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INTRODUCTION
Electromagnetic crystal structures (ECSs) offer
the opportunity to control and manipulate electromagnetic wave propagation as a result of their being
formed from small-scale periodic geometric structures. This detailed microscopic configuration can be
designed to cause the material (macroscopically) to
exhibit either effective permittivity or permeability
that is negative over a finite frequency range. This
modifies the dispersion relation of electromagnetic
waves and a band structure with a bandgap occurs in
the case of electromagnetic band gap (EBG) structures (also called photonic band gap (PBG) structures). Such materials offer pass and stop bands to
electromagnetic waves in the same way semiconductors offer these properties to electrons. Its application to antennas and RF passive components includes the suppression of surface waves, the construction of perfect magnetic conducting (PMC)
*
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planes and antenna gain enhancement. Highlights of
this work at Queen Mary College, University of
London include characterization and application of
anisotropic properties in EBG (Hao and Parini, 2002);
antenna beam shaping using Fabry-Perot like EBG
cavity (Zhao et al., 2005); mobile antenna efficiency
improvement using embedded uniplanar-compact
(EUC) EBG structures (Hao et al., 2004; Hao and
Parini, 2003).
Left-handed materials (LHMs) are man-made
engineering composites that, over a certain frequency
band, exhibit electric permittivity and magnetic permeability which are both negative. This was theoretically predicted by Veselago (1968), who showed
that LHMs exhibit anti-parallel nature in electromagnetic wave propagation and Poynting vectors.
This is in contrast to conventional materials that
normally carry electromagnetic wave energy in the
same direction as they propagate and adhere to the
so-called right-hand rule. Exciting possible electrodynamic properties for LHMs, such as reverse Doppler shift, Cherenkov radiation and inverse Snell effect, were identified. However, Veselago’s idea was
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forgotten because of the non-availability of realisable
materials at that time. Recently, Pendry et al.(1999)
demonstrated that materials with an array of split ring
resonators (SRRs) produce negative permeability
over certain frequency bands. Combining a
two-dimensional (2D) array of SRRs interspersed
with a 2D array of wires, to give negative permittivity,
Smith et al.(2000) demonstrated for the first time the
practical existence of LHMs. Although the doubts
raised by some researchers about the existence of
LHM has been answered by Smith et al.(2000), many
questions remain concerning the effectiveness (Garcia and Nieto-Vesperinas, 2002) and applications for
LHMs. Current LHM realisations are formed from
periodic structures, as are EBG and frequency selective structures (FSSs). This naturally leads one to
question whether all EBGs can be capable of exhibiting negative refraction phenomenon and if so, what
are the necessary conditions that have to be maintained.
In this paper, numerical modelling of LHMs is
presented. Approaches used include finite-difference
time-domain (FDTD), finite element method (FEM)
and method of moments (MoMs). Numerical simulation includes verification of negative refraction and
“perfect lenses” construction; investigation of evanescent wave behaviour in layered LHMs; reversed
Snell’s Law in EBG-like LHMs and construction of
LHMs using modified SRRs. Numerical results were
verified to be in good agreement with theory. At the
end of this paper, potential applications of LHMs in
microwave engineering are discussed.
DISPERSIVE FDTD MODELLING
The FDTD method, one of the most popular
numerical methods in computational electromagnetics, was put forward by Yee (1966) and refined by
many researchers in recent years. Significant research
topics in this area include conformal FDTD (Hao and
Railton, 1998), dispersive FDTD (Lu et al., 2004)
absorbing boundary conditions (ABCs), etc. It is
important that FDTD modelling of LHMs must rely
on dispersive FDTD since simultaneous negative
values of permittivity and permeability can be realized only when there is frequency dispersion (Veselago, 1968). This can be seen from the relation between energy density W and electrical field E and
magnetic field H.
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W=εE2/2+µH2/2.

(1)

If both ε and µ are negative in value, and are nondispersive, the total energy would be negative in this
case, which will break the normal law of energy.
When there is frequency dispersion, Eq.(1) must be
replaced by
1  ∂[ε (ω )ω ] 2 ∂[ µ (ω )ω ] 2 
E +
H .
W= 
∂ω
2  ∂ω


(2)

In order for the energy density W given by Eq.(2)
to be positive, it is required that ε and µ must satisfy
constraints:
d[ε (ω )ω ]
> 0,
dω
d[ µ (ω )ω ]
> 0.
dω

(3)
(4)

Following this rule, ε and µ can be defined in
isotropic, lossy and cold plasma medium models (Hao
and Railton, 1998).
2


ω pe
ε (ω )=ε 0 1 −
,
 ω (ω − jν e ) 

(5)

2


ω pm
µ (ω )=µ 0 1 −
,
 ω (ω − jν m ) 

(6)

where ωpe is the electronic plasma frequency, ωpm is
the magnetic plasma frequency. νe is electric collision
frequency and νm is magnetic collision frequency. We
only consider TM excitation in 2D dispersive FDTD
simulation. From the equivalent TM set of Ez, Hx and
Hy, combining the frequency-domain constitutive
relationship, Dˆ =εˆ Eˆ and Bˆ =µˆ Hˆ , we rewrite Maxwell’s equations as follows:
∂Dz / ∂t =∂H y / ∂x − ∂H x / ∂y ,
2


ω pe
Dz =ε 0 1 −
 Ez ,
 ω (ω − jν e ) 
∂Bx / ∂t = − ∂Ez / ∂y,



Bx =µ 0 1 −
 Hx,
 ω (ω − jν m ) 
2
ω pm

(7)
(8)
(9)
(10)
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∂By / ∂t =∂Ez / ∂x,

(11)

2


ω pm
By =µ0 1 −
 Hy.
 ω (ω − jν m ) 

(12)

Since multiplications of jω in the frequency
domain are equivalent to time derivatives in the time
domain, Eqs.(8), (10) and (12) can be modified into
the following second-order differential equations:
∂ 2 Dz
∂t 2
∂ 2 Bx
∂t 2
∂ 2 By
∂t 2

+ν e

∂Dz
∂ 2 Ez
∂E
2
Ez
=ε 0
+ε 0ν e z +ε 0ω pe
2
∂t
∂t
∂t

+ν m

∂Bx
∂2 H x
∂H x
2
=µ 0
+µ 0ν m
+µ0ω pm
H x (14)
2
∂t
∂t
∂t

+ν m

∂By
∂t

=µ0

∂2 H y
∂t 2

+µ0ν m

(13)

∂H x
2
H y (15)
+µ0ω pm
∂t

Then Eqs.(7), (9) and (12) are discretised on the
standard Yee’s lattice, along with discretization of
Eqs.(13)~(15) approximated by the second-order
central differences, yielding a group of iteration
equations, which can be used in the modelling of
LHMs (Lu et al., 2004).

“PERFECT LENS” FDTD SIMULATION
Veselago (1968) and Pendry (2000) show that
LHMs focus light “perfectly” even when it is in the
form of a parallel-sided slab, which is different from
that of a conventional classic lens. This idea was
verified by Ziolkowski and Heyman (2001) using
FDTD technique, in which only far field imaging
from LHM was presented, although the effect from
surface wave loss was not tackled. Such effects will in
fact degrade the ‘perfection’ of flat lens constructed
by LHM, particularly when the near field imaging is
studied. Feise et al.(2002) performed some calculations using the macroscopic Maxwell equations on
the behaviour of evanescent waves in LHM. It was
shown that a ‘vanishing transition layer’ between an
LHM slab and free space can give the ideal case with
perfect construction of a point source. Ramakrishna
and Pendry (2002) were the first to reveal that a thin
LHM slab can be used to enhance the amplitude of
evanescent waves in near field imaging. Their idea
was then further developed into a multilayer stack of

thin alternating layers of conventional active materials and lossy LHM which transports evanescent
waves over large stack thickness at the frequency of
visible light (Ramakrishna and Pendry, 2002;
Shamonina et al., 2001). The theoretical prediction
was verified using negative-refractive-index transmission-line media (Grbic and Eleftheriades, 2003).
Lu et al.(2004) attempted to show with modelling that
evanescent wave losses can reduce the quality of the
image when a source point is close to an LHM lens,
and then attempted to show with modelling that alternately layered stacks of positive and negative dielectrics can be used to reduce surface wave losses.
More discussion on why such a structure seems
to guide the evanescent wave, and on the nature and
quality of the created image will be very interesting.
The results will certainly help to validate the feasibility of using macroscopic ε and µ in LHM numerical
modelling, which was questioned in (Feise et al.,
2002). Our view is that given sufficient resolution,
dispersive FDTD can successfully predict evanescent
wave effects on the quality of imaging from conventional single-layer LHM slab, and show how it guides
evanescent waves in the multilayer structure at microwave frequencies.
In our simulation, a continuous-wave (CW)
point source of Ez field at 30 GHz was used. Other
parameters were set as

ωpe =ωpm = 2ω0 , ν e =ν m =0 .
At resonant frequency ω0,

ε r (ω0 )=µr (ω0 )= − 1 .
It is known that planar antenna design uses a thin
dielectric substrate to reduce surface wave loss.
Ramakrishna and Pendry (2002) applied the idea in
LHM for near-field imaging and revealed that a thin
slab enhances the evanescent waves, which are usually decayed exponentially in amplitude in its
propagation directions. Current studies on evanescent
wave behavior in LHMs are largely based on analytical or the transfer matrix method (TMM) (Ramakrishna and Pendry, 2002). Regarding FDTD modelling, there is strong indication in (Feise et al., 2002)
that the use of macroscopic ε and µ may not be appropriate at the interface of the forward-wave and
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backward wave materials, hence a transition layer
which is much thinner than the free space wavelength
is needed for ideal construction of a point source.
Here we apply dispersive FDTD program for modelling evanescent wave behavior in a thin layer LHM
slab, and show the feasibility of using macroscopic
representation of ε and µ and the numerical accuracy
against spatial discretization resolution in LHM
FDTD modelling. Fig.1 presents FDTD simulation
results showing near field image in a thin LHM slab
with width of λ/10 and height of 3λ. The cell size in
FDTD space was λ/80. It can be seen in Fig.1 that
evanescent wave attenuates very rapidly at the left
hand side of the slab, but is amplified within the thin
slab before merging with a near image at the right
hand side of the slab. Both object and image planes
are marked in Fig.1. The condition for existence of
this phenomenon is that refractive index n=−1 at the
operating frequency to ensure exciting of plasmon
modes. The result verified that evanescent wave
propagation should satisfy the Maxwell’s equations
and can be numerically represented using FDTD, and
that no additional layer is required in LHM modelling
as suggested in (Feise et al., 2002). Fig.2 shows how
evanescent wave propagates without attenuation
through layered LHMs structures using a dispersive
FDTD approach.

HFSS MODELLING OF EBG-LIKE STRUCTURE
FOR NEGATIVE REFRACTIONS
AnsoftTM HFSS is based on FEM and extremely efficient when modelling curved electromagnetic
structures. However, as the software is not capable of
0.7
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specifying dispersive permittivity and permeability in
materials, it is impossible to apply it in the “perfect
lens” modeling mentioned above. In our study, HFSS
was used to verify negative refractions from EBGlike structures and proved to be very effective. Current LHM realisations are formed from periodic
structures, as are EBG and FSSs. This naturally leads
one to question whether all ECS can be capable of
exhibiting negative refraction phenomenon and if so,
what are the necessary conditions that have to be met.
In (Luo et al., 2003), all angle negative refractions
were identified from metallic photonic crystals.
Negative refraction is also observed from a metallic
photonic structure at frequencies near the stop band
(Parimi et al., 2004). Hao et al.(2003) pointed out that
spatial harmonics may affect the characterisation of
LHMs and sometimes enhance negative refractions in
EBG-like structures.
In the regime of microwave applications, it is not
always true that the spacing of the periodic structure
is much less than the operating wavelength. In most
photonic band gap applications and backward wave
radiating structures, we can see that the period is
comparable to the operating wavelength and hence
our study yields insight into how we can effectively
predict negative refraction from such EBG-like
structures. Our approach is to analyse the entire finite
periodic structure as a cell so that the effects of spatial
harmonics will be considered. The dispersion diagram can be obtained from calculated S parameters. A
detailed procedure for finding out dispersion behaviour from S parameters is discussed in (Collin, 1966).
In order to get negative refraction at a specific frequency, the propagation constant at that frequency
point should be negative (β<0) so that electromagnetic
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Fig.1 Demonstration of near field imaging simulated by
dispersive FDTD: The ray diagram confirms reversing
Snell’s Law
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Fig.2 Dispersive FDTD simulation of near field intensity through multilayered LHMs structure with refractive index n=−1. Cell=wavelength/220
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PLANAR LHMS MODELLING
Planar structures have advantages of easy fabrication, low profile and low costs. The structure
presented in Fig.5 consists of SRRs and wires on a
printed circuit board with ground plane (thickness
1.524 mm and εr=3). This structure can be modeled
ideally using Momentum from Agilent Technologies.
We adopted a 2D structure consisting of 10×5 unit
cells which are about 3.4 mm×3.4 mm each, with the
length of the thin copper wires being about 20 mm.

0
−10
S(2,1) (dB)

wave propagating in such a structure can have a
negative phase velocity, and at the same time the
propagating wave should also show a positive group
velocity (positive slope in the dispersion diagram).
Therefore the structure will exhibit negative refraction and backward radiation. Our analysis found that a
periodic structure can give rise to negative refraction
at some specific frequency which can be determined
from the dispersion diagram obtained. Our simulation
showed that when the number of elements in the
structure increases, high order spatial harmonics are
excited and the dispersion behaviour of the whole
structure will change. In this paper, we assume that
the loss of structure in the numerical analysis is very
small and hence negligible.
Firstly, we considered an EBG-like structure
consisting of metallic wires of radius 0.63 cm and
height 1.26 cm. We set the period of this structure as
1.46 cm and hence the radius is set to the period ratio
r/a=0.43. The wires are arranged in prism shape with
12 elements in the base and vertical sides respectively.
A focus beam obtained from a rectangular dielectric
waveguide, with each side having the same length of
5 mm, was used as the incident field. When the wave
is emitted from the structure, refraction should occur
at the edge of the prism. The dispersion diagram obtained for the structure is shown in Fig.3b and the
transmission coefficient S(2,1) obtained for the
structure is given in Fig.3a, in which a clear band gap
can be seen at around 7.44~8.77 GHz. The dispersion
diagram (Fig.3b) shows that there is positive refraction at 5.4 GHz and negative refraction at 5.7 GHz;
these were validated by numerical simulation using
AnsoftTM HFSS. We can see the wave-propagation
direction turns to the positive side at 5.4 GHz and to
the negative side at 5.7 GHz (Fig.4).
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Fig.3 HFSS simulation results on an EBG-like structure. (a) Transmission coefficient; (b) Dispersion diagram
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Fig.4 Field plot from HFSS simulation indicating both
negative and positive refraction at different frequencies
in a prism EBG-like structure. (a) Positive refraction at
2.9 GHz; (b) Negative refraction at 7.6 GHz

The width of metal strips in SRRs and metal wires
was 0.25 mm; the gap between inner and outer rings
was 0.38 mm. The period of SRRs was about 4.2 mm.
Fig.6 shows that the transmission was increased due
to the negative refractive index at frequency range
9~9.45 GHz where the dispersion curve shows negative phase velocity and positive group velocity (Fig.7a)

Hao / J Zhejiang Univ SCIENCE A 2006 7(1):34-40

39

4

βL

2

(a)

0
−2
−4
8.0

9.0

10.0

10.5

10.0

10.5

Frequency (GHz)

(a)
4

(b)
2

βL

Fig.5 (a) SRRs with metal wires for LHMs structure;
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Fig.6 Transmissions comparison between SRRs with
metal wires, SRRs only and wires only structures
Curve 1: metal wires; Curve 2: SRRs only structures;
Curve 3: wires only structures

for LHMs. For SRRs only structure (Fig.7b), it has
plasma frequency of around 8.8 GHz but strong attenuation is shown at 9~9.45 GHz frequency band.
Fig.7 shows that negative dispersion also occurs for
SRRs only structure in some extremely narrow frequency bands from 8.3 GHz to 8.9 GHz. In our view,
this is because in SRRs only structure, spatial harmonics contribution is more significant and gives rise
to negative refraction for narrow frequency bands
only. From the simulation we can notice that transmission of structure with SRR alone is enhanced by
including wires. This can be explained by the fact that
when wires are included, the effect of higher order
spatial harmonics is reduced by decreasing d and
hence increased λ0/d value.

LHMS APPLICATIONS AND DISCUSSION
It is known that near field LHMs lenses may be
used to see tiny structures like atoms since evanescent
waves excited can be amplified and guided through
layered structures. Apart from this, LHMs application
in microwave and antenna engineering is not very
clear. In our view, LHM may act as artificial PMC
ground plane and may also be used for construction of
TEM rectangular waveguides due to its property of
inversed Snell’s Law. Layered LHMs used for evanescent wave amplification also show no phase delay
over a distance, which may be applied in broadband
radar system design.
In conclusion, dispersive FDTD is a reliable tool
that can be used to investigate the properties of LHMs,
which are dispersive in nature, and is particularly
critical as LHMs are currently not available in practice. Therefore, dispersive FDTD code can be used to
predict novel applications which LHMs may bring
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into electromagnetics, microwave and antenna engineering. Commercial software packages, such as
HFSS and Momentum, have been used to simulate
EBG-like structures and SRR-wire structures. Simulation results indicate that negative refraction may be
observed from EBG-like structures and that spatial
harmonics may narrow LHMs bandwidth. Experimental verification will be carried out in our future
work.
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