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Abstract:    The symplectic approach proposed and developed by Zhong et al. in 1990s for elasticity problems is a rational ana-
lytical method, in which ample experience is not needed as in the conventional semi-inverse method. In the symplectic space, 
elasticity problems can be solved using the method of separation of variables along with the eigenfunction expansion technique, as 
in traditional Fourier analysis. The eigensolutions include those corresponding to zero and nonzero eigenvalues. The latter group 
can be further divided into α- and β-sets. This paper reformulates the form of β-set eigensolutions to achieve the stability of nu-
merical calculation, which is very important to obtain accurate results within the symplectic frame. An example is finally given 
and numerical results are compared and discussed. 
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INTRODUCTION 
 

Plane elasticity problems have been studied ex-
tensively, and most are solved using stress function 
through a trial-and-error procedure (Timoshenko and 
Goodier, 1970; Barber, 1992). Recently, Ding et 
al.(2007) and Huang et al.(2007) successfully ex-
tended the stress function method to analyze func-
tionally graded anisotropic beams with arbitrary ma-
terial inhomogeneity along the beam depth. But the 
successful application of this method to a concrete 
problem usually requires skillful experience because 
there is no unified treatment for problems with dif-
ferent boundary conditions, geometric shapes, or 
material properties. It is interesting to note that Jiang 
and Ding (2005) obtained some analytical solutions to 

the problems of 2D orthotropic cantilever beams by 
assuming appropriate forms of displacements. 

To avoid the difficulty, Zhong proposed the 
symplectic approach for elasticity problems (Zhong, 
1995; Zhong and Yao, 2002). In the symplectic space, 
the method of separation of variables can be em-
ployed and the adjoint symplectic orthogonality of 
eigenfunctions can be utilized to obtain rational solu-
tions that are similar to the conventional Fourier se-
ries. Because it is not necessary to use the 
Saint-Venant’s principle in the analysis, highly accu-
rate local stress and displacement distributions (e.g. at 
the clamped end of a cantilever beam) can be obtained. 
Stephen et al. applied the symplectic approach to the 
problems of prismatic rod, curved and pre-twisted 
beams as well as 1D repetitive structures, and showed 
that the approach can lead to deep understandings of 
the physical problems (Stephen, 2004; 2006; Stephen 
and Ghosh, 2005; Stephen and Zhang, 2006). The 
symplectic approach has also been applied to solve 
the problems of piezoelectric media (Gu et al., 1995; 
Xu et al., 2005).  
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Recently, Leung and Zheng (2007) applied the 
symplectic approach to the problems of a straight 
plane orthotropic beam subjected to different loads. 
They considered several particular cases to illustrate 
the capability of symplectic approach in obtaining 
accurate local stress distributions. It is noted that the 
expansion series in the symplectic approach consists 
of eigensolutions corresponding to zero and nonzero 
eigenvalues. The nonzero ones can be further divided 
into two sets, i.e., the α- and β-sets, according to the 
sign of real part of the eigenvalue (or imaginary part 
when the real part is zero). On the argument that the 
two sets affect different ends of the beam, Leung and 
Zheng (2007) discarded the β-set in their calculation 
of stresses at the clamped end of the beam. However, 
this is incorrect from a strict mathematics point of 
view, because for a finite beam (Example 2 in their 
paper) the complete solution of the problem should 
contain all eigensolutions, though the β-set has much 
smaller effect on the local stress distributions at the 
clamped end when the span-to-thickness ratio of the 
beam is large. 

When a large number of eigensolutions are in-
volved to obtain accurate results, enormous difference 
of magnitude exists between the α- and β-sets eigen-
solutions. This may lead to serious numerical problem 
when the calculations are performed on a computer. 
To overcome the difficulty, we present a novel form 
of the β-set eigensolutions in the symplectic expan-
sion series. The analogy tactic has been employed by 
Leung (1988; 1990) for the integration of beam ei-
genfunctions. Numerical example is given to illus-
trate that using the novel form can effectively avoid 
the numerical problem, yielding results as accurately 
as wanted. 
 
 
BASIC EQUATIONS 
 

Consider the plane stress problem of a beam 
occupying the rectangular domain V: 0≤x≤L, −h≤z≤h 
as shown in Fig.1. For isotropic materials, the con-
stitutive equations are  
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where u and w are displacements in x- and 
z-directions respectively, and E and ν are Young’s 
modulus and Poisson’s ratio, respectively. The gov-
erning differential equations of equilibrium are 
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The following equation can be deduced from 
Eqs.(1) and (2) directly, 
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which can be rewritten more compactly as 
 

 ,= +v Hv q                         (4) 
 

where v=[u w σx τxz]T is the state vector. Eq.(4) is 
usually referred to as the state equation (Kameswara 
Rao and Das, 1977; Ding et al., 2006), and is accor-
dant with the dual equation derived by Zhong (1995) 
in the Hamiltonian system. 
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Fig.1  The plane beam problem 
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SYMPLECTIC APPROACH 
 

This section gives a brief review of the sym-
plectic approach for elasticity problems (Zhong, 1995; 
Zhong and Yao, 2002). First, we consider the homo-
geneous equation of Eq.(4), i.e.,  

 
 ,=v Hv                                   (5) 

 
with the following homogeneous boundary condi-
tions on the lateral surfaces: 
 

: 0,z x
wz h E
z

σ νσ ∂
= ± = + =

∂
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It is easy to prove that the operator matrix H is a 

Hamiltonian transform (operator matrix) in the sym-
plectic geometric space. 

Using the method of separation of variables, we 
obtain the following solution to Eq.(5) 

 
( , ) e ( ),xx z zμ=v ψ                         (7) 

 
where μ is the eigenvalue of Hamiltonian matrix H, 
and  ψ(z) is the corresponding eigenvector. According 
to (Zhong, 1995; Zhong and Yao, 2002), we know 
that, if μ is the eigenvalue of H, −μ is also an eigen-
value. Therefore we can divide the eigenvalues, the 
number of which is infinite, into two groups, i.e., zero 
eigenvalues and nonzero eigenvalues. The latter 
group is further divided into α- and β-sets. These are 
summarized as follows, 
 

(α) μi, Re[μi]<0 or Re[μi]=0∩Im[μi]<0,  i=1,2,…,
                                                                  (8a) 

(β) μ−i=−μi,                                                     (8b) 
(γ) μ0=0.                                                    (8c) 

 
The zero eigenvalues are a special set because 

the eigensolutions do not decrease with x, as can be 
seen from Eq.(7). These eigensolutions actually cor-
respond to the classical solutions of Saint-Venant’s 
problem. The six eigenvectors corresponding to the 
zero eigenvalues are (Zhong, 1995) 
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where the superscripts 0 and i indicate the funda-
mental eigenvector and the ith eigenvector of Jordan 
normal form, respectively, while subscripts s and a 
denote the symmetric and antisymmetric deforma-
tions, respectively. The eigensolutions of zero ei-
genvalues can be obtained as 
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The general solution to the eigenequation, which 

governs the eigenvector ψ(z) for nonzero eigenvalue 
μ, is 
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The general solution can be divided into sym-

metric part (Bi=Di=0) and antisymmetric part 
(Ai=Ci=0) as well. For the symmetric part, the ho-
mogeneous boundary conditions on lateral surfaces 
lead to the following equation satisfied by the nonzero 
eigenvalues 

 
2 sin(2 ) 0i ih hμ μ+ = ,   i=1,2,…;         (12a) 

 
and for the antisymmetric part, we get 

 
 2 sin(2 ) 0i ih hμ μ− = , i=1,2,…     (12b) 

 
Meanwhile, the ratio between the coefficients Ai 

and Ci or Bi and Di can be obtained. Thus the eigen-
vectors ψi can be determined and the eigensolutions 
are 
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for the α- and β-sets, respectively. 

Any two of the eigenvectors ψi of nonzero ei-
genvalues satisfy the adjoint symplectic orthogonality 
relationships, and they are all orthogonal to the ei-
genvectors of zero eigenvalues in the symplectic sense. 
In other words, when μi+μj≠0, we have  
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where J is the unit symplectic matrix. It is easy to 
prove that the adjoint symplectic orthogonality rela-
tionships are valid between the six eigenvectors of 
zero eigenvalues in Eq.(9) if we take c=−(2/5+ν/2)h2  
in (3)

a .ψ Therefore, for the beam with nonzero 
boundary conditions only at its two ends, the com-
plete solution can be expanded as 
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where ( )

0s ,im  ( )
0a ,im  mi and m−i are constants deter-

mined by a linear system of equations resulted from 
the Hamiltonian variational principle in which Eq.(15) 
and the boundary conditions are accounted for. In 
practice, the infinite summation in Eq.(15) should be 
truncated and an approximate solution is obtained as 
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where N is an integer, which is determined according 
to the required precision of the results. 
 
 
REFORMULATING AND NUMERICAL VERIFI- 
CATION 
 

As we can see, the eigensolution v−i in the con-
ventional expansion of Eq.(15) has the factor e i Lμ− , 
which becomes very large when i is large. This will 
lead to numerical problem due to the limited precision 
of the floating-point representation of a numerical 
quantity imposed by the digital computers (Pestel and 

Leckie, 1963). Leung and Zheng (2007) avoided the 
difficulty by discarding the β-set eigensolutions in 
their calculation. However, for a finite beam, this 
treatment is mathematically incorrect, and all eigen-
solutions should be taken into consideration. 

In order to overcome the numerical difficulty, we 
rewrite Eq.(15) as 
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where e i L
i im m μ−

− −′ =  and ( )e .i x L
i i

μ− −
− −′ =v ψ Since 

[0, ]x L∈ , the factor ( )e i x Lμ− −  is always less than 1, i.e. 
no big number will appear in the new expansion 
formula, and hence numerical stability can be 
achieved. 

For illustrating Eq.(17), we consider, for exam-
ple, a clamped-free isotropic beam of span-to- 
thickness ratio L/(2h)=5, subject to a prescribed shear 
stress τ0=1 N/m at the free end. Young’s modulus is 
taken to be E=2.0×1011 N/m2, Poisson’s ratio ν=0.29 
and the height of beam 2h=1 m. 

Fig.2 displays the distributions of displacements 
and stresses at the clamped end by virtue of Eq.(17). 
The results obtained by discarding the β-set eigen-
solutions are given in Fig.3 for the sake of comparison. 
It can be seen that although the inclusion of β-set does 
not affect much the stress distributions, it does have 
an obvious effect on the displacement distributions. 
Both the axial and transverse displacements at the 
clamped end in Fig.2, except at the corners, fluctuate 
around zero, which accord with the clamped bound-
ary conditions. On the contrary, when the β-set is 
discarded, the predicted axial displacement varies 
almost linearly along the depth, while the transverse 
one is identically less than zero, as shown in Fig.3. It 
is obvious that the results obtained without β-set ei-
gensolutions are somewhat unreasonable, although 
both of the displacements are small and approach zero. 
Note that no results of displacements are presented by 
Leung and Zheng (2007). 
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Fig.2  Stresses and displacements at the clamped end using Eq.(17). (a) u; (b) w; (c) σx; (d) τxz 
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Fig.3  Stresses and displacements at the clamped end by discarding the β-set in Eq.(15). (a) u; (b) w; (c) σx; (d) τxz 
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CONCLUSION 
 

There is no requirement of experience in the 
symplectic approach for solving a concrete elasticity 
problem since it is rational and bears a unified 
mathematical treatment. Moreover, the symplectic 
approach provides physical interpretations of the 
problem that cannot be attained by the traditional 
methods (such as the stress function method). But the 
symplectic approach involves the expansion in terms 
of eigensolutions, by which the boundary conditions 
could not be strictly satisfied in many cases. A linear 
system of algebraic equations is then derived to solve 
approximately the unknown constants in the expan-
sion formula. Matrix singularity usually arises be-
cause of the distinct orders of magnitude of coeffi-
cients, leading to the numerical difficulty. This paper 
rewrites the symplectic expansion formula to exclude 
large numbers. Numerical example indicates that the 
new expansion formula can effectively avoid the 
numerical instability and hence give more reasonable 
results (especially the displacement distributions) at 
the clamped end than those using the conventional 
formula. 
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