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Abstract: A linear model of two cylindrical plane wall layers exposed to oscillating temperatures and frequencies was built using
a physical superposition of two states. In the first state, the inner surface of a wall was exposed to oscillating temperature and the
outer surface was exposed to a zero relative temperature. In the second state, the inner surface was exposed to a zero relative
temperature while the outer surface was exposed to an oscillating temperature with different amplitude and frequency. Temperature distributions were derived for different amplitudes, frequencies, and thermal conductivities. Results show that increasing the
frequency decreased the depth of temperature penetration. A high frequency led to extremum temperature values on the surface,
while a low frequency allowed gradual temperature changes during the time period. Temperature distribution lines showing
simultaneous heat flux entry and exit were not observed.
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1 Introduction
Heat transfer into a cylindrical wall is an important issue in some engineering areas. For example,
there is a focused effort in investigating the temperature distribution in the cylinder walls of combustion
engines. Studies of temperature distribution are
needed for predicting the thermal and fatigue stresses
produced in the cylinder wall. Fatigue stresses may be
produced as a result of boundary temperature oscillations due to the cyclic operation of the engine. Other
engineering applications include heat treatment of
metals, engine exhaust valves, solid propellant rocket
motors, gun tubes, and heat exchangers. Rakopoulos
et al. (2004a; 2004b) examined the temperature
fluctuations in the cylindrical walls of a diesel engine.
Based on a theoretical model and experimental
measurements, they investigated the penetration of
ORCID: Shalom SADIK, http://orcid.org/0000-0003-4084-493X
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oscillating temperatures into the inner cylinder wall.
They showed that increased insulation or a smaller
thermal conductivity value led to a larger temperature
frequency and a smaller penetration depth. Lu et al.
(2006) devised a 2D time-dependent analytical solution of a temperature field for any number of cylindrical shells. The analytical solution compared well
with a numerical solution. A lumped coefficient representing transient heating of a long cylindrical shell
was introduced by Razelos and Lazaridis (1967). One
shell surface was under an adiabatic constraint while
the other was exposed to oscillating heating. During
heating fluctuations, the coefficient remained constant. Sun and Zhang (2015) proposed a finite element
solution of a temperature transient response for a
cylindrical shell under different heating frequencies at
its surfaces. A large temperature gradient and a strong
impact were found on the inner surface with the larger
heating frequency. A solution of an unsteady 2D
temperature field for a cylindrical shell exposed to
oscillating temperatures at its surfaces was developed
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by Fazeli et al. (2013). They assumed that the shell
material was homogeneous and isotropic. They found
that by increasing the Bio number the temperature
amplitude became less dependent on the dimensionless length, which is the ratio of the outer radius of the
cylindrical shell to its length. Jang and Chiu (2007)
investigated the temperature field in a hollow cylinder
in which step-wise induction heating was performed
on the outer surface. They showed that by increasing
the air gap the temperature decreased. Barletta and
Zanchini (1995) studied the effect of an alternating
current on an electric hollow cylindrical resistor. The
resistor cavity was empty or filled with a dielectric
solid. An analytical solution was found for temperature as a function of length and time. For a large
electric current frequency, the temperature distribution in the resistor material and in the dielectric solid
became almost uniform. Talaee and Atefi (2011)
introduced a non-Fourier solution for a temperature
field in a cylindrical shell exposed to an oscillating
heat flux. The material shell was assumed to be homogeneous and isotropic. The speed of heat propagation into the material was finite. Keles and Conker
(2011) introduced a non-Fourier solution for a transient temperature field in cylindrical and spherical
shells. The material shells were assumed to be heterogeneous. They showed that the speed of the thermal wave was reduced as the inhomogeneity parameter values increased. Barletta and Zanchini (1996)
produced an analytical solution for a transient temperature distribution with non-uniform heat generation by the Joule effect in a long cylinder. Thermal
resonance was found. Talaee et al. (2014) devised an
analytical solution for the temperature distribution
and the associated thermal stresses for a Fourier law
and a non-Fourier effect. Using the non-Fourier effect
revealed the wavy behavior of the thermal stresses.
Daneshjou et al. (2015) introduced a solution for the
temperature distribution of the heterogeneous material of a cylindrical shell with an unsteady heat source.
They found increased temperature variation near the
heat source. Chiu and Chen (2002) presented an analytic process for the thermal-stress distribution in an
annular fin exposed to an oscillating heat transfer
constraint. A larger fin parameter increased the temperature gradient and thermal stresses. Akbarzadeh
and Chen (2012) investigated an unsteady temperature distribution in a non-isotropic cylindrical panel.
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Increasing the non-homogeneity index increased the
temperature steady state value. Bas and Keles (2015)
presented an analysis of thermal stress distribution in
an annular fin exposed to a decreasing time exponent
heat flux. The fin temperature increased with time
and then decreased after reaching a maximum value.
Takabi (2016) introduced a thermal stress distribution based on an analytical and numerical examination of a thick cylindrical shell. The cylindrical shell
was made of functionally graded materials (FGMs).
The use of FGM caused a reduction in the stress
value. Chatterjee et al. (2013) presented an unsteady
numerical convection examination of a semicircular
cylinder exposed to a forced laminar flow. While
facing the flow, the heat transfer through the curved
surface was larger than the heat transfer through the
flat surface. Malekzadeh et al. (2012) presented an
examination of heat transfer into a functionally
graded (FG) cylindrical shell using a non-Fourier
effect. They found that the non-Fourier effect could
not be neglected for an unsteady heat transfer. Yan
and Malen (2013) investigated the efficiency of a
thermoelectric power generator (TPG) (A TPG
converts heat into electrical power using no moving
parts). Efficiency was improved by using an unsteady
heat source. Zhang et al. (2015) investigated the
thermal displacement of a ceramic-metal cylindrical
shell. They showed that displacement was very sensitive to material composition. Roslan et al. (2014)
investigated natural convection associated with an
oscillating temperature on a cylinder surface. Heat
transfer was increased by increasing the frequency of
thermal oscillations.
The aim of this study was to model the temperature distributions of two cylindrical plane wall layers
exposed to temperature oscillations of different amplitudes and frequencies. The model was developed
using physical superposition and complex numbers.

2 Current model
2.1 General solution
Fig. 1 shows the general problem.
The temperature distribution (T) is a function of
the distance coordinate (r) and time (t), i.e., T(r, t).
For 1D heat transfer without heat generated, the
cylindrical heat diffusion equation is given by
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the general solution T(r, t) is given by

T  c1eit I 0 (br )  c2 eit K 0 (br ).

(10)

where α is the thermal diffusivity and is defined as

k

,
 cp

In dimensionless form, Eq. (10) is given by
(2)
**

where k is the thermal conductivity, ρ is the material
density, and cp is the specific heat capacity.
The heat Eq. (1) is transformed into the following configuration:
 1 T  2T 
T
 
 2 .
t
 r r r 

(3)

Using separation of variables method to solve Eq. (3),
the first connection is given by
T (t )
 i ,
T (t )

(4)

where T′(t)=dT/dt, ω is the frequency, and i is the
imaginary unit. Eq. (4) leads to the time connection:
T (t )  d1eit ,

**

T *  c1ei t I0 (b*r* )  c2ei t K0 (b*r* ),

(11)

where an asterisk as a superscript indicates a dimensionless parameter. Most of the following dimensionless parameters may be based on these average
values: T0av  (T01  T02 )/2, av  (1  2 )/2, αav=
(α1+α2)/2, kav  (k1  k2 )/2. The dimensionless parameters appearing in the following sections are defined as: T01  T01 /T0av , T02  T02 /T0av , 1  1 /av ,

2  2 /av , 1  1 / av ,  2   2 / av , k1  k1 /kav ,
k2  k2 /kav , r1  r1 /r3 , r2  r2 /r3 , r3  r3 /r3  1. T01
and T02 are the dimensional amplitude constraints on
the internal and external surfaces; r1, r2, and r3 are the
dimensional internal radius, boundary radius, and
external radius; k1 and k2 are the dimensional conductivities of the internal shell and external shell,
respectively.

(5)

where d1 is the integration coefficient.
The following is the second connection obtained
from Eq. (3):
r 2T (r )  rT (r )  b 2 r 2T (r )  0,

(6)

where b  i /  . Eq. (6) leads to the coordinate
distance connection:
T (r )  d 2 I 0 (br )  d3 K 0 (br ),

(7)

where d2 and d3 are the differential equation solution
coefficients, I0 is the modified Bessel function of the
first kind of zero order, and K0 is the modified Bessel
function of the second kind of zero order.
By defining:

Fig. 1 General problem

2.2 First stage solution

The first stage problem is shown in Fig. 2.
* *

* *

i1*t*

i1*t*

T1*  c1ei1 t I 0 (b1*r * )  c2 ei1 t K0 (b1*r * ),

T2*  c3e

I 0 (b2*r* )  c4 e

K0 (b2*r* ),

(12)
(13)

c1  d1d 2 ,

(8)

where b1  i1 /1 and b2  i1 / 2 ; T1 and T2

c2  d1d 3 ,

(9)

are the dimensionless temperature distributions into
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the internal shell and external shell; c3 and c4 are the
coefficients of the temperature distribution solution
into the external shell.
The following connections are the four boundary
conditions which are needed to solve the first stage
problem:
T1*

T1*
T1*
k
r *

* *

r

*

 r1*

r *  r2*

*
1

 T01* ei1 t ,

(14)

 T2*

(15)

,

r *  r2*

T2*
k
r *
*
2

r *  r2*

T2*

r*  r3*

(16)

,
r *  r2*

 0.

(17)

The boundary conditions (Eqs. (14)–(17)) lead
to the next algebraic system equations needed to find
the temperature distribution coefficients:
I 0 (b1* r1* )c1  K 0 (b1* r1* )c2  T0*1 ,

 I 0 (b1* r1* ) T01*

I (b* r * ) 0
a7   0 1 2
 a1
0

0
 0

a1c1  a2 c2  a3 c3  a4 c4  0,

(20)

I 0 (b2* r3* )c3  K 0 (b2* r3* )c4  0,

(21)

(29)

 I 0 (b1* r1* )

I (b* r * )
a9   0 1 2
 a1

 0

0
K 0 (b1* r1* )
T0*1 

K 0 (b1* r2* )  I 0 (b2* r2* ) 0 
,
a2
a3
0

0
0 
I 0 (b2* r3* )

a1  k1*b1* I1 (b1* r2* ),

(22)

a2  k b K1 (b r ),

(23)

a3  k2*b2* I1 (b2* r2* ),

(24)

a4  k b K1 (b r ).

(25)

* *
1 2

* *
2 2

T01*
0
0
0

(30)

the first stage temperature coefficients are given by

where

* *
2 2


0
* * 
 K 0 (b2 r2 ) 
,

a4

K 0 (b2* r3* ) 

K 0 (b1* r1* )
K 0 (b1* r2* )
a2
0

c1 

a6
,
a5

(31)

c2 

a7
,
a5

(32)

c3 

a8
,
a5

(33)

c4 

a9
.
a5

(34)

(19)

 I 0 (b2* r2* )c3  K 0 (b2* r2* )c4  0,

* *
1 1

(28)

 I 0 (b1* r1* )

I (b* r * )
a8   0 1 2
 a1

 0

(18)

I 0 (b1* r2* )c1  K 0 (b1*r2* )c2


0
0
* *
* * 
 I 0 (b2 r2 )  K 0 (b2 r2 ) 
,

a3
a4

I 0 (b2* r3* )
K 0 (b2* r3* ) 

By defining the following determinants:
 I 0 (b1* r1* ) K 0 (b1* r1* )

I (b* r * ) K 0 (b1* r2* )
a5   0 1 2
 a1
a2

0
 0
T01*

0
a6  
0

 0


* *
* * 
 I 0 (b2 r2 )  K 0 (b2 r2 ) 
,

 a3
a4

I 0 (b2* r3* )
K 0 (b2* r3* ) 
(26)
0

0


K 0 (b1* r1* )
0
0
* *
* *
* * 
K 0 (b1 r2 )  I 0 (b2 r2 )  K 0 (b2 r2 ) 
,

a2
a3
a4

0
I 0 (b2* r3* )
K 0 (b2* r3* ) 

(27)

Fig. 2 The first stage problem

2.3 Second stage solution

The second stage problem is shown in Fig. 3.
* *

* *

i2*t *

i2*t*

T1*a  c1a ei2t I 0 (b3* r * )  c2 a ei2t K 0 (b3* r * ),
T2*a  c3a e

I 0 (b4* r * )  c4 a e

K 0 (b4* r * ),

(35)
(36)

where b3  i 2 1 and b4  i 2  2 , and the
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subscript a indicates the second stage.
The following connections are the four boundary
conditions which are needed to solve the second stage
problem.
T1*
T1*
k1*

T1*
r *

T2*

r*  r1*

 0,

 T2*

r *  r2*

 k2*
r

*

 r2*

(37)
,

r *  r2*

T2*
r *

(38)
,

r

*

* *

r*  r3*

(39)

 r2*

 T02* ei2t .

(40)

The boundary conditions (Eqs. (37)–(40)) lead
to the next algebraic system equations needed to find
the temperature distribution coefficients:

 I 0 (b3* r1* ) 0

I (b* r * ) 0
a7 a   0 3 2
 a1a
0

T02*
 0


0
0
* *
* * 
 I 0 (b4 r2 )  K 0 (b4 r2 ) 
, (51)

 a3a
a4 a

I 0 (b4* r3* )
K 0 (b4* r3* ) 

 I 0 (b3* r1* ) K 0 (b3* r1* ) 0

I (b* r * ) K 0 (b3* r2* ) 0
a8 a   0 3 2
 a1a
a2 a
0

*
0
0
T
02



0
* * 
 K 0 (b4 r2 ) 
,

a4 a

K 0 (b4* r3* ) 

(52)

 I 0 (b3* r1* ) K 0 (b3* r1* )
0
0 


* *
* *
* *
I (b r ) K 0 (b3 r2 )  I 0 (b4 r2 ) 0 
a9 a   0 3 2
,
 a1a
 a2 a
a3a
0 


0
I 0 (b4* r3* ) T02* 
 0

(53)

the second stage temperature coefficients are given by

(41)

c1a 

a6 a
,
a5a

(54)

(42)

c2 a 

a7 a
,
a5 a

(55)

a1a c1a  a2 a c2 a  a3a c3a  a4 a c4 a  0,

(43)
(44)

a8 a
,
a5 a

(56)

I 0 (b4*r3* )c3a  K 0 (b4* r3* )c4 a  T02* ,

c3a 
c4 a 

a9 a
.
a5 a

(57)

I 0 (b3* r1* )c1a  K 0 (b3* r1* )c2 a  0,
I 0 (b3* r2* )c1a  K 0 (b3* r2* )c2 a
 I 0 (b4* r2* )c3a  K 0 (b4* r2* )c4 a  0,

where
a1a  k1*b3* I1 (b3* r2* ),

(45)

a2 a  k b K1 (b r ),

(46)

a3a  k2*b4* I1 (b4* r2* ),

(47)

a4 a  k2*b4* K1 (b4* r2* ).

(48)

* *
1 3

* *
3 2

By defining the following determinants:
Fig. 3 The second stage problem

 I 0 (b r ) K 0 (b r )

0
0

* *
* * 
I (b r ) K 0 (b r )  I 0 (b4 r2 )  K 0 (b4 r2 ) 
a5 a   0
,
 a1a

 a2 a
a3a
a4 a


0
I 0 (b4* r3* )
K 0 (b4* r3* ) 
 0
*
3
*
3

*
1
*
2

*
3
*
3

*
1
*
2

2.4 Third stage solution

This stage is a simple superposition of the previous two stages introduced in Sections 2.2 and 2.3.

(49)
0

0
a6 a  
0
 *
T02


K 0 (b3* r1* )
0
0
* *
* *
* * 
K 0 (b3 r2 )  I 0 (b4 r2 )  K 0 (b4 r2 ) 
, (50)

 a2 a
a3a
a4 a

0
I 0 (b4* r3* )
K 0 (b4* r3* ) 

3 Results and discussion

Fig. 4 introduces five temperature distributions
for those same parameters: 1  1, 2  1, 1 
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0.05,  2  0.01, r1  0.3, r2  0.6,

frequency was divided by 6; thus, each line represents
time advance by 1/6 time cycle.
Fig. 5 introduces four temperature distributions

r3  1, k1 

0.05, k2  0.01. Every case has its specific amplitude
relation: for case a, T01  1,

01


02

T02  1; for case b,

01

for those same parameters: T01  1, T02  1, 1 


02

T  1, T  0.5; for case c, T  0.5, T  1; for

0.05,  2  0.01, r1  0.3, r2  0.6,

case d, T01  1, T02  0; for case e, T01  0, T02  1.

r3  1, k1 

0.05, k2  0.01. Every case has its specific frequency

Each line in each figure introduced specific time. The

time cycle Tc  2π/min
according to the smaller

relation: for case a, 1  1, 2  3; for case b,

T=T(r, t)

T*

T*

T=T(r, t)

r*

(a)

(b)

T=T(r, t)

T=T(r, t)

T*

T*

r*

r*

r*

(c)

(d)

T*

T=T(r, t)

r*

(e)

Fig. 4 Five temperature distributions for the parameters listed in Section 2

1  1, 2  1, 1  0.05,  2  0.01, r1  0.3, r2  0.6, r3  1, k1  0.05, k2  0.01. The amplitude relations are: (a)
T01  1, T02  1; (b) T01  1, T02  0.5; (c) T01  0.5, T02  1; (d) T01  1, T02  0; (e) T01  0, T02  1
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T=T(r, t)

T*

T*

T=T(r, t)

r*

r*

(a)

(b)
T=T(r, t)

T*

T*

T=T(r, t)

r*

r*

(c)

(d)

Fig. 5 Four temperature distributions for those parameters listed in Section 2
T  1, T  1,   0.05,  2  0.01, r1  0.3, r2  0.6, r3  1, k1  0.05, k2  0.01. The frequency relations are: (a)

01


02


1

1  1, 2  3; (b) 1  3, 2  1; (c) 1  3, 2  3; (d) 1  6, 2  6

1  3, 2  1; for case c, 1  3, 2  3; for case
d, 1  6, 2  6.
Fig. 6 introduces three temperature distributions
for those same parameters: T01  1, T02  1, 1  1,

2  1, r1  0.3, r2  0.6, r3  1. Every case has its
specific diffusivity and conductivity relations: for
case a, 1  0.01,  2  0.05, k1  0.01, k2  0.05;
for case b, 1  0.05,  2  0.05, k1  0.05, k2 
0.05; for case c, 1  0.01,  2  0.01, k1  0.01,
k2  0.01.
Fig. 7 introduces a temperature distribution for
the characterized parameters: T01  1, T02  1, 1 
1, 2  1, 1  0.05,  2  0.01, k1  0.05, k2 
0.01, r1  0.3, r2  0.9, r3  1.
Line 1 in Fig. 4a clearly shows the break point at
r =0.6 which denotes the boundary surface between
the two layers. The line gradient on the left side of the
*

boundary surface is smaller than that on the right.
According to the conductivity relations between the
two layers (k1 k2  5), a larger gradient results from
lower conductivity (k2  0.05). A similar break point
is shown for almost all the other lines in Figs. 4 and 5
where the thermal conductivities are not identical. A
few more selected examples are line 2 in Fig. 4a, lines
1 and 2 in Fig. 4b, and lines 1 and 2 in Fig. 5a.
Note that the gradient sign does not change while
passing through the boundary surface. The above
mentioned lines show preservation of negative gradients, while lines 3 and 4 in Fig. 4b, for example,
show preservation of positive gradient lines. The
amplitude relations are shown clearly in Figs. 4a–4e.
The temperature range on the outer surfaces is equal
to twice the amplitude of the relevant boundary
constraint.
The temperature gradients in Figs. 4–7 show that
heat is either entering or leaving through the two
surfaces simultaneously: in no case does heat enter
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T=T(r, t)

having the same phase and to the steady positive
values of the thermal conductivities.
Figs. 5c (1  2  3) and 5d (1  2  6)

T*

show that increasing the frequency leads to a reduction in the penetration capability of the temperature
constraint.
T=T(r, t)
r*

T*

T=T(r, t)

T*

(a)

r*

Fig.7 A temperature distribution for the parameters
listed in Section 2
T01  1, T02  1, 1  1, 2  1, 1  0.05,  2  0.01,
r*

k1  0.05, k2  0.01, r1  0.3, r2  0.9, r3  1

(b)

T*

T=T(r, t)

r*

(c)

Fig. 6 Three temperature distributions for those parameters listed in Section 2
T01  1, T02  1, 1  1, 2  1, r1  0.3, r2  0.6, r3  1.
The specific diffusivity and conductivity relations are: (a)
1  0.01,  2  0.05, k1  0.01, k2  0.05; (b) 1  0.05,

 2  0.05, k1  0.05, k2  0.05; (c) 1  0.01,  2  0.01,
k1  0.01, k2  0.01

through one surface and go out through the other at
the same time. In Fig. 4a, for example, lines 1 and 2
show heat entering the wall, and lines 2 and 3 show
heat leaving simultaneously through the two surfaces.
This result may be related to the boundary constraints

While the constraint frequency at one surface
has a large value compared to that at the other surface,
as shown in Figs. 5a (2 1  3) and 5b (1 2  3),
the temperature distribution near the higher frequency
surface follows the amplitude variation, while the
temperature distribution near the lower constraint
frequency has values between the amplitude intervals.
At a high frequency constraint, the material has difficulty in following the temperature changes. The
extremum temperature values are dominant according
to the minimum value of the temperature change rate
at these points.
Fig. 6a shows the opposite trend of the break
point compared to Fig. 4a: the left gradient of all lines
in Fig. 6a is larger than that on the right, according to
the change in the thermal conductivity values.
A comparison of Figs. 6b and 6c shows that the
gradients of the temperature distribution lines with
larger conductivity values (Fig. 6b) are lower than
those with lower conductivity values (Fig. 6c).
Figs. 6b and 6c also show that while the thermal
conductivity is uniform, there are no break points in
the temperature distribution lines. These results may
be considered as a partial validation of the physical
model.
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The middle surface of the wall is equal to
r  0.3  0.7/2  0.65. Fig. 7 shows that the ex
ms

tremum values of the temperature distribution lines
are not in the middle of the wall, but in the interval

0.6  rext.
 0.65. Since the middle surface does not
divide the cylindrical shell into two equal material
quantities (the smaller quantity is near the interior
surface), the temperature gradient will be larger near
the interior surface and closer to the extremum value.
Fig. 7 shows that the break point of the distribution temperature line moves to r*=0.9, which is the
new separated surface between the two materials or
between the two layers.
For constant thermal conductivities and without
heat generation the heat diffusion equation mostly
leads to a linear connection. Non-linearity potential of
the actual physical problem may be due to the use of
an improved Fourier law (non-Fourier behavior).
Relevant experimental work is needed to complete the validation of this model.

4 Conclusions

1. Increasing the frequency decreases the depth
of temperature penetration.
2. In systems that are working with high frequency and need insulation, it is possible to save
material thickness and insulation.
3. Temperature distribution lines showing simultaneous heat flux entry and exit were not found.
4. In contrast to a plane wall, symmetrical constraints will not result in a symmetrical temperature
distribution in a cylindrical wall.
5. The temperature distribution more closely
tracks the temperature constraints when thermal
conductivity is high.
6. The temperature distribution near a high frequency surface constraint follows mostly the constraint extremum values.
7. The use of complex numbers is an appropriate
tool to deal with this work and other parallel problems. To build this physical model, a physical superposition has to be used. This work introduces a
method that may be used for calculating any number
of cylindrical plane walls. This problem has some
similarities to a problem comprising fluid layers be-

tween oscillating plates, in which the velocity vector
takes the place of the scalar temperature value and the
kinematic viscosity substitutes for the thermal
diffusivity.
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中文概要
题

目：不同振幅和频率的振荡温度作用下的双层圆柱壳
模型

目

的：扩大对外表面温度波动约束下的圆柱壳内部温度
分布的认识；建立模型并研究同时施加在内外表
面的不同振幅和频率的温度波动约束对壳体内
温度分布的影响。

创新点：1. 提出一个清晰的线性模型以获得在外表面施加
不同频率和振幅的温度约束时壳体的温度分布；
2. 此模型适用于解决导热能力介于理想导热和
绝热之间的不同材料组成的任意层数圆柱壳体
内的温度分布问题。
方

法：1. 由热扩散方程和内外表面的边界条件来构建物
理模型；2.使用复数和物理叠加以提高该模型的
表现。

结

论：1. 增加表面温度约束的波动频率会相应地减少温
度渗透深度；因此，对于高频率工作并需要绝热
的系统，可以节约材料厚度并绝热。2. 并未发现
同时反映热流的进和出的温度分布线。3. 要构建
这个物理模型，必须使用物理叠加。

关键词：振荡温度；温度振幅；热导率；热扩散率

