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Abstract: In Artin algebra representation theory there is an important result which states that when the order of G is invertible in
A then gl.dim(AG)=gl.dim(A). With the development of Hopf algebra theory, this result is generalized to smash product algebra.
As known, weak Hopf algebra is an important generalization of Hopf algebra. In this paper we give the more general result, that is
the relation of homological dimension between an algebra 4 and weak smash product algebra A#H, where H is a finite dimensional
weak Hopf algebra over a field k£ and 4 is an H-module algebra.
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INTRODUCTION

In (Auslander, 1995), the author established the
relationship of homological dimension between skew
group algebra AG and A. Recall from Corollary 4.7
and Corollary 4.10 in (Auslander, 1995) that
gl.dim(AG)=gl.dim(A) where AG is a skew group
algebra with the order of G invertible in 4.

Recently, more and more mathematicians have
studied homological dimension for Hopf algebra.
Yang (2002) gave the relationship of homological

dimension between smash product algebra A#H and 4.

Recall from Theorem 2.2 in (Auslander, 1995) that if
there is a coaction p on A such that if A4 is
H-commutative, p(1)=1®1 and p(toa)=Xta.1)S(t3)
®toaq), then gldim(A#H)=n if and only if
gl.dim(A)=n and toc=1. Zhu and Zhang (2003) and
Zhu (2005) gave the homological dimension for Hopf
actions and smash coproduct respectively.

The purpose of our paper is to consider the same
relationship in the setting of weak Hopf algebras
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because for a weak Hopf algebra we do not require 4
preserving the unit and & preserving the multiplication,
we need some technical deal rather than trivial gen-
eralization.

PRELIMINARY RESULT

We use the Swdeeler-Heyneman notations for
comultiplication and coaction: if H is a coalgebra,
with comultiplication 4, and M is a left H-comodule,
then we write:

A(h)22h1®h2 and p(m)=2m(71)®m(o).

Definition 1 A weak bialgebra (WBA) is a quintu-
ple (H, m, u, 4, ¢) satisfying Axioms 1~3 below. If (H,
m, u, 4, &) satisfies Axioms 1~4 below it is called a
weak Hopf algebra (WHA).
Axiom 1 H is a finite dimensional associative al-
gebra over a field £ with multiplication m and unit x;
Axiom 2  H is a coalgebra over the field £ with
comultiplication 4 and counit ¢;
Axiom 3 For compatibility of the algebra and coal-
gebra structures we assume:

(1) Forall h, geH,
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A(hg)=A(h)A(g); (1)
(2)Forall h, g, leH,
e(hgh=2e(hg)e(gl)=2e(hg2)e(gi)); 2)
(3) £D)=[1®4()][4(1)®1]

=[4(S1][1®4(1)]. 3)
Axiom 4  There exists a k-linear map S: H—H,
called the antipode, satisfying the following:
For all heH,
(1) ZhiS(hy)=2e(11h)1; (4)
(2) ZS(hpyhy=2e(h1)11; (O]
(3) ZS(h1)haS(h3)=S(h). (6)

Throughout this paper, H is a finite dimensional
weak Hopf algebra over the field &. Recall from
Theorem 2.10 in (Bohm et al., 1999) that the antipode
of a finite dimensional weak Hopf algebra is always
bijective. One can find more details of weak Hopf
algebra in (Béhm et al., 1999; Nikshych and Vain-
erman, 2002).

In a WBA we define the maps N, N": H—>H by

N(h)=h'=Xe(1,h)15, (7)
N (h)=h"=Xe(h1)1,. (8)

Definition 2 A left (right) integral in a weak Hopf
algebra H is an element te H (q € H) verifying
forall heH,  h=h't (gh=qh").

In addition, if /=1 (¢"=1) then it is called a nor-
malized integral.
Definition 3 [Definition 1.4 in (Zhang and Zhu,
2004)] Let H be a weak Hopf algebra. An algebra 4
is called a left H-module algebra if it is a left
H-module such that for all a, beA, heH,

(1) ho(ab)y=X(hica)(hy0b); ©)
(2) hol=h'o1. (10)

Lemma 1 Let H be a weak Hopf algebra and 4 a left
H-module algebra. For all he H and a€A, we have:

hoa=( hlol)a,
h"oa=a(h'o1).

(11)
(12)

Proof We only prove Eq.(11), and Eq.(12) can be
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obtained similarly.
hoa=Y(1,h'o1)(1,0a)=( h'ol)a.

Definition 4 [Definition 2.1 in (Béhm et al., 1999)]
An algebra 4 with the left coaction p: A>H®A is
called a left H-comodule algebra if the following
equations are satisfied:

(1) For all a, be A, p(ab)=p(a)p(b);

(2) For all CZEA, Zl(_1)®a1(0)=2 Cl(ril)

(13)
®Cl(0). (14)

WEAK SMASH PRODUCTS

Definition 5 Let H be a weak Hopf algebra and 4 a
left H-module algebra. Then the smash product al-
gebra A#H is defined on a k-vector space A®;'H,
where H is a left H'-module via the multiplication of
H and 4 is a right H'-module via for all aeA, zeH’,

aoz=a(zo1)=S""(z)oa.

(15)

Let [a#h] be the class of a®# in A®,/H, its multipli-
cation and unit are given respectively by [a#h][bH#g]=
2 [a(hob)#hyg] and unit is [1#1].

Remark 1 (1) We have known that 4 and H are both
subalgebras of A#H. For this reason, we frequently
abbreviate the element a#h by ah. In this notation, we
may write

ha=2(hi10a)h,.

(2) A#H=(1#H)(A#1). In fact, for all acA4, heH,
we have

S(1#) (S (h)oa#)=XS" (B Yoatth,=ath.

We claim that 4 is an 4A#H-module under the
action given by (a#h)ob=a(hob) since A is a left
H-module algebra. We only need to show forall a, be
A, h,geH,

(aoh'tig—atth'g)ob=(aoh')(gob)—a(h'gob)
=(aoh')(gob)-a(h'o1)(gob)
=(aoh')(gob)—(aoh')(gob)=0.

Let (A#H)"={xeA#H|hx=h'x}. If fe Hom (A,
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A#H), thenf(l)e(A#H)H. In fact, for all heH,
R D)=ftho D)=Rh'o1)=h11).

Let xe(4#H)", if we define f,: A—>A#H by
fi(@)=ax for all acA, then f,e Hom 4sp(A,A#H). Indeed
for all heH and a, beA,

F(b#h)oa)y=b(hoa)x=Sb(hoa)hx=(b#h) ().

So we have the following lemma:
Lemma 2 Let H be a weak Hopf algebra and 4 a left
H-module algebra. Then as a k-space

Hom 1A, A#H) =(A#H)".

It is easy to prove (l#t)(A#l)g(A#H)H. As
known, the invariants of a module M over a finite
dimensional weak Hopf algebra H are the elements of
the kernel of the map:

Su: M—>Hom(H )®4'M,
Su(m)=2p"®y'b,om—e® wm,

where {b,, B"} are a pair of dual basis of H and
Hom(H k). The left H'-module structure on Hom(H,
k) is defined by for all 4, h'eH,

o Homy(H, k), (poh\(h')y=p(S*(h)h').

Furthermore, A#H is isomorphic to H®;/'A as a left
H-module, where the left H-module structure on
H®/A is given by the multiplication in the first factor,
via the isomorphism described before. Finally,
Sner 4=01®iA. These observations imply the chain
of isomorphisms:

(A#H)'=(H®, A)"=Ker(dner 2Ker(6y®14).

Since H' is a separable algebra over a field (Proposi-
tion 2.11 in (B6hm et al., 1999)), any H'-module is
flat. Hence Ker(5H®HIA)=Ker(5H®H1A). Since the left
integrals in H are the elements of Ker(dy), these imply
the following lemma:

Lemma 3 Let H be a weak Hopf algebra and 4 a left
H-module algebra. Then the space of (A#H)" is
spanned by elements of the form (1#£)(a#1), where ¢ is
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a left integral in H and « is an element of 4.

Let us define E: A#H—A by E(atth)=S"'(h")oa
for all a4, he H. We claim that E is an A#H-module
epimorphism.

First we show it is well-defined. Indeed, for all
acAand h, geH,

E(ach'#g)=S"'(h'goa=S""((h'g)")oa=E(ath'g),

where we obtained the second step by using Eq.(2.13a)
in (Bohm et al., 1999). Next we claim that it is an
A#H-module. In fact, for all a, beA and h, geH,

E[(a#h)(b#2)]=2S " (hag)))ola(hiob)]
=Y[a(hiob)][((hg))o1]=alhS (g obl=(akh)E(bHg),

where we used Lemma 2.9 in (Bohm et al., 1999) and
Lemma 1 to get the second one.

Thus 4 is a projective A#H-module if and only if
there exists an element fe Hom 4u;(A,A#H) such that
Ef=id,, equivalently if and only if there is an element
xe(4#H)" such that E(x)=1, so E[X(1#)(ai#l)]=
>S5 '(1)) ) tnoa=Yt,0a=1. Therefore we have:

Proposition 1 Let H be a weak Hopfalgebraand 4 a
left H-module. Then 4 is a projective A#H-module if
and only if there exist finitely many left integrals ¢
and corresponding elements a;e4 such that > t;0a~=1.

If we take 4 to be the trivial H-module algebra H
with the action defined by hoz=(hz)' for all heH,
zeH', then by this proposition H' is a projective
H'#H(=H)-module if and only if there is some ze H’
such that tOz=(tz)l=l. This implies the existence of a
normalized left integral. Recall from Theorem 3.13 in
(Bohm et al., 1999) that H is semisimple if and only if
there exists a normalized left integral. Thus we have:
Corollary 1 Let H be a weak Hopf algebra. Then H
is semisimple if and only if H' viewed as a trivial
H-module is projective.

Let 4 be a H-module algebra. If H is semisimple,
then there exists a normalized left integral 7. Thus
tol=to 1=1, we have:

Corollary 2 Let H be a semisimple weak Hopf
algebra and A4 a left H-module algebra. Then 4 is a
projective A#H-module.

Lemma 4 Let H be a semisimple weak Hopf algebra
and A4 a left H-module algebra, and let P be an
A#H-module. Then P is a projective A#H-module if
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and only if it is a projective 4-module.

Proof Necessity can be obtained directly since A#H
is a projective A-module. It suffices to consider the
sufficiency. Let £ X—Y and g: P—Y be two A#H-
module morphisms such that f'is surjective. We only
need to prove that there is an meHom 445(P,X) satis-
fying g=fm. Since P is a projective A-module, there
exists m*eHomA(P,X) such that g:fm*, where we con-
sider an A#H-module as an 4-module in the natural
way. Define m(p)=ZS(t1)om*(tzop) for all pe P, where
t is a left integral of H, then we claim that m is both
A-module morphism and H-module morphism. In fact,
for all heH, aeA and peP, there is an element g of H
such that #=S(g) since S is bijective. We have:

hom(p)=Y.8(tg)om’ (t,0p)
=XS(t;)om’ (6:5(g)op)=m(hop),

where we obtained the first step by using Lemma 3.2 in
(B6hm, 2000).
We also have

aom(p)=YS(t))(S"'(S(t2))oa)om’ (:0p)
=Y.S(t\)om’ (t.aop)y=m(acp),

so m is an A#H-module morphism.

Lemma 5 Let H be a weak Hopf algebra and 4 a left
H-module algebra. Then M is an A#H-module if and
only if M is both A-module and H-module satisfying
forallmeM, heH, acA,

ho(am)=2(h0a)(hy,om).

Proof If M is an A#H-module, then clearly M is both
A-module and H-module. We also have

ho(am)=2(hioatthy)om=2(h;o0a)(h,om).

Conversely, if M is both 4-module and H-module
verifying ho(am)=2(hi0a)(h,om), then we can de-
fine A#H-module structure by (a#th)om=ao(hom) for
all aeA, heH and meM. We only show it is well-
defined, the remaining proof is the same as in the
setting of Hopf algebras. In fact, for allmeM, h, geH,
acA,

(a#hlg)om=2a(l 1hlg1 o 1)(12g20m)=2a(hlg1 o1)(gy0m)

=Ya(h'ol)(gio1)(g20m)=(aoh')(gom)=(ach'4g)om,

where we used Eq.(2.7) in (Bohm et al., 1999) to get
the first step, and obtained the second and the third
ones by using Lemma 1.

MAIN RESULTS

Definition 6 Let H be a weak Hopf algebra, and 4 a
left H-module algebra and a left H-comodule algebra.
We say that 4 is H-commutative if for all a, be 4,

ab=Yb)[S" (b 1)oal.

Definition 7 Let (H,R) be a quasi-triangular weak

Hopf algebra, and A4 a left H-module algebra. We call

A is quantum commutative if for all a, bed, ab=

Y(R*ob)(R'oa), where R==YR'®R’ is R-matrix.

Example 1 Let A be a weak Hopf algebra. Taking

A:=H and p=A. It is not hard to verify A is

H-commutative with the left H-module structure

given by hog'=(hg")' for all h, geH.

Example 2 Let (H,R) be a quasi-triangular weak

Hopf algebra and 4 a left H-module algebra. By Defi-

nition 5.1 and Proposition 5.6 in (Nikshych et al., 2003)
it is not hard to verify 4 is a left H-comodule algebra

via the coaction for all ae 4, p(a)=YX.R*®R' oa. Then by

Lemma 1 it is easy to prove that 4 is H-commutative if
and only if it is quantum commutative.

Lemma 6 Let H be a weak Hopf algebra and 4 be

H-commutative. If M is an A#H-module, then M is an

(4,4)-bimodule with the natural action and the right

action defined by for all beA, meM,

m—b=2bo\(S " (bny)om).

Proof It is the same as the proof in the setting of
Hopf algebras to verify (m«—b)«—a=m<«—ba for all a,
bed, meM.

We must show m«—1=m. Indeed,

m<—1=21(0)(5f1(1(71))101)(5t1(1(71))20m)
=Xlo(1iS (1) l)(10m)
=Zl(0)(5ﬂ(1(,1))o1)m=lom:m,

where we got the first and the third steps by using
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Lemma 4, and used Eq.2.7(b) in (Boéhm et al., 1999)
and Definition 2.1 in (B6hm et al., 1999) to obtain the
second one.

Finally we claim M is an (4,4)-bimodule. Indeed,
for all a, be A, meM,

(@om)—b=3hS" (b-1)2)0a)(S " (b-1).1)om)
=Y aby(S” (b1yom)=ao(mDb),

where we got the second equation by using Lemma 5
and obtained the third one since 4 is H-commutative.

For any ring R, we denote the global dimension
and projective dimension of R by gl.dim(R) and
P.dim(R) respectively.

After these preparations we now can give our
main result.

Proposition 2  Let H be a semisimple weak Hopf
algebra and 4 a H-module algebra. Assume that A4 is
also a left H-comodule algebra such that A is
H-commutative, then gl.dim(A#H)=gl.dim(A).

Proof Clearly it is harmless to assume the global
dimension 4 is finite, say n. For any A#H-module M,
by Lemma 4 any projective resolution of M as
A#tH-module is also a projective resolution of M as
A-module. Hence its n-syzygy is projective as an
A-module, and thus is projective as an A#H-module.
This implies gl.dim(A#H)=gl.dim(A).

Next we have to show gl.dim(A)<gl.dim(A#H).
We claim that the morphism E: A#H—A defined by
E(atth)=S"'(K)oa, for all acA, heH, is a split (4,4)-
bimodule epimorphism.

A#H is a right A-module by the formula (a#h)<—
b=2"b\(S" 1(b(,l))o(a#h )) for all a, bed, heH. We
have shown that E is well-defined and a left 4-module
map before.

It suffices to prove E is a right A-module map. In
fact, for all a, beAd, heH,

E[(a#h)«—bl=E(abttS" 1(bH))h)
=258 (b 1)k s o(aby)
=Yab) {5 [(S” (br1)h) o1}
=Xabo)[S (b )holl=a(hol)b
=[S\ (W oalb=E(atth)b,
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where we used Lemma 1 to get the third step and
obtained the fourth one from Eq.(2.25) in (B6hm ef al.,
1999).

Therefore 4 is an (4,4)-bimodule direct sum-
mand of A#H. This implies every 4-module M is a
direct summand of the A-module (4A#H)® M,
P.dim 4 M)<P.dim((A#H)®,M). We consider the left
A#tH-module (A#H)® M. Since any of its projective
resolution as an A#H-module is also a projective
resolution as A-module by Lemma 4, we have

Hence
gl.dim(A)<gl.dim(A#H).
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