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Abstract:

Modifying the knots of a B-spline curve, the shape of the curve will be changed. In this paper, we present the effect of

the symmetric alteration of four knots of the B-spline and the NURBS surfaces, i.e., symmetrical alteration of the knots of surface,
the extended paths of points of the surface will converge to a point which should be expressed with several control points. This
theory can be used in the constrained shape modification of B-spline and NURBS surfaces.
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INTRODUCTION

Modification of knots of a B-spline curve
changes the shape of the curve. In some recent pub-
lications (Juhasz and Hoffmann, 2001; 2003; Hoff-
mann and Juhdsz, 2004; Li and Wang, 2005), the
authors studied the effect of the alteration of a single
knot on the shape of the curve. Hoffmann (2004) and
Li & Wang (2006) applied these theories into the
constrained shape modification of B-spline and
NURBS curves. Juhasz (2001) and Hoffmann & Ju-
hasz (2005) studied the effect of symmetric alteration
of two knots of B-spline curves and obtained some
theoretical results to describe the characteristics of the
restricted part of the path.

We present the effect of symmetric alteration of
four knots of B-spline and NURBS surfaces. And in
the conclusion we describe the characteristics of the
restricted part of the path of the surfaces, which can
be a theoretical base of surface modification.

This paper is organized as follows: In Section 2,
the basic definitions and notations will be presented.
Then in Section 3 we will present the effect of sym-
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metrically modifying two knots of NURBS curves.
Symmetric alteration of four knots of B-spline and
NURBS surfaces will be presented in Section 4 and
Section 5 respectively.

PRELIMINARY KNOWLEDGE

B-spline basis

B-spline curves are well-known tools in com-
puter-aided geometric design with optimal shape pre-
serving properties. They are polynomial curves defined
as linear combination of the control points by some
basis functions over a closed interval, whose subdivi-
sion values are called knots. The basic definitions of

the basis functions and the curve are as follows.
Definition 1  Let U={y;} . be a given knot se-
quence with #<u;;, then the normalized B-spline
basis functions of order £ (degree k—1) are defined

recursively by the following equations:

L, if uelu,u,,),
M 0, otherwise.

u—u u,, —u
N, (u)=— : N/,/H(”)"‘—l L

Uy — Y Uy —Upy

Npga (u).

Here we define 0/0=0.
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Definition 2 Let {N (1), N1 (1), ..., Nys(u)} be the
normalized B-spline basis functions of order & de-
fined on a given knot sequence U as in Definition 1,
then a B-spline curve can be defined as follows:

b(u) = ZNI,k wp,, uelu,_,u,,l,

=0

where p; (I=0, 1, ..., n) are control points.
The ith arc can be written as

i

b(u)= Z N, wp, uelu,u,,], k-1<i<n.

I=i—k+1

Definition 3 The surface s(«, v) defined by

s@) =Y S N @N, ,(0)p, .

1=0 g=0

ue [ukfl H un+] ]’ Ve [vlkl H Vm+l ]

is called B-spline surface of order (k,h), where N (u)
and Ng;(v) are B-spline basis functions of order &k and
h, which are defined on given knot sequences U=

)7 and V={y, )"

0

respectively, with p;, being

control points. The (i,f)th patch can be written as

i

s[j(u,v)z z i Nl,k(u)Ng,h(v)plgﬂ

I=i—k+1 g=j—-h+1

uelu,u,l, velv,,v,,]

NURBS curves and surfaces

Using the notations above, we give the defini-
tions of the NURBS curve and surface:
Definition 4 With {Nox(u), Nix(u), ..., Nos(tt)}
being the normalized B-spline basis functions of or-
der k defined on a given knot sequence U, and w;
being weights, p; being control points, a NURBS
curve can be defined by:

ZNl,k (ww,p,

r(u) =%

ZNl,k (w)w,

, U € [uk—l ’un+] ]

Definition 5 The surface f{u, v) defined by

Z Z Nl,k (u)Ng,h (V)Wzgpig

flu,v) =" ,
>N, N, ()w,
=0 g=0
uelu,u,,l, velv, ,v,.,] (1

is called the NURBS surface of order (k,/), where pg,
Wwig are control points and weights, respectively.

Symmetric alteration of two knots of B-spline
curves

When a knot u; is altered, points of the B-spline
curve will move on special rational curves b(u,u;)
called paths (Juhasz and Hoffmann, 2001). In order to
preserve the monotony of knot values, u; cannot take
any value but has to be within the range [u;—1,u;41].
Analogously, symmetrically modifying two knots u;
and u;, i<j to the values u;+/4 and u,—4, the value of 1
must be within the range [—c,c], c=min(u—u;+1, Ui+
—u;, Wi—Uj+1, w+1—4;). So paths obtained by the modi-
fication of one or more knots are relatively short arcs
due to the limited range of the modification. Hoff-
mann and Juhédsz (2004) extended the paths by ex-
tending the value of the modified knots, that is, during
the modification of u;, u;<u, ; and u;<u;+ are allowed.
For the symmetric alteration of two knots u; and u;,
Hoffmann and Juhasz (2005) extended the paths by
extending the value of A:
Lemma 1  Symmetrically altering the knots u; and
Ui+ (ze{l, 2, ..., k}, where k is the order of the
original B-spline curve), extended paths of points of
the arcs b; (j=i, i+1, ..., i+z-1), converge to the mid-
point of the segment bounded by the control points p;
and p;+. y when A——x, i.e.,

2

uelu,,u, ). 2)

. . = pi + pi+27
Jim b, )= lim SN, @, yp, = PP

SYMMETRIC ALTERATION OF TWO KNOTS
OF NURBS CURVES

In the same way, if we symmetrically modify
two knots of a NURBS curve, we get the extended
paths:
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SN, (u, A)w,p,
r(u,A)=+4

Z Ny, (u, Hyw,
1=0

, UE [uk—l ’un+1]'

Denoting wp; by ¢q; and letting A——co, by Lemma 1,
we have

n
. _ Wi + W[+z—k
lim I;N]’k (. 2wy = A=t

lim Zle(u’ﬂ)ql — q,+9q,.., _ WY, + W, . G '
A——0 s ’ 2 2

So we have the following theorem (Figs.1 and 2):

Fig.1 Extended paths of the points of a cubic NURBS
curve obtained by symmetric modification of u5 and u,
with the weights w;:ws=3:4

Fig.2 Extended paths of the points of a cubic NURBS
curve obtained by symmetric modification of us and ug
with the weights wy:ws=2:4

Theorem 1 Symmetrically altering the knots ; and
Uivs, (z€{1, 2, ..., k}, where k is the order of the
original NURBS curve), extended paths of points of
the arcs r; (j=i, i+1, ..., i+z—1) converge to a point
which should be expressed with barycentric coordi-
nates
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b
WA WL W,

i+z—k

with respect to the endpoints of the line segment from
Pito pir Wwhen A——o0, i.e.,

WD t Wi Pivoi

‘/Vi + Wi+sz

}ir{l r(u,A)= suelu,u, ). (3)

SYMMETRIC ALTERATION OF FOUR KNOTS
OF B-SPLINE SURFACES

Symmetrically modifying four knots of a B-spline
surface, that is, changing the values of u;, u;+,, and v;,
Vi, ac{l, 2, ..., k}, be{l, 2, ..., h} to u+A, uir—A
and v +u, v+~ respectively, the extended paths of
patches s(u, v, 4, ), ueu;, ui+,], ve[vj, vj+] can be
expressed as:

i+a-1  j+b-1

s, o)=Y, D, N, AN, ,(v,1)p,.

I=i—k+1g=j—h+1

Here we prove the following theorem (Fig.3):
Theorem 2  Symmetrically altering four knots u;,
Uia and vy, Viup, a€{l, 2, ..., k}, be{l,2, ..., h} of a
B-spline surface, the extended paths of points of
patches s(u, v, A, 1) converge to a point when A——co
and p——oo:

. 1
}E}}O S(l/l, V, /13 /'l) = Z(plj +pi+a—k,j +pi,j+b—/1 +pi+a—k,j+b—h )

H—>—0
“4)
Proof From Section 2 of (Hoffmann and Juhasz,
2005), we know that the following equations hold for
uelu;, Uira]:
ilirfl N, (u,ﬂ)=llir}1 Niai (u,/1)=%, aefl, .., k-1
}il? N, (u,1)= }irP Niors@,2)=1,a=k

lim Ny, 4)=0, [#i, i+a—k; aedl, ..., k}

It is the same for the v-direction:

Ii
=

. 1
n}ONM (v,y)=ﬂ11£10Nj+b_hﬁ(v,,u)=5, befl, ..., h—13},
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Py
Py e

Fig.3 Extended paths of the points of a (3,3)
B-spline surface obtained by symmetric modifica-
tion of pairs of knots u4, ug and vg, vy

lim N, (n) = lim Ny, 000 =1 b=h,

;}L%Ng’h(v’ﬂ)zo’ g#j,j+b—h; be{l, wes h}.

The above equations yield Eq.(4).

SYMMETRIC ALTERATION OF FOUR KNOTS
OF NURBS SURFACES

Substituting wigpj, by q;sin Eq.(1) and symmet-
rically modifying four knots of a NURBS surface, as
in Section 4, we get the extended paths of the seg-
ments flu, v, 4, 1), uelu;, ui+a], Ve[V, vi+s] of the
NURBS surface

S v, 4, 1)
i+a-1  j+b-1

Z Z N, W, )N, , (v, 1)q,
_ I=i—k+lg=j-h+1
T ika-1 j+b-1 .
> D Nu@AN,, 0w,

I=i—k+1 g=j—h+1

When taking the limits A——c0 and g——oo of the
above paths, by Theorem 2 the numerator and the
denominator of these limits become:

i+a-1  j+b-1

lim z z Nz,k (H,A)Ng’h (V, /u)qlg

f::;‘; I=i—k+1 g=j—h+l

1
= Z(qij Y ai; T jer-n T q[+a—k,j+b—h)’

ita-1 j+b-1

lim 3 > N, AN, @ 0w,

LU—>—0 I=i—k+1 g=j—-h+1

1
= Z(ij W W sien T Wiack jroon )-

i+a—k,j

Therefore, we get the theorem for the symmetric
alteration of four knots of NURBS surfaces (Fig.4):

Py 4

Fig.4 Extended paths of the points of a (3,3) NURBS
surface obtained by symmetric modification of pairs
of knots u,, u; and vy, vg

Theorem 3  Symmetrically altering four knots u;,
Uirg and vj, Vip, ac{l, 2, ..., k}, be{l, 2, ..., h} of a
NURBS surface, the extended paths of points of
patches f{u, v, A, u) converge to a point when A——0
and g—>—oo, that is:

lim f(u,v,4, 1)

A——0

HU—>—0

4 T D T e T iak b

Wi/ + M}iJrafk,‘/

B

A

i,j+b—h +w,

i+a—k,j+b—h
where Wi pi=qi,; =i, i+a—k; g&=j, j+b-h.
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