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Abstract: The tracking control of linear differential inclusion is discussed. First, the definition of uniformly
ultimate boundedness for linear differential inclusion is given. Then, a feedback law is constructed by using the
convex hull Lyapunov function. The sufficient condition is given to guarantee the tracking error system uniformly
ultimately bounded. Finally, a numerical example is simulated to illustrate the effectiveness of this control design.
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1 Introduction

Differential inclusion (DI) has been widely stud-
ied because of its practical and theoretical signif-
icance (Aubin and Cellina, 1984; Smirnov, 2002).
Recently, many works have focused on linear dif-
ferential inclusion (LDI), since it is much simpler
than nonlinear DI and can include a class of non-
linear systems with uncertainties (Boyd et al., 1994;
Botchkarev and Tripakis, 2000; Chen, 2001; Goebel
et al., 2004). To study the stability of LDI, Hu and
Lin (2004) defined the convex hull Lyapunov func-
tion (CHLF), and it is verified that the CHLF holds
less conservative than the traditional Lyapunov func-
tion. By using the CHLF, Hu (2007) designed a non-
linear feedback law to stabilize LDI, Cai et al. (2009)
presented saturated control design for LDI, Liu et al.
(2010) discussed LDI with time delay, Huang et al.
(2010) investigated time-delayed LDI with stochas-
tic disturbance, and Huang et al. (2011) studied LDI
with affine uncertainty.

Tracking control is always a hot topic in the
field of control system design, and many papers have
been published to present various designing methods
of the tracking, such as the composite tracking con-
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trol method (Sun, 2008), H∞ control method (Gao
and Chen, 2008), sliding mode control method (Slo-
tine and Sastry, 1983), robust control method (Qu
and Dawson, 1995), and adaptive control method
(Li et al., 2003). We know that, for tracking con-
trol of the uncertain system, it is not easy to real-
ize a completely perfect tracking, and making the
tracking error uniformly ultimately bounded (UUB)
is thus meaningful (Pogromsky et al., 2003; Lee and
Zak, 2004; Hayakawa et al., 2005; Wu and Shi, 2010).
However, to the best of the authors’ knowledge, lit-
tle attention has been paid to the tracking control of
LDI.

Motivated by the above discussion, this paper
considers the tracking control of LDI. It gives a new
control design by the CHLF and makes the tracking
error system UUB.

2 Problem formulation and prelimi-
naries

Let us consider LDI described by

ẋ ∈ co{Aix +B iu} : i ∈ I[1, N ], x (0) = x 0, (1)

where co{·} denotes the convex hull of a set. x ∈ R
n

is the system state, and u ∈ R
m is the control input.

Ai, B i are determined real matrices of compatible
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dimensions, and I[1, N ] denotes the set
{1, 2, · · · , N}. x 0 ∈ R

n is the initial state.
The desired state x̄ is bounded and satisfies the

following equation:

˙̄x = Ax̄ , x̄ (0) = x̄ 0, (2)

where A ∈ R
n×n is a known matrix, and x̄ 0 ∈ R

n is
the initial state.

Denote e = x − x̄ and e0 = x 0 − x̄ 0. Then the
tracking error system is

ė ∈ co{Aie +B iu + (Ai −A)x̄},

i ∈ I[1, N ], e(0) = e0. (3)

We now introduce the definition of UUB. For
simplicity, let us consider the system (3) without the
input u , i.e.,

ė ∈ co{Aie + (Ai −A)x̄},

i ∈ I[1, N ], e(0) = e0. (4)

Definition 1 Let e(t) be a solution of the sys-
tem (4). The system (4) is said to be UUB, if there
exist positive constants r, T (r), and b such that
||e0|| ≤ r implies that ||e(t)|| ≤ b for all t > T (r),
where || · || denotes the Euclidean norm.
Remark 1 It is obvious that if lim

t→∞ ||e(t)|| ≤ b,
then the system (4) is UUB. For convenience, in this
paper we call b the ultimate bound of the system (4).

The following lemma gives the condition, under
which the system (4) is UUB:
Lemma 1 Let e be a solution of the system (4).
If there exists a positive definite function V(e) =

eTQe (λ1 and λ2 are the minimal and maximal
eigenvalues of Q respectively) such that

V̇ (e) ≤ −βV(e) + ε, (5)

where β > 0, ε > 0 are real constants, then the
system (4) is UUB with ultimate bound

√
ε/(λ1β).

Proof From Eq. (5), we can obtain

V(e) ≤ V(e0) exp(−βt) + ε

∫ t

0

exp(−β(t − τ))dτ

= V(e0) exp(−βt) +
ε

β
(1− exp(−βt))

≤ V(e0) exp(−βt) +
ε

β
. (6)

Eq. (6) deduces to

||e || ≤
√

λ2

λ1
||e0||2 exp(−βt) +

ε

λ1β
. (7)

Eq. (7) implies that lim
t→∞ ||e(t)|| ≤

√
ε/(λ1β). From

Definition 1 and Remark 1, we complete the proof.
We now give some basic material of the CHLF.

Detailed presentation can be referred to Hu and Lin
(2004).

Define a function V(x ) = xTPx , where P
is a positive definite matrix. Let ρ be a posi-
tive number. The ρ-level set of V(x ) is given by
LV(ρ) = {x : V(x ) ≤ ρ}, and LV(ρ) is a compact
set of Rn. In what follows, we denote LV (1) by LV ,
and then √

ρLV = LV (ρ).
Let Q j ∈ R

n×n be positive definite matrices for
j ∈ I[1, J ]. Then a CHLF Vc(x ) is defined by

Vc(x ) = min
s∈S

⎛

⎜
⎝xT

⎛

⎝
J∑

j=1

sjQj

⎞

⎠

−1

x

⎞

⎟
⎠ , (8)

where S = {s = (s1, s2, · · · , sJ )T ∈ R
J : sj ≥

0,
J∑

j=1

sj = 1}. A function s∗ on S is defined by

s∗(x ) = argmin
s∈S

⎛

⎜
⎝xT

⎛

⎝
J∑

j=1

sjQj

⎞

⎠

−1

x

⎞

⎟
⎠ . (9)

Eq. (8) is well-defined and s∗(x ) is always a continu-
ous function of x except for some degenerated cases.
Eq. (8) is equivalent to

Vc(x ) = min
s∈S

α

s.t.

⎡

⎣
α xT

x
J∑

j=1

sjQj

⎤

⎦ ≥ 0, s ∈ S,

which is easier to compute than Eq. (8). It is obvious
that

LVc = co{ε(Q−1
j ), j ∈ I[1, J ]},

where ε(Q−1
j ) = {x : xTQ−1

j x ≤ 1}. For a compact
convex set W, let ∂W denote the boundary of W.
From the theory of convex analysis, we know that a
point x ∈ ∂W that cannot be represented as a convex
combination of other points in W is an extreme point
and that a compact convex set is characterized by its
extreme points. Denote Ek = ∂LVc

⋂
ε(Q−1

k ) = {x :

Vc(x ) = xTQ−1
k x = 1}.
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Lemma 2 (Hu et al., 2006) For each k ∈ I[1, J ],
Ek = {x ∈ ∂LVc : xTQ−1

k (Qj − Qk)Q
−1
k x ≤ 0, j ∈

I[1, J ]}.
Lemma 3 (Hu and Lin, 2004) Let x ∈ R

n.
For simplicity and without loss of generality, assume
s∗k(x ) > 0 for k ∈ I[1, J0] and s∗k = 0 for k ∈ I[J0 +

1, J ]. Denote

Q(s∗) =
J0∑

k=1

s∗kQk, xk = QkQ(s∗)−1x , k ∈ I[1, J0].

Then Vc(xk) = Vc(x ) = xT
kQ−1

k xk, and xk ∈
(Vc(x ))1/2Ek for k ∈ I[1, J0]. Moreover, x =
J0∑

k=1

s∗kxk, and ∀k ∈ I[1, J0],

∇Vc(x ) = ∇Vc(xk) = 2Q−1
k xk = 2Q(s∗)−1x ,

(10)
where ∇Vc(x ) denotes the gradient of Vc at x .

Lemma 4 is a direct result of the Schwartz in-
equality, and its proof is omitted.
Lemma 4 For any vectors v1, v2 ∈ R

n, and a
constant ε > 0, the following inequality holds:

2vT
1 v2 ≤ 1

ε
vT
1 v1 + εvT

2 v2. (11)

3 Main results

In this section, we design a nonlinear feedback
law to make the error system (3) UUB.
Theorem 1 Let Qk ∈ R

n×n, Qk = QT
k > 0,

k ∈ I[1, J ], and Vc(e) be the function as defined
in Eq. (8). If there exist F k ∈ R

m×n, λijk ≥ 0,
i ∈ I[1, N ], j, k ∈ I[1, J ], and β > 0, ε > 0 such that

QkA
T
i +AiQk + FT

kBT
i +B iF k

+
1

ε
(Ai −A)(Ai −A)T

≤
J∑

j=1

λijk(Qj −Qk)− βQk, ∀ i, k, (12)

then define

F (s∗) =
J∑

k=1

s∗kF k, Q(s∗) =
J∑

k=1

s∗kQk, (13)

where s∗ ∈ S is as defined in Eq. (9). Then, by the
nonlinear feedback law

u = F (s∗)Q(s∗)−1e, (14)

the system (3) is UUB with the ultimate bound√
ε/(βκ)||x̄ ||, where κ is the minimal eigenvalue of

Q(s∗)−1. Moreover, u is a continuous function of e.
Proof Multiplying Eq. (12) from both sides by
Q−1

k , we can obtain

AT
i Q−1

k +Q−1
k Ai+Q−1

k FT
k BT

i Q−1
k +Q−1

k B iF kQ−1
k

+
1

ε
Q−1

k (Ai −A)(Ai −A)TQ−1
k

≤
J∑

j=1

λijkQ−1
k (Qj −Qk)Q

−1
k − βQ−1

k , i ∈ [1, N ].

(15)
By the feedback law (14), the closed-loop system (3)
is

ė ∈ co{(Ai +B iF (s∗)Q(s∗)−1)e + (Ai −A)x̄},
(16)

where i ∈ I[1, N ]. In the following, we prove the
conclusion in two aspects.

1. Let e ∈ Ek for some k ∈ I[1, J ]. Then,
Vc(e) = eTQ−1

k e = 1 and s∗(e) is a vector in which
the kth element is 1 and the rest are zeros. We have
F (s∗)Q(s∗)−1 = F kQ−1

k and ∇V(e) = 2Q−1
k e, and

then

∇Vc(e)T[(Ai +B iF (s∗)Q(s∗)−1)e + (Ai −A)x̄ ]

= 2eTQ−1
k (Ai+B iF kQ−1

k )e+2eTQ−1
k (Ai−A)x̄ .

(17)
In view of Lemma 4, we have

2eTQ−1
k (Ai −A)x̄

≤ 1

ε
eTQ−1

k (Ai−A)(Ai−A)TQ−1
k e+εx̄Tx̄ . (18)

Then, for i ∈ I[1, N ],

∇Vc(e)T[(Ai +B iF (s∗)Q(s∗)−1)e + (Ai −A)x̄ ]

≤ 2eTQ−1
k (Ai +B iF kQ−1

k )e

+
1

ε
eTQ−1

k (Ai−A)(Ai−A)TQ−1
k e+ε||x̄ ||2. (19)

Substituting Eq. (15) into Eq. (19) yields

∇Vc(e)T[(Ai +B iF (s∗)Q(s∗)−1)e + (Ai −A)x̄ ]

≤
J∑

j=1

λijkeTQ−1
k (Qj −Qk)Q

−1
k e

−βeTQ−1
k e + ε||x̄ ||2. (20)
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By Lemma 2, for i ∈ I[1, N ], k ∈ I[1, J ], we have

J∑

j=1

λijkeTQ−1
k (Qj −Qk)Q

−1
k e ≤ 0. (21)

Then, for any i ∈ I[1, N ],

∇Vc(e)T[(Ai +B iF (s∗)Q(s∗)−1)e + (Ai −A)x̄ ]

≤ −βeTQ−1
k e + ε||x̄ ||2 = −βVc(e) + ε||x̄ ||2. (22)

Eq. (22) implies that

max
i∈[1,N ]

{∇Vc(e)T[(Ai +B iF (s∗)Q(s∗)−1)e

+ (Ai −A)x̄ ]} ≤ −βVc(e) + ε||x̄ ||2. (23)

2. Let e0 ∈ ∂LVc . From Lemma 3, it is obvious
that e0 is a convex combination of a set of ek’s and
ek ∈ Ek for k ∈ [1, J ]. To simplify the following
proof, we suppose that s∗k(e0) > 0 for k ∈ I[1, J0] and

s∗k(e0) = 0 for k ∈ I[J0 + 1, J ]. Then, e0 =
J0∑

k=1

s∗kek.

Since ∇Vc(e0) = 2Q(s∗)−1e0,

Q(s∗)−1e0 = Q−1
k ek,Vc(e0) = Vc(ek), (24)

we have

F (s∗)Q(s∗)−1e0 =

J0∑

k=1

s∗kF kQ−1
k ek. (25)

Then,

∇Vc(e0)
T[(Ai +B iF (s∗)Q(s∗)−1)e0 + (Ai −A)x̄ ]

= 2eT
0 Q(s∗)−1

[
Aie0 +B iF (s∗)Q(s∗)−1e0

+(Ai −A)x̄ ]

= 2eT
kQ−1

k

[

Ai

J0∑

k=1

s∗kek + (Ai −A)x̄

+B i

J0∑

k=1

s∗kF kQ−1
k ek

]

=

J0∑

k=1

s∗k
[
2eT

kQ−1
k Aiek + 2eT

kQ−1
k B iF kQ−1

k ek

+2eT
k Q−1

k (Ai − A)x̄
]
.

(26)
By the same arguments as that used in step 1,
Eq. (26) deduces to

max
i∈[1,N ]

{∇Vc(e0)
T[(Ai +B iF (s∗)Q(s∗)−1)e0

+(Ai −A)x̄ ]} ≤
J0∑

k=1

s∗k(−βeT
k Q−1

k ek) + ε||x̄ ||2

= −βVc(e0) + ε||x̄ ||2. (27)

By Lemma 1, combining Eq. (23) with Eq. (27), we
can conclude that the system (3) is UUB under the
feedback law (14), and that the ultimate bound of
the system (3) is

√
ε/(βκ)||x̄ ||. Moreover, F (s∗)

and Q(s∗) are continuous in s∗, and Q(s∗) > 0. The
continuity of u follows from that of s∗(e). We thus
complete the proof.

4 Example

In this section, we consider a second-order LDI
system described by

ẋ ∈ co{A1x +B1u,A2x +B2u}, x (0) = x 0, (28)

where

A1 =

[
0.25 −0.9

1 0.2

]
, B1 =

[
0

1

]
,

A2 =

[
0.1 −0.7

1 0.15

]
, B2 =

[
1

2

]
, x 0 =

[ −2

2

]
.

The desired state x̄ satisfies

˙̄x = Ax̄ , x̄ (0) = x̄ 0, (29)

where

A =

[
0 −1

1 0

]
, x̄ 0 =

[
1

−1

]
.

Let Vc(e) be composed by Q1, Q2, and ε = 0.01.
There exist Q1, Q2, F 1, F 2, β, λ121, λ112, λ221, and
λ212 as the following:

Q1 =

[
24.2632 42.3931

42.3931 76.1995

]
,

Q2 =

[
23.1692 39.8241

39.8241 71.1436

]
,

F 1 =
[ −76.1204 −207.6789

]
,

F 2 =
[ −70.6421 −196.9910

]
, β = 2,

λ121 = 0.1765, λ112 = 0.1245,

λ221 = 0.5676, λ212 = 0.2326,

such that Eq. (12) holds for i = 1, 2 and k = 1, 2.
Let

F (s∗) = s∗F 1+(1−s∗)F 2, Q(s∗) = s∗Q1+(1−s∗)Q2,
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where s∗ is defined by

s∗(e) = argmin
s∈S

(
eT(sQ1 + (1− s)Q2)

−1e
)
.

We can design the nonlinear feedback law as

u = F (s∗)Q(s∗)−1e . (30)

Then the closed-loop system (3) is UUB, and the
ultimate bound is

√
ε/(βκ)||x̄ || ≈ 0.1.

By the theory of DI (Smirnov, 2002), the sys-
tem (28) can be written as

ẋ = α(A1x +B1u) + (1− α)(A2x +B2u), (31)

where 0 ≤ α ≤ 1. We use the Simulink in Matlab
to do the simulation. The values of parameter
α are taken as 0.1 and 0.5, respectively. Denote
x = (x1 x2)T, and x̄ = (xd1 xd2)T. Figs. 1–4
show the state trajectories x(t) under the feedback
law (30) for α = 0.1, α = 0.5 respectively and the
desired state trajectories x̄ (t) of the system (29). We
can conclude that the designed nonlinear feedback
law is effective.

0 2 4 6 8 10 12 14 16 18 20
−12

−10

−8

−6

−4

−2

0

2

4

t (s)

 

 

x1
xd1

x

Fig. 1 The state trajectory x1 of the closed-loop sys-
tem (31) when α = 0.1 and the desired state trajectory
xd1

5 Conclusions

In this paper, we deal with the problem of track-
ing control of linear differential inclusion. By using
the convex hull Lyapunov function, we design a non-
linear feedback law to make the tracking error uni-
formly ultimately bounded and give a set of bilinear
matrix inequalities to guarantee the existence of the

0 2 4 6 8 10 12 14 16 18 20
−20

−15

−10

−5

0

5

t (s)

 

 

x

x2
xd2

Fig. 2 The state trajectory x2 of the closed-loop sys-
tem (31) when α = 0.1 and the desired state trajectory
xd2
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2
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x1
xd1

x 

Fig. 3 The state trajectory x1 of the closed-loop sys-
tem (31) when α= 0.5 and the desired state trajectory
xd1
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−12

−10
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2

t s)

 

 

x2
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x

Fig. 4 The state trajectory x2 of the closed-loop sys-
tem (31) when α= 0.5 and the desired state trajectory
xd2

feedback law. A simulation illustrates the effective-
ness of the proposed method.
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