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Abstract:  This paper describes the procedure of using the GM (1,1) weighted Markov chain (GMWMC) to forecast the utility
water supply, a quantity that usually has significant temporal variability. The GMWMC is formulated into five steps: (1) use GM
(1,2) to fit the trend of the data, and obtain the relative error of the fitted values; (2) divide the relative error into ‘state’ data based
on pre-set intervals; (3) calibrate the weighted Markov chain model: herein the parameters are the pre-set interval and the step of
transition matrix (TM); (4) by using auto-correlation coefficient as the weight, the Markov chain provides the prediction interval.
Then the mid-value of the interval is selected as the relative error for the data. Upon combining the data and its relative error, the
predicted magnitude in a specific time period is obtained; and, (5) validate the model. Commonly, static intervals are used in both
model calibration and validation stages, usually causing large errors. Thus, a dynamic adjustment interval (DAI) is proposed for a
better performance. The proposed procedure is described and demonstrated through a case study, which shows that the DAI can

usually achieve a better performance than the static interval, and the best TM may exist for certain data.
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1 Introduction

The amount of urban water supply is the basic
scheduling data for water utilities. Its accuracy in
prediction allows the water supply operation to be
more economic and effective. The hourly water sup-
ply data are time series and have been studied by such
methods as trigonometric function (Liu and Zhang,
2002) and neural networks (Zhou et al., 2004). The
trigonometric function accomplishes parameter esti-
mation with multivariate statistical theory, but there
may be multi-collinearity in actual application. For
neural networks, over-fitting usually exists, which
causes weak extrapolation capability; in addition, the
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number of hidden layers is often difficult to determine
(Liao and Tsao, 2004).

The grey system theory was proposed by Deng
(1982). It is widely used in prediction. The grey sys-
tem modeling is focused on a small dataset with the
objective being to build a grey differential equation
(Deng, 2005). GM (1,1) is the most commonly used
prediction model of grey models, and can be applied
in prediction when the original data sequence is
smooth. It does not, however, work well when dealing
with data with large variability. The prediction theory
of Markov chain is Markov process. Markov chain is
applied when data have large variability, using a one
step or multi-step transition matrix (TM) to find the
internal regularity of the data. Therefore, the combi-
nation of GM (1,1) and Markov chain can achieve a
better predictive capability. Currently, the GM (1,1)
weighted Markov chain (GMWMC) is used in such
areas as highway freight prediction (Gai and Pei,
2003), network traffic prediction (Yao et al., 2007),
bridge technical conditions (Geng et al., 2007), elec-
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tric power requirement forecasts (He and Huang,
2005), prediction of the number of international air-
lines (Li et al., 2007), and prediction of machining
accuracy (Tien, 2005). Currently, after obtaining the
sequence for building the TM, a static interval is ap-
plied for assigning the discrete state. In this study,
GMWMC is applied due to the large variability of
water supply data, and an improved method to static
interval, a dynamic adjustment interval (DAI) method,
is proposed to improve the prediction performance.

2 Methodology

Herein, GM (1,1) is applied as the base model to
extract the trend of the time series, and the relative
error of the fitted value is employed to construct the
weighted Markov chain model.

2.1 Steps in establishing the GM (1,1) model

1. Generate the first order cumulative sequence
The original water supply time series

XO=(x, %9, ... X)) is cumulated to reduce fluc-

tuation in the dataset. A new sequence X is gener-
ated by the first accumulated generating operation
(1-AGO):

X 0= ( XD y@

[6H]
1) (2)1"'1X ):

(n)

k
where X =Y x?, k=1,2,...,n.
i=1

2. Establish the GM (1,1) model

dx
—+ax=>n, 1
m 1)

where a and b are parameters required to be esti-
mated.

3. Solve the model

The time response equation is presented as fol-
lows:

b b
Xy :[x“’)——}e-au—. 2
(k+1) @ a a ( )

4. Reduce data

. b] .
X = Xy = Xy =0~ )[Xfﬁ)_ﬂe )

where X, is the (k+1)th prediction.

2.2 Weighted Markov chain

The weights are applied to estimate the relative
importance of each TM.

The random sequence defined in the probability
space (Q,F,P) is {X(t), teT} (where T={to,ty,..., tks1}),
and has the state space of 1={0,1,...,k+1}. If for any
positive integer k, any tieT, ti<ti+1, i=0,1,...,k+1, and
any non-negative integer, there is

P{X,, =i|X

= P{Xtm =l th = ik}'

where X(t) is called discrete time Markov chain.
In practice, a homogeneous Markov chain is

t =|0,th =|1"”!th =|k}

(4)

generally used, which means p= P{y) =p{Xnu=jlX=i},
where the change of n will not change the probability

2.3 Steps in establishing the Markov chain model

1. Obtain discrete states

The range between the maximum and the min-
imum of the relative errors of the fitted value obtained
from GM (1,1) is continuous. To obtain discrete states,
usually the range is split evenly to assign a state value
to each interval. The proposed DAI procedure is de-
scribed below.

2. Determine the TM

An element P;; of TM is the probability of tran-
sition from states i to j, which is calculated as

Piiy = i (5)

where M; is the number of state i in the Markov chain,
and M is the number of occurrence that transiting
from states i to j with k steps.

3. Quantify the weight

The relative importance of each TM is quantified
by an auto-correlation coefficient defined as
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n—

2(X| _7)(X|+k _7)
rk == n ' (6)
Z(X| _Y)2

Then ry is normalized to get

m : 7
A "

The normalized weight vector of each TM is
W=[W,W,, -, W,].

4. Construct the forecast matrix

The states at times t,t-1,...,t=m are igie1,...,ltm.
The forecast matrix is constructed:

o
Pz(iui)

PZ{®
PY=| "0, ®)

Pz

(it_ns127)

where PZ®

(e 1S all elements in i1 row of the k-step
TM, likewise for others; n is the total TM steps con-
sidered.

5. Solve the judgment vector

The judgment vector is obtained:
wp=wWxPY. 9)

According to the principle of the maximum
likelihood, the prediction of the state i at time t+1 is
the one corresponding to the largest number in wp.
The prediction of the relative error is the midway of
the high value and the low value of the interval.

On combining the fitted value in GM (1,1) and
the prediction of relative error in Markov chain, a new
prediction data in time t+1 is obtained.

2.4 Procedure of dynamic adjustment interval

Step 1: The relative error of the fitted value
range is divided with equal interval, whose length is
L(0). The predicted state in time t+1 is calculated as
it+1.

Step 2: Decrease the high value of the interval of

state i1, and calculate the new predicted state j. If
state j is the same as i1, this adjustment is successful,
record the new interval length, and repeat Step 2; if
state j is different from iwq, this adjustment is failed,
go to Step 3.

Step 3: Increase the low value and calculate the
new predicted state j. If state j is the same as iw1, this
adjustment is successful, record the new interval
length; repeat Step 3; if state j is different from iw1,
this adjustment is failed, go to Step 4.

Step 4: Terminate the algorithm.

3 Case study

Fig. 1 presents the water supply data within
continuous 60 h (where time hour 0 is 0:00 am) from a
water utility of a northern city in China. It shows that
the water supply data for 5 h at night (from 0:00 am
through 5:00 am each day) is relatively stable, while
others have greater fluctuation. The data of 0-48 h are
used to build the GM (1,1), i.e., estimate parameters a
and b in Eq. (1). The data of 49-55 h are used to build
the Markov chain model, where the DAI procedure is
applied and the best TM step is estimated. The data of
56-60 h are used to validate the GMWMC model.
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Fig. 1 Utility hourly water supply data

Fig. 2 shows the first 48 h water supply data
fitted values of GM (1,1). With GM (1,1), the relative
errors of the fitted values in 0-48 h are calculated.
These relative errors are the data to establish the
Markov chain model. The water supply data of the
49th hour are calculated by GM (1,1), and its relative
error is added to the Markov chain, whose data
amount is 49; likewise until the number of the data
arrives 55.

For the purpose of determining the best TM step,
TM steps four-step, five-step, six-step, and seven-step
are tested. Table 1 lists the relative errors and mean
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absolute percentage errors (MAPES) of the fitting
values by static interval and DAI using four through
seven TM steps.
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Fig. 2 Fitted value of GM(1,1)

From Table 1, the MAPE of the fitting values of
DAI with six-step TM is the smallest. As a result, the
DAI with the six-step TM can be used to establish a
model for forecasting. The six-step TM has the
smallest MAPE, thus the best calibration parameter.
To validate the calibrated model, the static interval (SI)
and DAI with the six-step TM are applied in predic-
tion, with relative error, maximum relative error and
MAPE presented in Table 2.

4 Results and discussion

From Table 1, the MAPE of the fitted value from
GM (1,1) is 24.12%, and the combination of GM (1,1)
with Markov chain by using TM steps 4 through 7 can
greatly reduce the fitting error. This is because the
GM (1,1) can only extract the trend of hourly water
supply data, and the relative error of the fitted value
also has large variability. The Markov chain is capa-
ble of fitting data sequences with large variability.

Table 1 shows that with increasing steps of TM,
the MAPE is reduced, except for the seven-step TM,
which becomes larger. This variation trend indicates
that for specific data amount, there may be one best
TM step.

From Tables 1 and 2, by comparing the DAI with
the corresponding SI with 4-7 steps TM, the MAPE
decrease by 0.10%-6.57%, with the largest reduction
of 27.30%, and the MAPE of forecast decreased by
0.03%-1.09%, with the largest reduction of 30%.

The impact of the TM step on model calibration
and validation are basically consistent. With the
six-step TM, the MAPE of the calibrating model is the
lowest; while with the five-step or six-step, the

Table 1 Relative errors of fitting of each method (%)

Time Four-step TM Five-step TM Six-step TM Seven-step TM
. GM (1,1)
index (h) DAI Sl DAI Sl DAI Sl DAI Sl
49 35.25 6.38 7.39 5.53 6.32 5.46 5.63 40.49 35.41
50 31.33 0.24 4.20 0.23 3.17 1.61 2.50 —2.46 41.34
51 30.72 0.55 4.77 0.54 3.76 2.23 3.10 -2.41 2.63
52 28.41 -1.10 2.60 -1.11 1.62 0.12 0.97 —4.47 28.43
53 26.30 —2.74 0.19 —2.76 -0.78 -2.27 -1.43 —6.86 -1.88
54 -2.80 —24.39 —23.35 -25.34 2412 0.66 2.45 —28.69 —24.97
55 —-14.05 -1.04 —-2.96 -0.97 -1.55 -9.05 —-9.46 —-36.92 —33.60
MAPE 24.12 5.20 6.49 5.21 5.90 3.06 3.65 17.47 24.04

DAI: dynamic adjustment interval; SI: static interval; MAPE: mean absolute percentage error

Table 2 Predictive relative errors of each method (%0)

Time index (h) Four-step TM Five-step TM Six-step TM Seven-step TM
DAI Sl DAI Si DAI Sl DAI SI
56 -6.34 —8.60 —6.28 —7.30 -5.94 —6.41 -5.39 —13.00
57 1.40 -1.00 145 0.38 1.80 1.32 2.01 2.01
58 —0.98 -2.81 -0.42 -1.47 -0.10 —0.55 —6.61 0.12
59 -1.28 —-2.56 -0.16 -1.21 -0.15 -0.29 —6.40 -7.08
60 2.86 -3.33 4.05 2.93 4.39 3.92 -2.70 -3.33
Maximum relative error —6.34 —-8.60 —6.28 -7.30 -5.94 —6.41 —6.61 -13.00
MAPE 2.57 3.66 247 2.66 2.47 2.50 4.62 5.11

DAI: dynamic adjustment interval; Sl: static interval; MAPE: mean absolute percentage error
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validation is the best. The establishment of forecast
model should be based on not only the lowest fitting
error, but the forecast ability. And the maximum rela-
tive error with the six-step TM is smaller than the one
of the five-step TM. As a result, the GMWMC with the
six-step TM by DAI should be used to establish a water
supply forecast model with real-time scheduling.

To compare the GMWMC with the six-step TM
by DAI with trigonometric function model and neural
network, the same data were used to establish a
trigonometric function model and a neural network
model. Forecast results of each method are shown in
Fig. 3 and Table 3.

Table 3 shows that the proposed model with DAI
has the best forecast results. Comparing with the
trigonometric function and neural network, either the
largest scope of errors or MAPE is improved greatly.

Generally, a neural network is suitable for non-
linear prediction, but needs larger sample size. With a
small sample size, the neural network may also be
fitted well by increasing nodes number in hidden
layer, however, it will lead to over fit and accordingly
poor predication ability. This study only uses two
periods of sample water supply data to train the net-
work model, so it is difficult to obtain high prediction
performance without over fitting the neural network.
If the sample size is increased to seven or eight
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Fig. 3 Forecast results of the GMWMC, trigonometric
function and neural network

period, when the variation characteristics of water
supply are fully described, the prediction accuracy
might be greatly improved.

Trigonometric function prediction establishes
the forecasting regression model of sample data to
obtain better fitting of the data’s variation trend. If it is
interfered with by other random factors, the predic-
tion accuracy will be reduced. So the trigonometric
function results in better fitting, but worse prediction
results. It can be observed from Fig. 4 that the water
supply data within the first 48 h are fitted well, but the
later 12 h possess a certain lag comparing with ob-
served data.

The DAI method proposed in this study in-
creases computational complexity, and prediction
accuracy may be affected when the data possess large
variability. As well, uncertainties related to the pre-
diction values are not characterized in this study,
which provides more information in utilities decision-
making process in terms of water supply.

5 Conclusions

1. GMWMC is applied for real-time water sup-
ply amount prediction. A DAI method is proposed to
shorten the prediction interval to generate a higher

- —Actual data
——Fitted and predicted value of trigonometric function
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Water supply (x10° m*/h)
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Fig. 4 Comparison of actual data and fitted and pre-

dicted value of trigonometric function model

Table 3 Comparison of three forecast results of the GMWMC, trigonometric function and neural network

Parameter GMWMC with six-step TM Trigonometric Neural
by DAI function network
Maximum relative error (%) —-9.05 -21.4 —44.59
Minimum relative error (%) —-0.10 -0.29 1.14
MAPE (%) 2.82 6.15 19.62
Percent of data of relative error >5% 25 50 83

in all data (%)

GMWMC: GM (1,1) weighted Markov chain; DAI: dynamic adjustment interval; MAPE: mean absolute percentage error
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prediction accuracy. As demonstrated by a case study,
we can obtain: (1) there is an optimal TM step for a
certain sample size; (2) the described DAI can obtain
better performance both in calibration and validation
stages; and (3) on comparing with neural network and
trigonometric function, the GMWMC performs better
when sample size is small.

2. By including DAL, the increment of forecast
accuracy is related to the initial interval division
method and the interval adjustment method. Equal
interval division is used, and a further interval divi-
sion method may be explored. In addition, the interval
adjustment method also requires improvements.
Other adjustment methods, such as neural network
and genetic algorithms may be applied (Gong, 2006).
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