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When an axial force is applied to the beam, the
effective stiffness of the beam (before buckling) will
increase. As can be seen from Fig. 10, with 7y in-
creasing, the edge frequencies of the BS bandgap
increase, while the edge frequency w; of the LR
bandgap increases slowly and finally approaches the
natural frequency of the mass-spring resonator, and
w, remains almost unchanged after the 1st TP. The
bandgap width becomes wider first and then narrower,
and a pseudo-gap appears at the 1st TP (near 775=1.5).

Fig. 9 Effect of x on bandgaps (i7,=1, 75=0)

Fig. 10 Effect of 57,y on bandgaps (i7,=1, 7x=5)

4.2 Super wide pseudo-gap

According to the previous discussion, it can be
concluded that under certain conditions, such as at
TPs in Fig. 7, the boundaries of the LR and BS
bandgaps will coincide, and the passband between the
two bandgaps becomes extremely narrow, forming a
so-called super wide pseudo-gap. In this study, we
just pay attention to the first two lowest pseudo-gaps

(n=1 and n=2 in Eq. (8)). Satisfying the formation
condition in Eq. (8), the three dimensionless param-
eters (7., 1k, and #y) are not all independent. In the
following, we fix 5;=1, while choosing 7y as the main
parameter to study for its effect on the pseudo-gap.

Figs. 11 and 12 show the variations of the super
wide pseudo-gaps with the dimensionless axial force
ny when n=1 and n=2 in Eq. (8), respectively. The
dotted line represents the extremely narrow passband.
As ny increases, the width of each pseudo-gap in-
creases. When n=1, the ratio of bandgap width to total
width ((w4—w1)/w4) exceeds 85.3% from 0 Hz to wy;
when n=2, the ratio ((w¢—w3twr—m))/we) exceeds
77.8% from 0 Hz to we. If an clastic wave filter is
designed based on this characteristic, elastic waves
whose frequencies are in the narrow passband can be
selected out over a super wide frequency range, and
the larger the 7y, the better the filtering effect.

Fig. 11 Effect of 7, on the super wide pseudo-gap when
n=1(y,=1)

Fig. 12 Effect of 7, on the super wide pseudo-gap when
n=2 (17,~1)
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Fig. 13 shows the comparison between the ex-
perimental and numerical results when 7,=2.8x10"",
nk=3.3, and ny=5.5x10", yx=4.2. It should be noted
that the corresponding #x for #7,=2.8x10" and
nv=5.5%x10"" are 3.655 and 3.966 respectively under
the formation conditions of a super wide pseudo-gap,
which are close to the parameters used in the exper-
iment. It can be seen that the passband between the
two lowest bandgaps is relatively narrow, giving rise
to the super wide pseudo-gap.
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Fig. 13 Comparison between the experimental and nu-
merical results (7,=1)
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4.3 One-dimensional tandem metastructured
beam

When an elastic wave propagates in the meta-
structured beam, the wave amplitude will be attenu-
ated or enhanced. If different metastructured models
are connected in series or in tandem, the wave prop-
agation behavior will be a comprehensive result. If
the attenuation is greater than the enhancement, the
synthesized structure can achieve the effect of wid-
ening bandgaps (Zhu et al., 2014; Barnhart et al.,
2019). This feature has been used to construct 1D
layered PCs with an ultra-wide bandgap (Kushwaha,
2008; Chen et al., 2017) as well as metamaterials with
broadband wave mitigation at subwavelength scale
(Chen et al., 2016; Xu et al., 2019).

From Fig. 9, it is seen that the edge frequency w;
before TP is the same as w, after TP. If two pairs of
mass-spring oscillators (A and B), selected from both
sides of TP, are arranged in the way as shown in
Fig. 14, the new metastructured beam is expected to

have much wider bandgaps and the analogous
pseudo-gaps. In the following discussion, the syn-
thesized beam is named AB, while the one with only
springs A (or B) is named AA (or BB).
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S S

Leftend ! : PE ape E ' Right end
- a e 7 om .

My L ) 1

Fig. 14 Two metastructured beams with different mass-
spring resonators connected in series to form a new syn-
thesized metastructured beam

Taking nxa=3, ngs=4, m=10, and n=9, input the
vibration signal at the left end of the beam, and re-
ceive the signal at the right end. The FEM results are
shown in Fig. 15. It is seen that the edge frequency w,
of AB is very close to AA, while w, of AB is very
close to BB. The original passband between the two
bandgaps of AA (or BB) becomes a bandgap in AB,
with only a very narrow frequency range acting like a
passband. In this case, AB exhibits similar character-
istics to a super wide pseudo-gap. In fact, the result of
a tandem structure can be approximated as a weighted
average of the results of individual structures, and the
weighting factors are related to the number of the
respective resonators (Deymier, 2013), which are
m/(m+n) and n/(m+n). Fig. 16 shows the comparison
between the directly calculated result of AB by
ABAQUS and the approximate result using the above
weighted formula, which is Syg=(mSaa+nSgp)/(m+n).
It is seen that the bandgap characteristics from the two
methods match quite well with each other. Therefore,
the bandgap characteristics of the tandem structure
can be approximately predicted from Fig. 9. Obvi-
ously, we can integrate other springs, masses, or lat-
tice constant L, to form a synthesized metastructured
beam, so as to obtain much wider bandgaps and a
super wide pseudo-gap according to Figs. 7, 9, and 10.

In addition, it is very effective to control the
propagation distance of an elastic wave at certain
frequencies in the synthesized beam by adjusting m
and n. Fig. 17 shows the wave propagation in the
beam with m (yx=1) and n (1¢=3) mass-spring oscil-
lators at 385 Hz while keeping m+n=19. It is seen that
when m equals 6, 10, and 13, the wave propagation
distances are roughly 7L, 11L, and 14L, respectively,
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indicating that the wave propagation distance in the
beam can be effectively controlled.
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Fig. 15 Comparison of frequency response spectrum
between AB and AA or BB (37,=1, #,=0)

AB represents the tandem structure of 10 springs A and 9
springs B, while AA (or BB) represents the beam with 19
springs A (or B)
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Fig. 16 Comparison of frequency response spectrum
between the weighted result and the directly calculated
result of AB
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Fig. 17 Control of wave propagation distance by changing
the numbers of two different mass-spring oscillators, and

m (or n) is the number of springs A (or B)

4.4 Effect of defect

Defect, which is an important topic in the re-
search of PCs, can cause wave localization (Figotin
and Klein, 1996), energy accumulation, wave guiding
(Miyashita, 2005; Yao et al., 2010), and other special
phenomena. Wave propagation in some periodic

structures can be very sensitive to defects, while it
may be insensitive to defects in other situations. For
the 1D metastructured beam considered in this study,
we mainly discuss the influence of point defects (lost
mass-spring oscillators) on the bandgaps. Fig. 18
shows the effect of defect when #;=1, n,=0, and
ng=1.3. There are 10 mass-spring units, and the 3rd
and 7th oscillators represent the third and seventh
mass-spring oscillators from the excitation end. The
experimental and finite element results show that the
omission of a few mass-spring oscillators has little
effect on the global bandgap characteristics, espe-
cially on the LR bandgap. However, the upper edge
frequency w4 of the BS bandgap is sensitive to the
defects, and the more the defects, the lower the ws,
and the weaker the attenuation. If the point defects
increase, the BS bandgap will gradually disappear.
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Fig. 18 Effect of point defects on bandgaps (y,=1, 75=0,
and 74=1.3)

5 Conclusions

Combined with the theoretical analysis of Zhou
et al. (2019), the effects of lattice constant, axial force,
and spring stiffness on the bandgap characteristics of
a 1D pre-stressed metastructured beam with mass-
spring oscillators were investigated by experimental
and numerical methods. It was proved that the width
and position of the bandgaps can be adjusted by co-
operatively changing the axial force and the spring
stiffness. In particular, under certain conditions, a
super wide pseudo-gap will form. The influences of
serial combination and local defect on the bandgaps
were also discussed. The main conclusions of this
study are summarized as follows:
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1. Coordinately changing the lattice constant,
axial force, and spring stiffness can effectively adjust
the width and position of the bandgaps. Under certain
conditions, a super wide pseudo-gap can be obtained,
and the larger the axial force, the better the filtering
effect based on the narrow passband in the
pseudo-gap.

2. The synthesized metastructured beam with
two kinds of mass-spring oscillators selected from
both sides of TP has much wider bandgaps and an
analogous super wide pseudo-gap. At the same time,
changing the number of different mass-spring oscil-
lators can effectively control the wave propagation
distance in the beam.

3. The point defects have less influence on the

LR bandgap but greater influence on the BS bandgaps.

If the number of point defects increases, the BS
bandgap will be narrowed and even disappear.

It should be pointed out that, although the ex-
perimental results are in good agreement with the
numerical results, there are still some deviations
between them. The errors mainly arise from the
experiment, such as an imprecise measurement of
the spring stiffness, the position offset of the springs
on the beam, and the influence of gravity on the
structure. In addition, the inadequacies of the ex-
periment include the fact that the spring stiffness and
the axial force cannot be continuously changed,
resulting in an inability to obtain the accurate char-
acteristics of the super wide pseudo-gap. In addition,
the spring stiffness is relatively small, resulting in a
failure to verify the bandgap characteristics with high
spring stiffness and high-order pseudo-gaps. In fur-
ther studies, we will improve the experimental setup
and try to lay a more solid foundation for engineering
applications.
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