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Abstract: To accurately control the full-span erection of continuous steel box girder bridges with complex cross-sections and long
cantilevers, both the augmented finite element method (A-FEM) and the degenerated plate elements are adopted in this paper. The
entire construction process is simulated by the A-FEM with the mesh-separation-based approximation technique, while the degenerated plate elements are constructed based on 3D isoparametric elements, making it suitable for analysis of a thin-walled
structure. This method significantly improves computational efficiency by avoiding numerous degrees of freedom (DoFs) when
analyzing complex structures. With characteristics of the full-span erection technology, the end-face angle of adjacent girder
segments, the preset distance of girder segments from the design position, and the temperature difference are selected as control
parameters, and they are calculated through the structural response of each construction stage. Engineering practice shows that the
calculation accuracy of A-FEM is verified by field-measured results. It can be applied rapidly and effectively to evaluate the
matching state of girder segments and the stress state of bearings as well as the thermal effect during full-span erection.
Key words: Continuous steel box girder bridges; Full-span erection; Augmented finite element method (A-FEM); Construction
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1 Introduction
Continuous steel box girder bridges have become the dominant type of long-span bridges because
of their large bending stiffness, high torsional rigidity,
and good adaptability for rapid construction (Lee et
al., 2006; Thang et al., 2009). For the construction of
a continuous steel box girder bridge, although the
full-span erection technique is high-quality, timesaving, and environmentally friendly, the construction error between the actual geometric shape of a
*
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girder and its ideal state of design must be strictly
controlled to ensure the quality of deck pavement
(Huang, 2007). The long segments of a girder divided
in this full-span erection should be accurately positioned to control the construction error of bridge
bearings within their allowable eccentricity for installation. Therefore, accurately predicting the deflections and stresses of the girder segments during
the entire full-span erection is essential to avoid the
influence of geometric errors accumulating as the
construction progresses and to control the quality of
construction.
For the analysis of continuous steel box girder
bridges, beam elements are the most popular used
elements. However, there are usually some obvious
shear deformations and shear lag effects in a
thin-walled steel box girder, and various methods
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have been proposed to analyze the impact of these
structural behaviors and improve the general applicability of beam elements. Razaqpur and Li (1991)
presented a new type of beam element with two end
nodes, which included torsional and distortional
warping modes, and some additional degrees of
freedom (DoFs) were added to allow the occurrence
of shear lag effect. However, the additional DoFs
depend on the shape of the cross-section, and this
restricts the application to some specific crosssections. Prokić (1993) published a theory for
thin-walled beams with arbitrary open or closed
cross-section, but the distortion mode was not incorporated in this theory, because the cross-section
remained undeformed in its plane. Nguyen et al.
(2016) proposed an analytical beam model for a
thin-walled, open-section beam made from functionally graded materials. In this beam model, restrained
warping was applicable to thin-walled beams, but the
shear deformation was not included. These 1D beam
elements are usually applied in simulating some
simple structures, and cannot comprehensively obtain
their geometric and mechanical characteristics. For
the analysis of more complex structures, 3D solid or
plate elements are more suitable options. However,
the computational efficiency with 3D solid or plate
elements is much lower than that of the 1D beam
elements due to the increase of their DoFs (Liu et al.,
2017). To address this problem, Ling et al. (2009)
proposed the augmented finite element method
(A-FEM) with mesh-separation-based approximation
technique, in which the geometrically independent
mathematical elements (MEs) and physical elements
(PEs) are combined by a specific correlation-rule and
applied to construct the approximating function in the
mathematical domain and numerically integrate in the
physical domain. The A-FEM can describe discontinuous deformation and simulate shear band propagation, and is especially effective in overcoming the
mesh sensitivity problem in modeling the standard
shear band (Ling et al., 2012). Naderi et al. (2016)
extended the A-FEM formulation from 2D to 3D, and
proposed a 4-node tetrahedral element, which is a
new type of 3D solid element without the need to add
DoFs.
Compared with the conventional finite element
method (FEM), the spatial A-FEM has proved to be
more accurate and efficient in the analysis of complex
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structures, and thus it was chosen to analyse the entire
full-span erection process of a continuous steel box
girder bridge in this paper. In this analysis, the degenerated plate elements, created by introducing the
assumptions of plate into 3D isoparametric elements,
were adopted to comprehensively obtain the geometric and mechanical characteristics of the structure.
Based on the A-FEM and degenerated plate elements,
the structural responses during the entire longcantilever full-span erection of a real girder were
closely analysed, and some formulae are proposed to
determine the construction parameters. Finally, when
applied in the actual full-span erection of the Hong
Kong-Zhuhai-Macao Bridge, the construction errors
during the entire construction were successfully controlled by this method.

2 Project background
The Hong Kong-Zhuhai-Macao Bridge is
22.9 km in length, 70% of which is continuous steel
box girders with a standard span of 6×110 m (Su and
Xie, 2016). The 6×110-m girder adopts a uniform
cross-section as displayed in Fig. 1, which is a single-box double-cell steel structure with long cantilevered plates. The division scheme of a 6×110-m
girder is shown in Fig. 2, in which the girder is longitudinally divided into six span-scale segments at the
locations of zero bending moment. The length of the
first segment is 133 m, the final segment is 87 m, and
the intermediate four spans are all 110 m. The error of
girth-welding should be controlled to less than 2 mm
to make the girder segments smoothly connected. In
addition, the accumulated construction error during
the progress of erection between the actual elevation
of bridge deck and its design position is required to be
limited within −10 mm to +15 mm. Furthermore, the
girder segments must be accurately positioned, and
when a girder reaches its ideal state, the eccentricity
between the centerlines of the upper bearing plate and
lower bearing plate should be controlled within
20 mm.
Owing to the existence of long cantilevers, there
is an obvious shear lag effect in the steel girder during
full-span erection, and the stress is distributed unevenly along the flanges of the girder (Wu, 2005).
Different from the structural performance analyzed
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based on elementary beam theory, the normal stresses
are non-uniformly distributed along the transverse
direction, which will weaken the strength and stiffness of the whole girder (Sapountzakis and Dikaros,
2019). Meanwhile, a non-negligible part of the displacement of the girder is caused by shear deformation (Wu et al., 2002). The cross-section of a girder
segment may distort and warp out of the longitudinal
plane under an eccentric loading (Vu et al., 2018). In
order to comprehensively describe these effects, some
mechanical assumptions and complex formulae are
needed to be introduced into the beam elements.
However, they will greatly affect the accuracy or
efficiency of numerical simulation. Therefore, it is
important to choose a more appropriate simulation
method to achieve high precision control based on the
accurate prediction of the deflections and stresses of
each construction stage.
3 Analytical method

structure. As shown in Fig. 3, a physical region can be
composed of different materials, such as concrete and
steel. We establish a local orthogonal coordinate
system ξ′η′ζ′ in each PE, and each ζ′ axis is taken as
the normal direction of the PE.
The displacement interpolation function defined
on the ME, u, can be obtained by applying isoparametric interpolation:

u

n

Ni ( , ,  )di ,

where Ni is the shape function for displacement interpolation of the MEs, (ξ, η, ζ) is the natural coordinate in the reference element of the MEs, di is the
displacement vector of the MEs, and n is the node
number of the MEs.
Appropriately expanding the definition domain
of Eq. (1) to cover the PEs, the displacement interpolation function of the PEs, u', can be derived as
ζ'

3.1 Theory of A-FEM

ξ'
η'

Different from FEM, two kinds of elements,
namely, MEs and PEs, are defined in the A-FEM to
geometrically separate the elements for constructing
the approximation and those for numerical integration
(Fang et al., 2011; Liu et al., 2013; Ling et al., 2014;
Jung et al., 2016). MEs are geometric areas for
building the displacement mode of elements, while
PEs are real physical domains occupied by the

(1)

i 1

η'

ξ'

ζ'

ζ'

ζ'
η'

z
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x
y

Fig. 3 Partition of the PEs

Fig. 1 Standard cross-section (unit: mm)

Fig. 2 Longitudinal division scheme of the girder (unit: m)
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u 

n
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 Ni( , ,  )di  T  Ni ( , ,  )di ,
i 1

(2)

i 1

where Ni′ is the shape function for displacement interpolation of the PEs, and T is the mapping matrix
determined by the deformation characteristic of the
PEs (Ling et al., 2014).
The relationship between strain ε and displacement d in global coordinates is expressed by matrix B
as

where E is Young’s modulus, and v is Poisson’s ratio.
λ is an introduced penalty coefficient, taking zero or a
small number when calculating stress, so that the
stress perpendicular to the mid-surface of the plate is
zero; taking a large number when calculating stiffness, so that the relative deflection of the corresponding point is zero. In this way, the fundamental
assumption of the plate is satisfied.
The normal direction of each partitioned plate
unit is generally inconsistent with the global coordinates, so Dr is obtained by coordinate transformation.
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The fundamental assumptions of degenerated
plate elements are the same as those of classical plate
theory considering shear deformations, but are not
that complicated mathematically. The constitutive
relation of different types of components is defined by
the modified elastic matrix Dr′.
 1
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where Tε is given as Eq. (7) at the bottom of this page.
In Eq. (7), lξ′, lη′, lζ′, mξ′, mη′, mζ′, nξ′, nη′, and nζ′ are
the direction cosines of ξ′, η′, and ζ′ axes relative to
the x, y, and z axes, respectively.
Considering that only the PEs contribute to the
virtual work equation and utilizing the coordinate
transformation, the elemental stiffness matrix can be
written as
K

s
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1
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(8)
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where s is the total number of physical regions inside
the MEs, J is the Jacobi matrix corresponding to the
transformation between the global coordinate and
local coordinate of MEs, and Jr' is the Jacobi matrix
corresponding to the coordinate transformation between the rth PE and its reference element, in which
nr' is the node number of the rth PE, and
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Because the generation of the mathematical
mesh is not strictly dependent on the physical area,
not only can the mathematical nodes be defined outside the complex physical boundary, but also the MEs
are maintained in an acceptable geometric form.
Consequently, the problem of easily distorting on a
complex boundary, which is often encountered in
FEM, is overcome by A-FEM. Subsequently, different from conventional elements, the shape of PEs is
no longer limited to regular triangles or quadrilaterals.
Even if there were a hollow region, it can be regarded
as an independent region and Dr is zero. Therefore,
the constraints for the generations of PEs, including
complex boundaries and composition of materials,
are removed by A-FEM.

most remain stable with more elements. Therefore,
the convergence of A-FEM along the longitudinal
direction is acceptable in the proposed model.
3.3 Method validation

Subjected to the most adverse loading, the first
segment of the proposed girder is selected to verify
the accuracy of A-FEM for analyzing complex,
long-span structures. To compare with the results of
the A-FEM model, another two conventional FEM
models are also created with the plate elements and
beam elements, respectively. Taking the plate element model as an example, as displayed in Fig. 7, it
has a total number of 243 963 elements and 198 802
nodes.
The results of the A-FEM, conventional plate
elements, beam elements, and the field-measured data
after erecting the first segment are provided in Figs. 8
and 9. The results of the maximum deflections and
stresses are listed in Table 1.

①

②

③

④

⑤

⑥

⑦

3.2 Analysis model

The division for the MEs of the standard
cross-section of 6×110-m continuous steel box girder
is shown in Fig. 4. The MEs are 20-node 3D isoparametric elements. The structure is divided into one
single unit along the vertical direction, 15 units along
the longitudinal direction, and seven units along the
transverse direction considering the effects of shear
lag. The total numbers of mathematical nodes and
elements are 848 and 105, respectively. Inside the
ME, each plate included in the top plate, bottom plate,
web, and stiffeners constitutes one single physical
region. The total numbers of physical nodes and elements are 44 619 and 23 040, respectively. The 3D
A-FEM model is displayed in Fig. 5.
In order to analyze the effect of the numbers of
MEs on the convergence of A-FEM, the vertical deflections and longitudinal normal stress at the mid
span are calculated with the increase in the numbers
of elements along the longitudinal direction, which
are illustrated in Fig. 6.
The results illustrate that when the number of
longitudinal elements reaches 15, the deflections and
stress are rather close to the refined results, and al-

Fig. 4 Division for MEs of the standard cross-section

Fig. 5 A-FEM model
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Longitudinal normal stress (MPa)
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Fig. 6 Variation of vertical deflections (a) and longitudinal normal stress (b) at the mid span as the elements
increase
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Fig. 9 Comparison of longitudinal normal stress: (a) top
edge; (b) bottom edge
Table 1 Results of the maximum deflections and stresses
Method

Y

Z

X

Fig. 7 Plate element model of conventional FEM

Vertical defletcion (mm)

200
A-FEM results
FEM results with plate elements
FEM results with beam elements
Field-measured results
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0
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0

20
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Longitudinal position (m)

120

Fig. 8 Comparison of vertical deflections

140

Deflection
(mm)

Stress of Stress of the
the top
bottom edge
edge (MPa)
(MPa)

A-FEM

281.1

73.8

152.5

Conventional
plate element

284.6

76.1

157.5

Conventional
beam element

258.9

64.9

125.8

Field-measured
data

279.2

75.2

150.7

The results reveal that the deflections and
stresses calculated by A-FEM are in good agreement
with those of conventional plate elements and fieldmeasured data, and the error is less than 2% for deflections and 5% for stresses. However, there is a
great deviation using the beam element, where the
error reaches 7.3% for deflections and 16.5% for
stresses. Hence, the A-FEM meets the requirement of
calculation precision when applied to practical complex spatial structures and significantly improves the
computational efficiency.

274

Wang et al. / J Zhejiang Univ-Sci A (Appl Phys & Eng) 2020 21(4):268-279

One of the most important aspects of construction control is vertical elevation, where the precamber is the most critical parameter for elevation
control of a girder segment. The manufacturing parameters in the unstressed state are determined based
on the pre-camber to achieve the geometric shape in
design ideal state. According to the specifications
(MOT, 2015), the pre-camber w0 is taken as the additive inverse of the sum for the cumulative deflections of girder segments during different construction
stages and half of the deflection caused by the live
load:
 q

w0 = –   wgj  0.5wv  ,
 j 1


(10)

where wgj is the deflection produced in the jth construction stage, wv is the deflection caused by the live
load, and q is the number of construction stages.
Eq. (10) illustrates that it is important to accurately predict the vertical deflection of girder segments during each construction stage. Taking the
periods after erecting the third segment and after
erecting the final segment as two typical construction
stages, Fig. 10 displays the cumulative vertical deflection of the girder during the two periods. The
maximum deflection of the girder caused by the live
load after erecting the final segment is displayed in
Fig. 11. Fig. 12 shows the final vertical relative elevation of the girder considering the pre-camber. For
comparison with the results of the A-FEM, the

Vertical deflection (mm)

A-FEM results

Field-measured results

0

-100

-200

-300

0

100

Vertical deflection (mm)

4.1 Elevation control

(a)

100

110
220
Longitudinal position (m)

(b)

A-FEM results

330

Field-measured results

0

-100

-200

-300
0

110

220
330
440
Longitudinal position (m)

550

660

Fig. 10 Cumulative vertical deflections of different construction stages after erecting the third segment (a) and
after erecting the final segment (b)
0
Vertical deflection (mm)

Based on the A-FEM, the most adverse stress
condition for each girder segment can be checked,
and the construction parameters for prefabrication
and erection can also be determined, such as the
pre-camber of girder segments, the angle between two
adjacent end-faces, the pre-set distance of the girder
segments, and the effect of temperature difference.
The predicted results prove to be accurate enough to
ensure that the full-span erection can be carried out
with good quality in a smooth manner.

field-measured results during the erection of the
girder segments are also presented in these figures.

-25

-50

-75

-100
0

110

220
330
440
Longitudinal position (m)

550

660

Fig. 11 Maximum vertical deflections under live load
60
Vertical relative elevation (mm)

4 Simulation and control of the construction
process

Predicted elevation

Field-measured elevation

40

20

0

-20
0

110

220
330
440
Longitudinal position (m)

550

660

Fig. 12 Final vertical relative elevation after construction
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The figures indicate that the field-measured results of each construction stage agree well with the
predicted results based on the A-FEM, and the setting
of pre-camber proves to be reasonable. The final vertical relative elevations of the girder after completion
of construction based on the pre-camber predicted by
A-FEM is consistent with the field-measured elevations in Fig. 12, and the errors of elevation are controlled within 10 mm. This fully meets the requirements of geometric accuracy for deck elevation.

during the construction: (a) both segments are unstressed; (b) one segment is stressed and the other is
unstressed; (c) both segments are stressed. The
end-face angle in the unstressed state, θ0, can be expressed as

4.2 Control of stress

ments of the top and bottom edges at the end of

4.3 Control for the end-face angle of the girder
segments

During the full-span erection of a continuous
steel girder, each girder segment should be smoothly
connected after its elevation has been determined.
Therefore, it is critical to control the angle between
two adjacent end-faces of the girder segments. To
control the maximum error of longitudinal distance
between two adjacent end-faces of the girder segments within 2 mm before girth-welding, the angle of
the two end-faces in the unstressed state must be set
based on accurate calculation. As shown in Fig. 14,
the end-face angle needs to be checked in three cases

where umt and umb are the longitudinal displace-

Longitudinal normal stress (MPa)

segment m during the jth construction stage, umt ,

150

(a)
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0
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A-FEM results (top)
A-FEM results (bottom)
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Longitudinal normal stress (MPa)
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Field-measured results (top)
Field-measured results (bottom)
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220
Longitudinal position (m)

330

(b)

100
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0
-50
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0

A-FEM results (top)
A-FEM results (bottom)

110

Field-measured results (top)
Field-measured results (bottom)

220
330
440
Longitudinal position (m)

550

660

Longitudinal normal stress (MPa)

The stress of a continuous steel box girder is
changing constantly as construction progresses. In
order to check the stress states of girder segments for
safety, the stresses should be accurately predicted
during their actual erection. For the verification of the
predicted results, some measuring points were set on
the girder segments, the positions of which were determined by the prediction of the most adverse stress
state based on the A-FEM. Figs. 13a−13c show the
comparison of measured and predicted results for the
longitudinal distributions for normal stresses in the
top and bottom edges of the girder under different
erection stages and hoisting condition, respectively.
According to the A-FEM results, the location
where the maximum normal stress occurs at the mid
span, the top of piers, and the lifting point, are selected for monitoring. The field-measured results are
close to the predicted values with 10% and 15% errors
in erection and hoisting, respectively. Therefore, the
stresses of the girder segments during their entire
full-span erection can also be accurately predicted
based on the A-FEM to assess structural safety.

0 =[(umb  umt )  (umb  umt )  (umb1  umt1 )] / h,
(11)

Fig. 13 Longitudinal normal stress distributions under
different construction stages of after erecting the intermediate segment (a) and after erecting the final segment
(b), and under the hoisting condition (c)
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umb , umt 1 , and umb1 are the longitudinal dis-

placements of the top and bottom edges at the adjacent end-faces of segments m and m+1 during the
erection of the segment m+1, respectively, and h is the
depth of the girder. The construction parameters for
controlling the end-face angle are listed in Table 2.
Before being erected, each pair of adjacent
end-faces for the girder segments has been set a certain end-face angle in the unstressed state based on
the data of Table 2. As a result, all the adjacent
end-faces are kept parallel when being girth-welded
at the construction site, indicating that the adjacent
end-faces of girder segments can be perfectly
matched by reasonably setting the end-face angles.
4.4 Control for locating accuracy in hoisting
girder segments

The final states of a continuous steel box girder
and its bearings are affected by the locating accuracy
in hoisting the girder segment, which can be divided
into three stages as shown in Fig. 15. When installing
the permanent bearings, the girder segment is shifted
from its initial position on the temporary bearings

by a certain overall excursion. The relative offset
between the top and bottom plates of the bearing can
be counteracted by the longitudinal displacements of
the bottom plate for the girder segment during remaining construction stages after the installation of
permanent bearings. Therefore, the pre-set distance of
the girder segment, δ, can be derived as
q

   u j ,

(12)

j 1

where uj is the longitudinal displacement at the bottom edge of the girder segment in the jth construction
stage caused by gravity and thermal effect, the specified positive direction of which is consistent with the
forward direction of construction.
When this method was applied to control the
position accuracy in hoisting real girder segments, the
field-measured eccentricities of bearings are less than
20 mm, indicating that the bearings were placed in the
correct position without eccentric load under gravity
and thermal effects, and the durability and safety of
bearings were guaranteed.

Table 2 Construction parameters for controlling the end-face angle
Position of the
end-face angle
Segment 1-2
Segment 2-3
Segment 3-4
Segment 4-5
Segment 5-6

umt (mm)

12.3
−1.2
9.4
21.7
3.1

umb (mm)

−17.8
−25.9
−14.8
−2.6
−21.1

umt (mm)

−8.5
1.4
13.7
−4.8
0.9

umb (mm)

t 1 (mm)
um

19.0
29.9
42.2
24.4
29.6

−2.9
7.7
20.0
1.7
7.5

10.3
20.4
32.6
14.5
19.8

−0.20
−0.11
−0.11
−0.10
−0.11

t

m

u



θ0 (°)

u



b1 (mm)
um

b

m

u

 mt +1

u

uu

 mt

 mb

 mb+1

Fig. 14 Different states of the end-face angle between adjacent segments: (a) unstressed state; (b) intermediate state
which is stressed on the left and unstressed on the right; (c) installed state
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Temporary bearings

60
Vertical deflection (mm)

The deflections and stresses of the full-span
girder segments are affected markedly by the vertical
temperature difference effect, which must be accurately predicted and evaluated to ensure the safety of
the bridge and correct position of each segment during construction. Figs. 16 and 17 compare the longitudinal distribution of the simulated deflections and
stresses with that of the field-measured results under
different temperature differences.
The deflections and stresses under each temperature difference calculated by A-FEM are in accordance with those measured in-situ. When the temperature difference reaches the maximum value of
14.5 °C, the deflections at the mid span and cantilever
are 65.5 mm and −70.6 mm, respectively. Under these
positive temperature differences, the stress increment
at the top edge of the girder segment is more obvious
than that at the bottom edge, with a maximum of
38.5 MPa. Even if the temperature difference was
only 2.5 °C, there would have been already obvious
thermal deflections of the girder segment. Therefore,
the temperature difference between top and bottom

plates should be strictly controlled before segments
are erected and welded.

30
0
A-FEM results under temperature difference of 0.6 C
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5 Conclusions

Based on the separation of mathematical and
physical meshes, the A-FEM is more efficient than
the conventional FEM. Verified by the fieldmeasured data, its accuracy has met engineering requirements, and can be applied to the refined analysis
for the construction process of complex long-span
bridges.
Based on the A-FEM results for the deflections
and stress of each construction stage, the elevation of
girder segments for erection can be precisely controlled, and the most adverse load positions can be
identified and checked. The end-face angles between
adjacent girder segments in their unstressed states are
determined by analyzing the displacements of the
nodes at the end of segments to ensure a smooth
connection during construction. The pre-set distance
of the girder segment is precisely set to ensure that
bearings are still in the specified position under
gravity and thermal loads. The effects of temperature
difference on girder segments are evaluated by calculating girder deflections and stresses under different temperature differences. By controlling these key
parameters, the full-span erection of a continuous
steel box girder can be effectively guided.
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中文概要
题

目：大悬臂连续钢箱梁桥整孔安装的精细化分析及施
工参数计算

目

279

的：以港珠澳大桥连续钢箱梁桥为工程背景，探究适
用于模拟全桥全施工阶段且具有高精度的空间
有限元方法，并分析整孔安装的关键施工参数，
从而高效准确地控制大型复杂桥梁结构的整孔
安装精度。

创新点：1. 采用基于网格分离的空间强化有限元法，能够
在保证精度的同时简化复杂结构的网格剖分问
题，且适用于任意边界、构造及荷载的空间分析。
2. 在三维实体单元的基础上引入退化板单元，并
对不同物理单元的本构关系矩阵进行修正，使其
适用于薄壁结构分析。3. 精确计算施工控制参
数，以有效地指导连续钢箱梁的整孔安装过程。
方

法：1. 采用空间强化有限元法，并引入退化板单元，
对连续钢箱梁桥进行全桥全施工阶段分析。2. 基
于结构响应，计算相邻节段间的端面转角、节段
预偏距和温差效应等关键参数以控制整孔安装
施工精度，并与传统有限元法及工程实测数据进
行对比验证。

结

论：1. 相较于传统有限元法，空间强化有限元法更高
效，且其精度满足工程要求。2. 根据各施工阶段
的结构响应，可以精确地控制梁段高程，以及识
别和校核最不利荷载位置。3. 精确地控制相邻节
段在无应力状态下的端部转角、梁段预偏距和箱
梁顶底板温差等施工参数，能够使梁段平顺连接，
使最终支座处于正位状态，并避免温差效应的影
响，从而实现对整孔安装施工的高精度控制。

关键词：连续钢箱梁桥；整孔安装；强化有限元；施工控
制；施工参数计算

