpq|+ |aJpq|+ |aKpq|

)(
ϑRR
q + ϑIRq + ϑJRq + ϑKR

q

)]
V1

− min
1≤p≤n

[
cp −

n∑
q=1

(
|aRpq|+ |aIpq|+ |aJpq|+ |aKpq|

)(
ϑRI
q + ϑIIq + ϑJIq + ϑKI

q

)]
V2

− min
1≤p≤n

[
cp −

n∑
q=1

(
|aRpq|+ |aIpq|+ |aJpq|+ |aKpq|

)(
ϑRJ
q + ϑIJq + ϑJJq + ϑKJ

q

)]
V3

− min
1≤p≤n

[
cp −

n∑
q=1

(
|aRpq|+ |aIpq|+ |aJpq|+ |aKpq|

)(
ϑRK
q + ϑIKq + ϑJKq + ϑKK

q

)]
V4. (23)
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impulsive fractional-order QVNNs have not been dis-
cussed to date. In light of this, we have analyzed
the Mittag-Leffler stability of multiple equilibrium
points for the impulsive fractional-order QVNNs us-
ing the Lyapunov direct method, which is much more
complicated than that of CVNNs.

4 Numerical simulations

In this section, simulation results are given to
illustrate the efficiency of the impulsive fractional-
order QVNNs.
Example 1 Consider the following impulsive
fractional-order QVNN:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D0.9h1(t) = −c1h1(t) + a11f1(h1(t))

+ a12f2(h2(t)) +R1,

Δhp(tk) = δk1(h1(tk)− h∗),

D0.9h2(t) = −c2h2(t) + a21f1(h1(t))

+ a22f2(h2(t)) +R2,

Δhp(tk) = δk2(h2(tk)− h∗),

(26)

where k = 1, 2, . . . ,m, p = 1, 2, . . . , n, f1(h1(t)) =

f2(h2(t)) = tanh(t), a11 = 8.6 + 0.12i− 0.5j + 1.2k,
a12 = 0.4 + 0.36i + 0.5j + 0.04k, a21 = 0.3 − 0.1i +

0.25j + 0.42k, a22 = 6 + 0.25i + 0.1j + 0.2k, R1 =

0.5+ 0.4i− 0.6j+ 0.6k, R2 = 0.7− 1.1i+ 0.4j− 1.4k,
c1 = c2 = 4.5, ϑν1ν21 = ϑν1ν22 = 0.01, and ν1, ν2 ∈
{R, I, J,K}. Calculation shows that inequality (7)
in Theorem 1 is satisfied with p = 1, 2 and q = 1, 2.
Consequently, QVNN (26) is Mittag-Leffler stable.
Fig. 1 shows the trajectories of QVNN (26) with
different initial values.
Example 2 Consider the following impulsive
fractional-order QVNN:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D0.7h1(t) = −c1h1(t) + a11f1(h1(t))

+ a12f2(h2(t)) +R1,

Δhp(tk) = δk1(h1(tk)− h∗),

D0.7h2(t) = −c2h2(t) + a21f1(h1(t))

+ a22f2(h2(t)) +R2,

Δhp(tk) = δk2(h2(tk)− h∗),

(27)

where k = 1, 2, . . . ,m, p = 1, 2, . . . , n, f1(h1(t)) =

f2(h2(t)) = exp(−t2), a11 = 6.3 + 0.1i− 0.2j + 1.4k,
a12 = 0.8 + 0.6i + 0.1j + 0.001k, a21 = 0.3 +

0.3i − 0.12j + 0.4k, a22 = 4.9 − 0.32i + 0j + 0.25k,
R1 = 0.9 + 0.8i + 0.5j + 0.4k, R2 = 1.7 − 2.1i +
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Fig. 1 Trajectories of state variables hR(t) (a), hI(t)

(b), hJ(t) (c), and hK(t) (d) in Example 1 with α =

0.9 and tk = 0.02k

0.4j + 1.4k, c1 = c2 = 5.5, ϑν1ν21 = ϑν1ν22 = 0.01

and ν1, ν2 ∈ {R, I, J,K}. Calculation shows that in-
equality (7) in Theorem 1 is satisfied with p = 1, 2

and q = 1, 2. Consequently, QVNN (27) is Mittag-
Leffler stable. Fig. 2 shows that the trajectories of
QVNN (27) are Mittag-Leffler stable with different
initial values.

5 Conclusions

In this study, we investigated the Mittag-Leffler
stability analysis of multiple equilibrium points
for fractional-order QVNNs with an impulse term.
By employing the non-commutative property of
quaternion multiplication, QVNNs were converted
into four RVNNs. According to the definition of the
activation functions, the existence of equilibrium
points was also analyzed. Sufficient conditions were
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Fig. 2 Trajectories of state variables hR(t) (a), hI(t)

(b), hJ(t) (c), and hK(t) (d) in Example 2 with α =

0.7 and tk = 0.02k

derived to assure the Mittag-Leffler stability of
multiple equilibrium points for QVNNs. Simulation
results validated our theoretical solutions.
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