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Abstract: Rough set theory plays an important role in knowledge discovery, but cannot deal with continuous attributes, thus
discretization is a problem which we cannot neglect. And discretization of decision systems in rough set theory has some particular
characteristics. Consistency must be satisfied and cuts for discretization is expected to be as small as possible. Consistent and
minimal discretization problem is NP-complete. In this paper, an immune algorithm for the problem is proposed. The correctness
and effectiveness were shown in experiments. The discretization method presented in this paper can also be used as a data pretreating step for other symbolic knowledge discovery or machine learning methods other than rough set theory.
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INTRODUCTION
As a new effective mathematical tool to deal
with vagueness and uncertainty, the rough set theory
was first proposed by Pawlak in 1982. Theoretical
research on rough set theory is characterized by many
achievements (Dai, 2004b; 2005; Dai et al., 2004). In
recent years rough set theory has been successfully
applied in many fields such as machine learning,
pattern recognition, decision support and data mining.
But rough set theory cannot deal with continuous
attributes although a very large proportion of real
datasets include continuous variables. One solution to
this problem is to partition numerical variables into a
number of intervals and treat each interval as a category. This process of partitioning continuous variables into categories is usually termed discretization.
Discretization in rough set theory has new content
when considering indiscernibility relation. Generally
*
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speaking, we should seek possibly minimum number
of discrete intervals, and at the same time should not
weaken the indiscernibility ability. In other words, we
want to get consistent and minimum discretization.
Dai (2004a) presented a genetic algorithm for the
problem.
Immune algorithm (IA) (Chun et al., 1997; 1998)
is a new optimization algorithm imitating the immune
system to solve many problems in the real world. In
this paper, we propose an immune algorithm for discretization of decision systems in rough set theory.

DESCRIPTION OF DESCRETIZATION BASED
ON ROUGH SET THEORY
Let S=<U, A∪d, V, f> be a decision system,
while U={x1, x2, …, xn} is objects set, A={a1, a2, …,
ak} is condition attributes set, d is decision attribute.
For any a∈A, there is information mapping U→Va,
where Va is the value domain. We assume Va=[la, ra]
⊂ú. We also assume that S is a consistent decision
system in this paper.
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Definition 1 Any pair (a, c), where a∈A and c∈ú,
defines a partition of Va into left-hand-side and
right-hand-side interval. And the pair (a, c) is called a
cut on Va.
Let us fix an attribute a∈A. Any set of cuts
Da={(a, c1a), (a, c2a), …, (a, ckaa )},

(1)

where ka∈ù, and la=c0a<c1a<c2a<…< ckaa < ckaa +1 =ra,
defines a partition on Va into sub-intervals, i.e.,
Va =[c0a, c1a]∪[c1a, c2a] ∪…∪ [ ckaa , ckaa +1 ].

(2)

So, any set of cuts on condition attributes
D= ∪ Da transforms the original decision system S
a∈ A

into discrete decision system SD=<U, A∪d, VD, fD>,
where fD(xa)=i⇔f(xa)∈[cia, cia+1 ], x∈U, i∈{0, 1, …,
ka}. After discretization, the original decision system
is replaced with the new one. And different sets of
cuts will construct different new decision systems.
It is obvious that discretization process is associated with loss of information. Usually, the task of
discretization is to determine a minimal set of cuts
from a given decision system and keeping the discernibility between objects. And the rationality of the
selected cuts can be evaluated by the following criteria (Nguyen, 1997; 1998):
(a) Consistency. For any objects u, v∈U, satisfying: if (u, v are discerned by A) then (u, v are discerned by D).
(b) Minimum. There is no D′⊂D, satisfying the
consistency.
(c) Optimality. For any D′ satisfying consistency,
it follows that card(D)≤card(D′), then D is optimal
cut.
Theorem 1
Optimal Discretization Problem is
NP-complete (Nguyen, 1997).
IMMUNE ALGORTIHM FOR DISCRETIZAION
OF DECISION SYSTEMS IN ROUGH SET
THEORY
Immune algorithm (IA) is a kind of effective
searching and optimizing technique and has been
applied to various fields. The immune system is a
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basic defense system against bacteria, viruses and
other disease-causing organisms and has dramatic and
complex mechanisms that recombine genes to cope
with the invading antigens, producing antibodies
against antigens. By using this mechanism, IA performs well as an optimization algorithm. We design
an immune algorithm for optimal discretization
problem mentioned above.
Frame of algorithm:
determine candidate cuts
construct the new decision table S*=<U*, R*, V*,
f*> from the original decision table S=<U,
A∪d, V, f>
initialize the antigen and antibodies pop(t);
t=1;
while (not terminate) do
{
work out the affinities between antigen and
antibodies in pop(t);
work out the affinities between antibodies and
the density values in pop(t);
change memory cells mem(t);
crossover pop(t) ;
mutate pop(t);
t=t+1;
}
The antigen and antibody of any immune system
correspond to objective function and optimal solution
of immune algorithm respectively. Memory cells
mem(t) constitute a part of the population pop(t).
Determination of candidate cuts
Let S=<U, A∪d, V, f> be a decision system. An
arbitrary condition attribute a∈A, defines a sequence
v1a < v2a < ... < vnaa , where {v1a , v2a ,..., vnaa } = {a(x):x∈U},
then the set of all possible cuts on a is defined by:
a
a
 v + v2
Ca =  a, 1
2


  v2a + v3a
 ,  a,
2
 

a
a
  vna −1 + vna
,...,
 
2
 

 
  .(3)

 

The set of possible cuts on all attributes is denoted by:
C A = ∪ Ca .
a∈ A

(4)
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Definition 2 Let us assume that the objects in U are
sorted in ascending order over the values of a, (a, c) is
a cut of a, (a, c) is called a bound cut if and only if the
following are satisfied:
(1) ∃xi, xj∈U, d(xi)≠d(xj), satisfying a(xi)<c<
a(xj);
(2) There is no x∈U between xi and xj, satisfying
a(xi)<a(x)<a(xj).
Theorem 2 Let S be a decision system, assuming
that the set of bound cuts of cuts CA defined by Eq.(2)
is BCA, BCA can discern all the objects from different
decision classes.
Based on Theorem 2, we get the candidate cuts
BCA constituting the set of all the bound cuts in CA.
The Theorem 2 details can be found in (Dai and Li,
2002).
Construct the new decision table S* from S
Let S=<U, A∪d, V, f> be a decision system, and
construct the new decision system S*=<U*, BCA, V*,
f*> by the following:
U*={(xi, xj)∈U×U|d(xi)≠d(xj)}
BCA={Pra|a∈A}, Pra is the rth bound cut (a, cra)
on attribute a
For any Pra, if cra∈{min[a(xi), a(xj)], max[a(xi),
a(xj)]}, then f*(Pra, (xi, xj))=1,
else f*[Pra, (xi , xj)]=0
To describe the procedure above clearly, we
discuss an example decision table (Table 1) in which
the condition attribute set C={a1, a2} and the decision
attribute is d. It is easy to find that the two condition
attributes must be discretized.
Table 1 A decision system
U
x1
x2
x3
x4
x5
x6
x7

a1
0.8
1.0
1.3
1.5
1.4
1.6
1.3

a2
2
0.5
3
1
2
3
1

d
1
0
0
1
0
1
1

Based on the discussion above, we can get the
possible cuts and the candidate cuts as follows:
CA={(a1, 0.9), (a1, 1.15), (a1, 1.35), (a1, 1.45), (a1,
1.55), (a2, 0.75), (a2, 1.5), (a2, 2.5)},

BCA={(a1, 0.9), (a1, 1.15), (a1, 1.35), (a1, 1.45),
(a2, 0.75), (a2, 1.5), (a2, 2.5)}.
By using the candidate cuts BCA, we get the new
decision table (see Table 2) from the original decision
system (Table 1).
Table 2 The new decision table for Table 1
*

U

P1a1

P2a1

P3a1

P4a1

P1a2

P2a2

P3a2

(x1, x2)
(x1, x3)
(x1, x5)
(x2, x4)
(x2, x6)
(x2, x7)
(x3, x4)
(x3, x6)
(x3, x7)
(x4, x5)
(x5, x6)
(x5, x7)

1
1
1
0
0
0
0
0
0
0
0
0

0
1
1
1
1
1
0
0
0
0
0
0

0
0
1
1
1
0
1
1
0
0
0
1

0
0
0
1
1
0
1
1
0
1
1
0

1
0
0
1
1
1
0
0
0
0
0
0

1
0
0
0
1
0
1
0
1
1
0
1

0
1
0
0
1
0
1
0
1
0
1
0

Representation of antibodies
To calculate the minimal cuts is to find the
minimal subset maintaining the discretization ability
of the whole N candidate cuts. It is easy to represent
an antibody as a binary string of length N, where N is
the number of candidate cuts, i.e. N=card(BCA). 1
means that the corresponding attribute is present, and
0 means it is not.
Taking Table 2 as an example, we have 7 candidate cuts {P1a1 , P2a1 , P3a1 , P4a1 , P1a2 , P2a2 , P3a2 } i.e. {(a1,
0.9), (a2, 1.15), (a1, 1.35), (a1, 1.45), (a2, 0.75), (a2,
1.5), (a2, 2.5)}. Antibody 0111010 represents the
determined cuts set as follows:
D={(a1, 1.15), (a1, 1.35), (a1, 1.45), (a2, 1.5)}
Computing of affinities and densities
Let Abk=<Abk1, Abk2, …, AbkN> be an antibody,
where Abkl=0 or 1, l=1,2,…,N. Then the affinity between Abi and Abj is defined as:
 N

Aff ( Abi ,Ab j ) = 1 −  ∑ | Abin − Ab jn |  / N .
 n =1


(5)

According to the definition of optimal discretization, we know that the fitness function depends on
the number of cuts (which we wish to keep as low as
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possible) and the consistency (which we wish to keep
as high as possible). So, we can define the affinity
between antigen Ag and an antibody Abk as:
N
DAbk


Aff Ag ( Abk ) = α ⋅  N − ∑ Abkn  / N + β ⋅
, (6)
card (U * )
n =1



where Abkn is the nth bit of antibody Abk, DAbk is the
objects pairs set discerned by antibody Abk, card(U*)
is the number of the objects pairs in the new decision
system S*, α and β are weight factors. Based on the
definition of the affinity between antigen and antibodies, we can define the density Den(Abk) of an
antibody Abk as
Den ( Abk ) =

card ({ Abl | Aff ( Abk , Abl ) ≥ µ})
, (7)
# antibodies

i.e., the proportion of the antibodies Abl satisfying
Aff(Abk,Abl)≥µ, l=1,2,…,#antibodies, 0.8≤µ≤1, to the
whole antibody population.
Crossover and mutation
We use classical, one-point crossover process
that affects antibody selected to reproduce with
probability of Pc.
We use strategy self-adaptive mutation rate in
mutation process. By this strategy, we use a higher
probability of mutating from “1” to “0” than that in
the opposite direction, since our goal is minimal discretization.
Let ci be an antibody. We define ones(c) is the
number of “1” in ci. And we define the mutation rate
of an antibody cj as:
mp j = ones( c j ) /

popsize

∑
i =1

ones( ci ) ,
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same time not weaken the indiscernibility ability. In
this section, we will make comparative experiment
between our algorithm and Nguyen (1997)’s method.
From Table 1’s decision system, we get the following result cuts by Nguyen’s method:
D={(a1, 1.15), (a1, 1.35), (a1, 1.45), (a2, 1.5)}.
The resulting 4 cuts and the discretized result are
shown in Table 3.
Table 3 The discretized result of Table 1 by Nguyen’s
method
U
a1
a2
d
x1
0
1
1
x2
0
0
0
x3
1
1
0
3
0
1
x4
2
1
0
x5
x6
3
1
1
1
0
1
x7

We also discretized Table 1’s decision system by
our method. The number candidate cuts determined
the string length as 7. The population size, the size of
memory cells, the parameter µ and the crossing-over
rate Pc were 20, 5, 0.9 and 0.7 respectively. The
weight factors were set as 1 and 2.5 respectively. The
algorithm stops when there was no variation of the
average fitness in certain number of generations. In
the experiment, the antibodies all tended to be identical (0101010) and the corresponding cuts set was:
D={(a1, 1.15), (a1, 1.45), (a2, 1.5)}.
As there were only 3 cuts, the result is supposed
to be the minimal one for this example, with the discretized result being as Table 4.

(8)

where mpj (j=1, 2, …, popsize) is the mutation probability.
EXPERIMENTAL STUDY
Nguyen (1997) proposed the named discretization approach based on rough set methods and Boolean reasoning. The main idea is to find possibly
minimum number of discrete intervals, and at the

Table 4 The discretized result of Table 1 by our method
U
a1
a2
d
x1
0
1
1
x2
0
0
0
1
1
0
x3, x5
2
0
1
x4
x6
2
1
1
1
0
1
x7

From the comparison between Table 3 and Table
4 we know that our method can get smaller discretized
cuts and that the discretized result is smaller too.
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DISCUSSION
Discretization based on rough set theory has new
content when considering indiscernibility relation.
Generally speaking, we should seek possibly minimum number of discrete intervals, and at the same
time not weaken the indiscernibility ability. An immune algorithm for consistent and minimal discretization of decision system is proposed. The effectiveness is shown in the experiments.
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