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Abstract: To take into account the couple stress effects, a modified Reynolds equation is derived for dynamically loaded journal
bearings with the consideration of the elasticity of the liner. The numerical results show that the influence of couple stresses on the
bearing characteristics is significant. Compared with Newtonian lubricants, lubricants with couple stresses increase the fluid film
pressure, as a result enhance the load-carrying capacity and reduce the friction coefficient. However, since the elasticity of the liner
weakens the couple stress effect, elastic liners yield a reduction in the load-carrying capacity and an increase in the friction coefficient. The elastic deformation of the bearing liner should be considered in an accurate performance evaluation of the journal
bearing.
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INTRODUCTION
In recent years, experiments have shown clear
evidence that the small amounts of long-chained additives in a Newtonian fluid can improve lubrication
performance. The behavior of additive added oils is
no longer Newtonian but non-Newtonian (Williamson et al., 1997; Sharma et al., 2000). Many micro-continuum theories have been developed to explain the peculiar behavior of these kinds of
non-Newtonian fluids. Among them, the Stokes theory is considered as the simplest generalization of the
classical theory of fluids, which allows for the polar
effects such as the presence of couple stresses and
body couples. Because of its relative mathematical
simplicity, the couple stress model has been applied to
the theoretical study of lubrication problems. There
are many applications of the couple stress model on
static characteristics or pure squeeze film behavior of
journal bearings. Mokhiamer et al.(1999) and Lin
*
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(1998) made studies on the performance of finite
journal bearings lubricated with a couple stress fluid.
The results showed that the larger the chain length of
the additive molecule, the greater was the effects of
the couple stresses. Lin et al.(2001) theoretically
studied the pure squeeze film behavior of a finite
partial journal bearing with couple stress lubricants
operating under a time-dependent cyclic load. It was
concluded that the effects of couple stresses resulted
in a decrease in the value of eccentricity of the journal
center and the finite partial bearing with a couple
stress fluid as the lubricant yielded an increase in the
minimum permissible clearance and provided a
longer time to prevent the journal-bearing contact.
Naduvinamani et al.(2002) made a study of static
rotor bearing systems lubricated with couple stress
fluids to analyze the effect of surface roughness using
stochastic approach. It was observed that the surface
roughness considerably influenced the static characteristics of the rotor bearing system and that the couple stresses increased the load carrying capacity and
decreased the coefficient of friction for both types of
roughness patterns. There have been some other
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studies of couple stress effects, such as on short porous journal bearings by Naduvinamani et al.(2001),
on externally pressurized circular step thrust bearings
by Lin (1999), and on dynamically loaded journal
bearings by Wang et al.(2002). There are many researches of couple stresses effects on characteristics
of journal bearings, but the effects of couple stresses
on the lubrication performance of dynamically loaded
journal bearings considering the elasticity of the liner
is deficiency in other research.
In this paper, a modified Reynolds equation for
dynamic loads governing the film pressure is derived
considering the elasticity of the liner. The bearing
characteristics are presented for different values of the
elastic coefficients and couple stress parameters.

MATHEMATICAL MODEL
The physical configuration of the system is
shown schematically in Fig.1, where rj is the radius of
the journal, rb is the radius of the bearing. And ε=e/c,
c=rb−rj, where e is eccentricity of the journal center, ε
is eccentricity ratio. Rectangular coordinates (x, y, z)
and column coordinates (r, θ, z) are fixed on the
bearing. The coordinates center lies on the mid-width
of the bearing and is in accord with the bearing center.
φ is attitude angle of the line CjCb. In dynamic conditions, the magnitude and direction of the load are
variable, therefore the angular velocities of the journal and the bearing ωj and ωb are variable, too. Let
ω=ωj+ωb. F is the dimensionless load-carrying capacity, ψ is the attitude angle of F .
It is assumed that the body forces and body
moments are neglected, and that the fluid film is thin
compared with the journal radius. According to the
momentum equations and the continuity equation of
an incompressible fluid with couple stresses, the velocity components u and w can be derived as follows
(Lin et al., 2001):

u = (U j − U b )
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where μ is the viscosity coefficient, η is a new material constant responsible for the couple stress property,
l = η / μ . The film thickness at any angle θ for a
rigid bearing is given by h=c+ecosθ.
The film thickness at any angle θ considering the
elasticity of the bearing liner is (Naduvinamani et al.,
2001)
h=c+ecosθ+δ,

(3)

where δ=(pb/E)(1−υ2) with b being bearing liner
thickness and υ Poisson’s ratio.
Substituting the expressions of u and w into the
continuity equation and integrating the equation
across the film thickness using boundary conditions, a
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modified Reynolds equation considering the elasticity
of the liner based on couple stress model can be obtained below (Ma et al., 2004),
∂ ⎡
∂p ⎤ ∂ ⎡
∂p ⎤
f (h, l ) ⎥ + ⎢ f (h, l ) ⎥
⎢
∂x ⎣
∂x ⎦ ∂z ⎣
∂z ⎦
∂h
∂h
= 6μ (U j + U b ) + 12 μ ,
∂x
∂t

where

The load components in dimensionless form
along and perpendicular to the line of centers are
calculated by integrating the film pressure acting on
the journal surface:
Fp = ∫

1 θ∗

∫

0 0

p sin θ dθ dz . (7)

The dimensionless load-carrying capacity F
and the attitude angle ψ are
F = Fp2 + Fv2 , ψ = arctan ( Fv Fp ) .

To obtain the modified Reynolds equation in
dimensionless form, let the effective angular velocity
(Chen et al., 1991) ω*=ω−2dϕ/dt, and introduce the
following dimensionless variables and paramez = 2 z / L,

λ = L /(2rj ),

2 dε
pc 2
, p=
.
*
ω dt
6μ rj2ω *

(8)

The shear stress at the journal surface is

τ =μ

h = h / c,

Thus, the dimensionless modified Reynolds
equation considering the elasticity of the liner is
∂
∂θ

p cosθ dθ dz , Fv = ∫

(4)

rjω j ≈ rbω j , U b = rbωb .

l = l / c, q =

∫

0 0

f (h, l ) = h3 − 12l 2 [ h − 2l tanh(h /(2l )) ] , U j =

ters: θ = x / rj ,
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y =h

Substituting Eq.(1) into Eq.(9) and integrating
the equation around the journal surface, the dimensionless friction force acting on the journal is derived
as

2
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where
h = 1 + ε cos θ + Ce p, Ce = 6μUrjω ∗b(1 − υ 2 ) (c 3 E ),
f (h , l ) = h 3 − 12l 2 ⎡⎣ h − 2l tanh(h (2l )) ⎤⎦ ,

where q is the dynamic parameter, Ce is the elastic
coefficient. As the value of q approaches zero, the
dimensionless Reynolds equation represents the
status of a pure rotation. In the circumferential direction it is assumed that the positive pressure terminates
at θ* where the pressure gradient angle is zero. Then
the boundary conditions for the film pressure are
p z =±1 = 0,

∂p
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∫
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The friction coefficient can be calculated by
Cf = Ff / F .

z =0

(6)
= 0.
θ =θ ∗

(11)

NUMERICAL METHODS
The dimensionless modified Reynolds equation
is solved numerically by using a finite difference
scheme. Applying the central difference approximation for derivatives, a grid point notation for the film
domain is shown in Fig.2. Then Eq.(5) becomes

A1 pi , j +A2 pi +1, j +A3 pi −1, j +A4 pi , j +1 +A5 pi , j −1 =Bi , j ,

=0
∂p
= 0,
∂θ

1

0 0

(12)

where
A1 = ( fi +1/ 2, j + fi −1/ 2, j ) Δθ 2 + ( fi , j +1/ 2 + fi, j −1/ 2 ) (λ 2 Δz 2 );
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found that the couple stresses increase the film pressure, and that when the value of couple stress pa-

A2 = − f i +1/ 2, j Δθ 2 ; A3 = − f i −1/ 2, j Δθ 2 ;
A4 = − f i , j +1/ 2 (λ 2 Δz 2 ); A5 = − fi , j −1/ 2 (λ 2 Δz 2 );
Bi , j = ε sin θ i − q cosθ i + Ce ( pi +1, j − pi −1, j ) /(2Δθ ).
pi, j+1

×hi, j+1/2
× hi−1/2, j

pi−1, j

×

hi+1/2, j

film pressure is the least when l =0 (Newtonian lubricant) and the increase is more pronounced for high

pi+1, j

Δz

hi, j−1/2

pi, j−1

Δθ

Δθ and Δz are the variables in the circumferential and the axial
directions, respectively; p and h are the dimensionless
pressures and film thicknesses of grid points, respectively

Fig.2 Grid point notation for the film domain

Periodic conditions in Eq.(6) are used to solve
the dynamic problem for any given initial conditions.
Then the dimensionless squeeze film pressure can be
solved numerically. The iterative procedure is terminated when the difference in the successive iterations
becomes less than the predefined tolerance as shown
below:
m

n

∑∑
i =1 j =1

pi(,kj) − pi(,kj−1)

m

rameter l is large, the influence of couple stresses is
visibly distinguished. For the same couple stress parameter, the maximum pressure for a bearing with a
rigid liner is greater than that for a bearing with an
elastic liner and the increase is more pronounced for
high values of l . For the same elastic coefficient, the

pi, j

×
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n

∑∑ p
i =1 j =1

(k )
i, j

≤ 10−3.

(13)

RESULTS AND DISCUSSION
We select the following parameters for numerical analysis: a ratio of bearing length to journal diameter of λ=1, an eccentricity ratio ε ranging from 0.1
to 0.8, a dynamic parameter q of 0.1, and a couple
stress parameter l ranging from 0 to 0.4.
Fig.3a shows the pressure distribution in the
circumferential direction at the bearing mid-plane for
different values of elastic coefficients and couple
stress parameters. The pressure distribution along the
axial direction at the maximum pressure plane for
different couple stress parameters is shown in Fig.3b
for both rigid (Ce=0) and elastic (Ce=0.05) liners. It is

values of l.
Figs.4a and 4b present the dimensionless loadcarrying capacity for different elastic coefficients and
couple stress parameters, respectively. Since the
couple stress results in a higher film pressure, the
integrated load-carrying capacity is enhanced. For
Newtonian and couple stress lubricants, the loadcarrying capacity decreases with increasing elastic
coefficient with the same eccentricity ratio and couple
stress parameters, that is, the load-carrying capacity
for rigid liners is greater than that for elastic ones.
While the load-carrying capacity increases with increasing couple stress parameter with the same elastic
coefficient especially at high eccentricity ratio. Couple stress parameter has more effects on rigid bearing
material than on elastic one. The variation of the attitude angle vs eccentricity ratio for different couple
stress parameter with rigid and elastic liners is shown
in Fig.5a. It is found that the attitude angle increases
with increasing couple stress parameter and the attitude angle for elastic liners is smaller than that for
rigid ones. Furthermore, the effects are more pronounced for high values of eccentricity ratios and
couple stress parameters. Fig.5b displays the friction
coefficient as a function of eccentricity ratio for different couple stress parameters. As seen in Fig.5b, the
friction coefficient decreases with increasing couple
stress parameter and rigid liners yield lower values of
the friction coefficient than elastic liners.

CONCLUSION
In this paper the modified Reynolds Eq.(5) is
derived for dynamically loaded journal bearings lubricated with couple stress fluids considering the
elasticity of the liner. The numerical results show
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Fig.3 Pressure distribution (a) along the circumferential direction at bearing mid-plane and (b) along
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Fig.5 (a) Attitude angle and (b) friction coefficient vs eccentricity ratio curve with Ce=0 and 0.05 for
various⎯l

that the maximum pressure for a bearing with a rigid
liner is greater than that for a bearing with an elastic
liner, and that the effects are more pronounced at high
eccentricity ratio and couple stress parameter. The
bearing load-carrying capacity decreases with increasing elastic coefficient but increases with couple
stress parameter when lubricated with Newtonian and
couple stress fluids, respectively, and the influence of

couple stresses on the load-carrying capacity is significantly apparent for high values of eccentricity
ratio. Couple stress parameter has more effects on
rigid bearing material than on elastic one. The elastic
deformation of the bearing liner should be considered
if an accurate performance evaluation of the bearing
is required.
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