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Abstract: This paper presents a precise solution to predict the behavior of steel fiber reinforced concrete (SFRC) under the four
point bending test (FPBT). All the force components at the beam section (before and after cracking) are formulated by applying
these assumptions: a realistic stress-strain model is used for concrete behavior in compression, a linear response is considered for
the uncracked tension region in a concrete constitutive model, and an exponential relationship is proposed as a stress-crack
opening in the crack region which requires two parameters. Then the moment capacity of the critical cracked section is calculated
by using these forces and satisfying equilibrium law at the section. Parametric studies are done on the behavior of SFRC to assess
the sensitivity of the solution. Finally, this solution is validated with some existing experimental data. The result shows the proposed solution is able to estimate the behavior of SFRC under FPBT.
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1 Introduction
Concrete is a relatively brittle material, and the
mechanical behavior of concrete structures is critically influenced by crack propagation. Cement-based
materials easily crack due to applied stress, restraint,
or environmental conditions because of their low
fracture toughness. Reinforcement of cement-based
materials with short, randomly-distributed fibers has
been successfully used in recent years, primarily for
tunnel linings, industrial floor slabs, and similar applications (Mobasher and Shah, 1989; Mobasher and
Li, 1996; Li, 2002).
Nowadays, the question of how to evaluate the
flexural toughness and to express it as a useful parameter for design purposes is still under debate
‡

Corresponding author
© Zhejiang University and Springer-Verlag Berlin Heidelberg 2011

(Stang and Li, 2004). A number of test methods have
been proposed to evaluate steel fiber reinforced concrete (SFRC) toughness, but all have significant
problems associated with either the variability of the
results or their application in structural design calculations (Banthia and Trottier, 1995). Also, some attempts have been made for modeling the flexural
behavior of SFRC, but none of the models has been
able to fully explain what actually happens at the
critical cracked section in terms of the fiber-matrix
interactions. Consequently, there is a current limitation on the structural use of fiber reinforced material.
Available methods for modeling the flexural
post-crack behavior of SFRC are based on the equilibrium of forces at the cracked section. The main
concern in these methods, is evaluating the tensile
strength at the crack area, which is supported by fibers bridging. Some methods have used a stresscrack opening model from direct uni-axial tensile
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2 Model concepts
An idealized representation of the strain and
stress block diagram at the critical cracked section of
a steel fiber reinforced concrete beam under flexural
loading is shown in Fig. 1. The developed stresses
and resultant forces at the critical section can be
represented by three separate zones, including a
compression zone, an uncracked tension zone, and a
cracked tension zone. The cracked tension zone
shows the aggregates interlock and fibers bridging.
Consequently, the flexural capacity of the critical

section is a function of the following principal parameters: (1) the concrete compressive stress-strain
relationship; (2) the concrete tensile stress-strain
relationship; (3) the concrete crack opening relationship; (4) the strain profile and related neutral axis
location of uncracked and cracked sections; (5) crack
width profile associated with mid-span deflection.
Therefore, it is necessary to specify the required
relationships for the aforementioned parameters in
order to predict the shape and magnitude of the stressblock diagram for a given beam deflection.

Uncracked
zone

tests or existing relationship (RILEM TC 162-TDF,
2001; Zhang and Stang, 1998; Abdalla and Karihaloo,
2004). There is no available uni-axial tensile test
method currently (van Mier and van Vliet, 2002).
Also, using the relationship needs iterative solution to
determine the required parameters. Other methods
implement the average response of the load transmitted by the fibers through the cracked region from
the pull-out tests of single fibers (Armelin and Banthia, 1997; Prudencio et al., 2006; Oh et al., 2007).
Some problems arise with these approaches. For
example, the number and position of the fibers
bridging the crack are not precise, and also the load
supported by each fiber depends on the crack opening
displacement, the orientation of the fiber, and the
embedment length.
This paper deals with a precise solution for predicting the behavior of SFRC under the four point
bending test (FPBT). A realistic stress-strain model is
used for concrete behavior in compression, and a
linear response is considered for uncracked tension
region as a concrete constitutive model. An exponential relationship is proposed as a stress-crack
opening in the crack region governed by two parameters. All the force components at the beam section
(before and after cracking) are formulated by applying these assumptions. Then the moment capacity of
the critical cracked section is calculated by using
these forces and the satisfying equilibrium law at the
section. Parametric studies are done on the behavior
of SFRC to assess the sensitivity of the solution. Finally, this solution is validated with existing experimental data.
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Fig. 1 Strain and stress distribution on the cracked section
b: section width; d: section depth; εc: compressive strain at top
fiber; εT: tensile strain at bottom fiber; εcr: cracking strain; ε0:
compressive strain at f c

2.1 Concrete constitutive model
In this study, the Hognestad’s stress-strain relationship is used for concrete behavior in compression
(Park and Paulay, 1975). This is one of the most
generally used equations to model the constitutive
behavior of concrete. The typical stress-strain relationship of this model is shown in Fig. 2. Based on
this model, the stress-strain relationship of concrete in
compression is expressed by
f c  f c[(2 c /  0 )  ( c /  0 ) 2 ], 0   c   0 ,

(1)

f c  f c[1  0.15( c   0 ) / (0.004   0 )],  c   0 , (2)

where fc is the compressive stress in section, f c is the
compressive strength of concrete, εc is the compressive strain, ε0 is the compressive strain corresponding
to f c, and  0  2 f c / Ec , where Ec is the elastic

module of concrete.
A linear response is considered for tensile behavior of concrete at the uncracked zone.
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interface properties, and can be derived from the
validation of the bending test results as presented in
Section 3. A comparison of the proposed model with
the bilinear model used in Zhang and Stang (1998) is
presented in Fig. 3b. As shown in Fig. 3b, the model
can describe the tension softening regime of concretes
with proper accuracy.

f c = f c[1  0.15(ε c  ε 0 ) / (0.004  ε 0 )]

Stress

f c

f c = f c[(2ε c / ε 0   ε c / ε 0 )2 ]

ε 0 = 2f c / E c 0.003
Strain

Fig. 2 Concrete constitutive model in compression (Park
and Paulay, 1975)

2.2 Crack opening relationship

In this study, an exponential relationship Ff with
two parameters is proposed to present the crackopening stress:
Ff  f t e  w ,   0,

(3)

where w is the crack opening width, ft is the tensile
strength, β is a coefficient that represents the intensity
of descending part of relationship, and ft and β are two
basic parameters of the model. This model is simple
and can be easily formulated. The curve of Ff/ft in
function of β is shown in Fig. 3a. The value of parameter β depends on fiber, matrix, and fiber-matrix
1.2

Ff/ft

ß=- 50

1.0

ß=- 40

0.8

ß=- 30
ß=- 20

0.6

ß=- 10

0.4

ß=- 5

It is necessary to make some assumptions in
order to obtain the profile of the curve relating the
crack tip opening (w0) to the mid-span deflection ()
in a flexural test. The elastic deflections of the specimen in standard FPBT are of the order of hundredths of a millimeter while the desirable region of
the load versus deflection diagram for calculating the
toughness indices lies in a range of deflections from
10 to 100 times greater than those at the first crack,
i.e., up to 2 mm (JCI SF4, 1983; ASTM C1018-97,
1997). This implies that the rigid body motion of the
two broken halves of the specimen shows the dominant mechanism. Thus, the failure mode commonly
observed, characterized by a main failure crack at
mid-span and the cracked portion at central location,
acts as a plastic hinge.
Armelin and Banthia (1997) proposed a simple
solution assuming the axial compressive strain at the
top-most fiber of the specimen at mid-span (t) as a
function of the rotation angle. The total axial shortening (0) can be computed from Fig. 4 as
L

(4)

0

0

0.1

0.2
0.3
w (mm)

0.4

0.5

where  x is the axial compressive strain at the top-

(a)
1.2
Bilinear model (Zhang and Stang, 1998)

1.0

Exponential relation (ß=- 20)

0.8
Ff/ft

2.3 Crack tip opening width-mid span deflection
relationship

0    x dx  2 / 3 t L,

0.2
0
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most fiber along the specimen, and L is the specimen
length. The deflection at central position is obtained
from the slope of the beam as follows:

0.6

 

0.4
0.2
0
0

0.1

0.2
w (mm)

0.3

0.4

(b)

Fig. 3 Proposed model for crack opening stress as a function of β (a) and its comparison with another model (b)

L
,
2

(5)

where θ is the angle of the two broken halves of the
specimen with the horizontal axis (Fig. 4).
The linear crack profile is reasonably assumed
here in the bending region. The crack width opening
displacement (w0) at the bottom fiber is written as
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w0  2 ( d  c ),

(6)

c
Fc
Yc

where d and c are the section and the compressive
zone depths, respectively.
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Fig. 4 Failure mode of fiber reinforced concrete beam in
the four point bending test
P: axial load; εt: axial strain of top fiber
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2.4 Model formulation

FT

Yc
Y0

2.4.1 Equations for stage 1 (uncracked section)
The compressive force of uncracked section is
obtained by the following equation evaluated in specified compression strain field:
 2
Yc
Yc
Fc    c bdy   f c c
0
0
  0

2
  c  

    bdy,
   0  

(7)

where f c , σc, b, and Yc are the compressive strength,
compressive stress, width of section, and compressive
zone depth, respectively.
Substituting Eq. (8) into Eq. (7), one obtains
Y / Y0   /  o ,

(8)

Yc

Fc   f c[2 Y/ Y0  (Y/ Y0 )2 ]bdy
0

 f c b[Y / Y0  Y / (3Y )],
3
c

2
0

T
w0

YT
YF

FF

Strain

d

Y=0

cr

Considering the former relationships, the
stresses and forces at the cracked section can be
created in three stages as shown in Fig. 5. All the
force components at the beam section are formulated
in this section for three stages.

2
c

YF

T



w0

YT

cr

c



d

Y=0

Stress

(c)

Fig. 5 Stress and force in section
(a) Stage 1 before cracking; (b) Stage 2 in the cracked section;
(c) Stage 3 in the cracked section

where Y0 is the compressive depth corresponding to
f c, and ε is the strain at section of beam.
The tensile force of uncracked section is also
calculated as follows:
YT
1
FT    T bdy  E  T YT b,
2
0

(10)

where E, σT, εT, and YT are the module of elasticity,
tensile stress, tensile strain, and uncracked tension
zone depth, respectively.
Now considering the equilibrium law (Fc=FT),
the neutral axis position should be determined by
changing the depth of compression region in a specified compression strain. The moment capacity of
section is also calculated as

(9)
M Total  M T  M c ,

(11)
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where MT and Mc are the moments due to tensile and
compressive stress about the neutral axis, and are
calculated as
 2 Y
M c    c bydy   f c
0
0
 Y0
Yc

Yc

2
 Y  
     bydy
  Y0  

 2Y
Y 
 f c b 

,
2 
 3Y0 4 Y0 
YT
1
1
M T    T bydy  E  T YT YT b  b f T YT2 .
2
3
0
3
c

YF

FF   f t e bdy   f t e
0

Fc  Fcp  Fcl ,

(12)

(18)

where Fcp and Fcl represent two compression forces:
(13)

Stage 2 begins while the tensile stress at the
bottom fiber of the beam reaches its strength. In this
case, the concrete forces in compression and tension
area can be computed from Eqs. (9) and (10).
The force in the cracked region can be calculated
by carrying out the integral of the proposed exponential relation Ff over the cracked depth as
w

While the compressive strain of concrete reaches
o, it is necessary to rewrite Eq. (7), and consequently,
Eq. (9) in stage 3 will be changed as follows:

4
c

2.4.2 Equation for stage 2 (cracked section)

YF

2.4.3 Equation for stage 3

 Y

bdy 

0

b ft



(e

 Yf 

 1), (14)

where FF, ft, and YF are the tensile force at the cracked
zone, tensile strength, and cracked zone depth,
respectively.
Now considering the equilibrium law at the
cracked section, one obtains
Fc  FF  FT ,

f cbY0 ,

(19)

Yc
 0.15( c   0 ) 
Fcl   f c 1 
 bdy
0.004   0 
Y0

Yc
 0.15 Y  0 / Y0   0  
  f c 1 
 bdy
0.004   0
Y0


2


0.15 0  Yc
 f c b Yc 
 Yc   .

0.004   0  2 Y0

 

(20)

It should be noted that the ordinary fibrous
concrete never experiences this stage.
Now the load-deflection curve can be generated
by the following step by step procedure as shown in
Fig. 6.
Start
Input
Calculate the basic values
Assume ε c = 0.0001
Assume c=d/3

If C>T, then c=c- 0.005

No

Calculate forces If C<T, then c=c+0.005

Check the equilbrium of force,
Sum of C=Sum of T?

No

(16)
Yes

where MF is the moment of the cracked zone, and is
calculated as

Calculation of the load, displacement
Check ε c < 0.003

Yes

ε c = ε c + 0.0002

No
End

YF

M F   f t e  w bydy  FF YT
0

 Y e  YF  e  YF 

 b ft  F
 2 2  21 2   FF YT .
 

  


2
3

(15)

which will be used to determine the neutral axis position by changing the depth of the compression region in specified compression strain.
The moment capacity of the section can be obtained with the equilibrium law in Eq. (15):
M Total  M T  M c  M F ,

Fcp = f cb[Y02 / Y0  Y03 / (3Y02 )] 

(17)

Fig. 6 Step by step procedure for generating the loaddeflection curve
C: compressive force; T: tension force; c: compressive depth;
d: depth of section
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3 Parametric study

30
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Balaguru 7-64 (Balaguru and Najm, 2004)
Balaguru 7-28 (Balaguru and Najm, 2004)
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5
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0

0.5
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2.5
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Another validation is done with the results of
Zhang and Stang (1998). They investigated the application of the stress crack opening relationship in
predicting the flexural behavior of FRC. The comparison of the proposed model with their results for
one set of data has been shown in Fig. 10.

Load (kN)

Another parametric study is done for two sets of
FRC material with the same crack opening relationship and different model parameters in tensile strength
and elastic modulus. The result is shown in Fig. 8.

25

15
10

Fig. 7 Load-deflection for fiber reinforced concrete material in function of 

30

20

Fig. 9 Comparison of the experimental data (Balaguru
and Najm, 2004) with the proposed model

10

0

Load (kN)

25

Two sets of parametric studies were conducted to
assess the sensitivity of the model. Fig. 7 presents the
parametric study of FRC materials with different
crack opening relationships for a specified concrete
with f c  45 MPa, ft=4.5 MPa, and E=33 GPa.

20
18
16
14
12
10
8
6
4
2
0
0

Test result 1 (Zhang and Stang, 1998)
Test result 2 (Zhang and Stang, 1998)
Test result 3 (Zhang and Stang, 1998)
Proposed model (ß=- 4)
Proposed model (ß=- 5)

0.5

1.0
1.5
2.0
2.5
3.0
Crack mouth opening displacement (mm)

3.5

Fig. 10 Comparison of the experimental data (Zhang and
Stang, 1998) with the proposed model

15
10

5 Model development

5
0
0

0.5

1.0
1.5
2.0
2.5
Mid span displacement (mm)

3.0

Fig. 8 Load-deflection for fiber reinforced concrete material in function of ft and E

4 Model validation

The proposed model is validated using some
existing experimental results. Balaguru and Najm
(2004) performed an experimental investigation on
the flexural behavior of high-performance FRC with
fiber volume fractions up to 3.75% for seven mixtures. The predicted behavior of mixture 7 of the
proposed model has been compared with their experimental results (Fig. 9).

This section discusses about how this model can
be developed in the presence of an initial axial load as
the initial condition (Fig. 11).
In the presence of an initial axial load, it is necessary to revise the model formulation (Section 2.4)
as follows:
1. There is an initial strain (i) in the section due
to applied axial load of P1.
2. The stage 1 in Section 2.4.1 and its related
stress and forces (Fig. 5a) will change into two states:
compression state and compression-tension state
(Fig. 12).
In compression state, the section is under full
compressive stress, and its related force is calculated
by
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Yc

Yc

Yc  d

Yc  d

P

P

P1

L/3

L/3

Yc

0

0

Applied axial load (P1) should be considered in
the equilibrium of the section forces. The procedure
given in Fig. 6 shall be modified as shown in Fig. 13.

i

P1

Yc

M c    c bydy   f c[2 Y / Y0  (Y / Y0 ) 2 ] bydy. (23)

Fc    c bdy   f c[2 c /  0  ( c /  0 ) 2 ]bdy. (21)

L/3

Start

i
*

i

Input

c

Calculate the basic values



Δ0



Assume ε c = ε i + 0.0001



w0

Assume c=d/3



If C+T>P1, then
c=c- 0.005

Fig. 11 Beam under axial load and bending moment
εi: strain due to initial load; ε*: strain due to bending
No

i

*
+

c

Neutral
axis

i=P/(E·Ag)
Strain
due to
axial load

FT

Fc

Fc Yc
d
Y=0
YT

i

Check ε c < 0.003

Yc

No

Strain

Stress

c
=

Yes

ε c = ε c + 0.0002

End

Fc
+

No

Calculation of the load, displacement
d

(a)
*

Check the equilbrium of force,
Internal force=External force
C+T=P1
Yes

=

Strain
due to
bending

If C+T<P1, then
c=c+0.005

Calculate forces

Fig. 13 Modified step by step procedure for generating
the load-deflection curve in presence of axial load
C: compressive force; T: tension force; c: compressive depth;
d: depth of section; P1: applied axial load; εi: strain due to
initial load

d
Yc

One set of parametric studies was conducted to
evaluate this formulation (Fig. 14). The initial load
results in growth in the amount of the bending load
and reduction in the ultimate deflection capacity.

i=P/(E·Ag)

Strain Strain
due to due to
bending axial load

Neutral
axis

Strain

Stress

(b)
40

Now considering the equilibrium law (Fc=P1),
the neutral axis position can be determined by
changing the depth of compression region in the
specified compression strain. The moment capacity of
the section is also calculated by
M Total  M c ,

(22)

Pure bending
Bending+0.1fc·Ag axial force
Bending+0.01fc·Ag axial force
Bending+0.05fc·Ag axial force
Bending+0.08fc·Ag axial force
Bending+0.09fc·Ag axial force
Bending+0.025fc·Ag axial force

30
Load (kN)

Fig. 12 Stage 1 in presence of axial load in compression
state (a) and compression-tension state (b)
E: elastic modulus; Ag: cross section area

20

10

0

0

1.5
3.0
Mid span displacement (mm)

4.5

Fig. 14 Load-deflection for a fiber reinforced concrete
material in presence of initial axial load
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6 Conclusions

A precise solution has been presented to predict
the behavior of FRC material under FPBT. A realistic
stress-strain model is used for the concrete behavior
in compression, and a linear response is considered
for the uncracked tension region as a concrete constitutive model. An exponential relationship is proposed as a stress-crack opening in the crack region.
The proposed model is simple and can be easily
formulated. After that, parametric studies on the behavior of SFRC are done to assess the sensitivity of
the model. Finally, the proposed model is validated
through existing experimental results. The results
show proper agreement with experimental data. This
model can be completed further by using appropriate
assumptions for the crack opening relationship.
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