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Abstract:
ultimate boundedness for linear differential inclusion is given. Then, a feedback law is constructed by using the

The tracking control of linear differential inclusion is discussed. First, the definition of uniformly

convex hull Lyapunov function. The sufficient condition is given to guarantee the tracking error system uniformly
ultimately bounded. Finally, a numerical example is simulated to illustrate the effectiveness of this control design.
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1 Introduction

Differential inclusion (DI) has been widely stud-
ied because of its practical and theoretical signif-
icance (Aubin and Cellina, 1984; Smirnov, 2002).
Recently, many works have focused on linear dif-
ferential inclusion (LDI), since it is much simpler
than nonlinear DI and can include a class of non-
linear systems with uncertainties (Boyd et al., 1994;
Botchkarev and Tripakis, 2000; Chen, 2001; Goebel
et al., 2004). To study the stability of LDI, Hu and
Lin (2004) defined the convex hull Lyapunov func-
tion (CHLF), and it is verified that the CHLF holds
less conservative than the traditional Lyapunov func-
tion. By using the CHLF, Hu (2007) designed a non-
linear feedback law to stabilize LDI, Cai et al. (2009)
presented saturated control design for LDI, Liu et al.
(2010) discussed LDI with time delay, Huang et al.
(2010) investigated time-delayed LDI with stochas-
tic disturbance, and Huang et al. (2011) studied LDI
with affine uncertainty.

Tracking control is always a hot topic in the
field of control system design, and many papers have
been published to present various designing methods
of the tracking, such as the composite tracking con-
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trol method (Sun, 2008), H*° control method (Gao
and Chen, 2008), sliding mode control method (Slo-
tine and Sastry, 1983), robust control method (Qu
and Dawson, 1995), and adaptive control method
(Li et al., 2003). We know that, for tracking con-
trol of the uncertain system, it is not easy to real-
ize a completely perfect tracking, and making the
tracking error uniformly ultimately bounded (UUB)
is thus meaningful (Pogromsky et al., 2003; Lee and
Zak, 2004; Hayakawa et al., 2005; Wu and Shi, 2010).
However, to the best of the authors’ knowledge, lit-
tle attention has been paid to the tracking control of
LDI.

Motivated by the above discussion, this paper
considers the tracking control of LDI. It gives a new
control design by the CHLF and makes the tracking
error system UUB.

2 Problem formulation and prelimi-
naries
Let us consider LDI described by
z €co{A;xz+ Bu}:ic€I[l,N], z(0)=wzo (1)

where co{-} denotes the convex hull of a set. z € R™
is the system state, and u € R™ is the control input.
A;, B; are determined real matrices of compatible
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dimensions, and I[1,N] denotes the set
{1,2,---,N}. xyp € R™ is the initial state.
The desired state Z is bounded and satisfies the

following equation:

where A € R™*™ is a known matrix, and £y € R™ is
the initial state.

Denote e = ¢ — & and eg = g — o. Then the
tracking error system is

ecco{d;e+ Bju+ (A; — Az},

i€ I[1,N], e(0) = eo. (3)

We now introduce the definition of UUB. For
simplicity, let us consider the system (3) without the
input u, i.e.,

éecco{Ae+ (A, — Az},

i € I[1,N], e(0) = eo. (4)

Definition 1 Let e(t) be a solution of the sys-
tem (4). The system (4) is said to be UUB, if there
exist positive constants r, T'(r), and b such that
[leo]] < r implies that ||e(t)|| < b for all ¢t > T(r),
where || - || denotes the Euclidean norm.

Remark 1 It is obvious that if tlggo [le(t)]| < b,

then the system (4) is UUB. For convenience, in this
paper we call b the ultimate bound of the system (4).
The following lemma gives the condition, under
which the system (4) is UUB:
Lemma 1 Let e be a solution of the system (4).
If there exists a positive definite function V(e) =
eTQe (M and A2 are the minimal and maximal
eigenvalues of @ respectively) such that

Vie) < —BV(e) +e, ()

where 5 > 0, € > 0 are real constants, then the
system (4) is UUB with ultimate bound +/¢/ (A1 ).

Proof From Eq. (5), we can obtain
¢
V(e) < V(eo) exp(—pt) + 5/ exp(—pB(t—7))dr
0

= V(eo) exp(—p1t) + = (1 — exp(—/1))

IN

V(eo) exp(=f1) + Z. (6)

| @™

Eq. (6) deduces to

Ilell S\/;\\—illeo|IQexp(—ﬁt)+ﬁ~ (7)

Eq. (7) implies that tlggo [le(®)]] < ve/(MpB). From
Definition 1 and Remark 1, we complete the proof.

We now give some basic material of the CHLF.
Detailed presentation can be referred to Hu and Lin
(2004).

Define a function V(z) = zTPz, where P
Let p be a posi-
tive number. The p-level set of V(x) is given by
Ly(p) = {z : V() < p}, and Ly(p) is a compact
set of R”. In what follows, we denote Ly (1) by Ly,
and then \/pLy = Ly (p).

Let @, € R™*" be positive definite matrices for
je€ I[1,J]. Then a CHLF V() is defined by

-1

J

— m T

VC(IB)—I‘?EHS} x z:lszj z|, (8
J:

is a positive definite matrix.

where S = {s = (s1,82,--,s5)7 € RY : s >

J
0, Z s; = 1}. A function s* on §is defined by

Jj=1

-1

J

* : T

s(a:):arglglelg T z;szj z|. (9
J:

Eq. (8) is well-defined and s*() is always a continu-
ous function of & except for some degenerated cases.
Eq. (8) is equivalent to
V. = mi
(@) =udge

(0% iET

J > O’
z > 5Q I
j=1
which is easier to compute than Eq. (8). It is obvious
that

s.t. seSs,

Ly, = CO{E(Q;1)7j eI, J]},

where E(Qj_l) ={z:zT Qj_lil: < 1}. For a compact
convex set W, let W denote the boundary of W.
From the theory of convex analysis, we know that a
point & € d Wthat cannot be represented as a convex
combination of other points in Wis an extreme point
and that a compact convex set is characterized by its
extreme points. Denote By = dLy, Ne(Q; ') = {z :
Vo(x) =27 Q) e = 1}.
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Lemma 2 (Hu et al., 2006) For each k € I[1,J],
By ={z €Ly, : 2" Q' (Q, — Q,)Q,'z<0,j¢
1M1, J]}.

Lemma 3 (Hu and Lin, 2004) Let £ € R"™.

For simplicity and without loss of generality, assume
sp(x) > 0 for k€ I[1,Jo] and s; =0 for k € I[Jy +
1, J]. Denote

Jo
(s*) = Z $5Qp, i = Q. Q(s") tx, ke I[1, Jy).

Then Vi(zix) = Ve(z) = ngglwk, and xp €
(Ve(z))\/2Ey, for k € I[1,Jo).

J
S sty and VE € I[1, J),
k=1

Moreover, ©x =

VVe(z) = VVe(zr) =2Q; 'z, =2Q(s*) 'z,
(10)
where V V. (x) denotes the gradient of V, at x.
Lemma 4 is a direct result of the Schwartz in-
equality, and its proof is omitted.
Lemma 4 For any vectors vi, vo € R", and a
constant € > 0, the following inequality holds:

(11)

1
T T T
2] v2 < gvl V1 + €V V2.

3 Main results

In this section, we design a nonlinear feedback
law to make the error system (3) UUB.
Theorem 1 Let Q, € R™™", Q, = Q} > 0,
k € I[1,J], and V.(e) be the function as defined
in Eq. (8). If there exist Fj € R™™, X\ijx > 0,
i€ I[1,N],jkeI1,J],and 8 > 0, € > 0 such that

Q.A] + A,Q, + F, B! + B,F,

FL(A - A4 A

J
Z ijk Q Qk) ﬁka Vi7k7 (12)
then define
J J
F(s') =Y siFy, => 5Q,  (13)
k=1 k=1

where s* € Sis as defined in Eq. (9). Then, by the
nonlinear feedback law

u=F(s)Q(s) e, (14)

2011 12(6):464-469

the system (3) is UUB with the ultimate bound
ve/(Bk)||Z]|, where £ is the minimal eigenvalue of
Q(s*)~ L. Moreover, u is a continuous function of e.
Proof  Multiplying Eq. (12) from both sides by
Q,;l, we can obtain

A7 Q. '+Q;'A+ Q' FLBQ,'+Q;,'B;F,Q; "

FIQN A - A4 - 4)T Q)

<

Z zngk Q Qk)Qk _BQ]C ’

i€ [l,N].

(15)
By the feedback law (14), the closed-loop system (3)
is

De+ (A — A)z},
(16)
In the following, we prove the

e cco{(A; + BiF(s")Q(s")”

where i € I[1,N].
conclusion in two aspects.

1. Let e € Ej for some k € I[1,J]. Then,
Ve(e) = eT Q. 'e = 1 and s*(e) is a vector in which
the kth element is 1 and the rest are zeros. We have
F(s)Q(s*) ' = FrQ,. ' and VV(e) = 2Q;. e, and
then

VVe(e)'[(Ai + BiF(s)Q(s") e + (A; — A)z]

=2eTQ, ' (Ai+BiFrQ; e+2eT Q' (A;— A)z.
(17)
In view of Lemma 4, we have

2¢TQ; (A — A)z

< éeT Q. (Ai—A) A, —A)TQ ' e+ez™z. (18)

Then, for ¢ € I[1, N,

VVe(e)'[(Ai + BiF(s)Q(s") 'e + (Ai — A)z]

<2e"Q;'(Ai+ BiF,Q;")e
+§eTQ,;l(Ai—A)(Ai—A)TQ,:le+5||:i||2. (19)

Substituting Eq. (15) into Eq. (19) yields

VVe(e)'[(Ai + BiF(s)Q(s") e+ (A; — A)z]

<

NineT QH(Q; — Q) Qe

e

1

J

—Be’ Q; e +ellz|. (20)
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By Lemma 2, for i € I[1, N], k € I[1, J], we have

J
D> Xiket Q1@ — Q) Qe <0.

=1

(21)

Then, for any i € I[1, N],

VVe(e)'[(Ai + B F(s)Q(s") e + (i — A)a]
< —Bet Qe +el|z|]* = —BVele) +ellz|. (22)
Eq. (22) implies that

max (9 Ve(e)"[(Ai + BiF () Q) e

+ (A - A)z]} < —BVe(e) +ell2|*. (23)

2. Let ep € OLy,. From Lemma 3, it is obvious
that eq is a convex combination of a set of e;’s and
ex € Fy for k € [1,J]. To simplify the following
proof, we suppose that s} (eg) > 0for k € I[1, Jo] and

Jo
sp(eo) =0for ke I[Jo+1,J]. Then, eg = Y sjex.

Since VV.(eg) =2Q(s*) leo, !
Q(s) "eo = Q;lex, Ve(eo) = Ve(er),  (24)
we have
Jo
F(sQ(s*) 'eg = Zs,*chleek. (25)

k=1

Then,

VVe(eo) [(Ai + BiF(s)Q(s") "eo + (A; — A)z]

= 2el Q(s*) " [Aseo + BiF(s")Q(s*) "eo
+(A; — A)z]
Jo
A; Z sper+ (A — A)z
k=1

Jo
+B; Y siFy Q;Zlekl

k=1

= QeEle

Jo
=> s [2ef Q' Aier +2e Q' BiFrQy ey,
k=1

+2e;, Q1 (A, — A)z] .
(26)
By the same arguments as that used in step 1,
Eq. (26) deduces to
,H[lﬁﬁ]{v Ve(eo)[(Ai + BiF(s")Q(s*)")eo
SN
Jo
+H(A; - A)z]} <) si(—Bel Qyler) +<llz|?
k=1

= —BVe(eo) +¢l|z|]*. (27)

By Lemma 1, combining Eq. (23) with Eq. (27), we
can conclude that the system (3) is UUB under the
feedback law (14), and that the ultimate bound of

the system (3) is v/e/(8r)||Z||. Moreover, F(s*)
and Q(s*) are continuous in s*, and Q(s*) > 0. The
continuity of u follows from that of s*(e). We thus
complete the proof.

4 Example

In this section, we consider a second-order LDI
system described by

T € CO{A1$+B1U, AQiB—I—BQU}, 113(0) = Xy, (28)

where

025 —0.9 0
1 02 ] Bl_[l}’

01 —0.7 1 —9
AQ_[ 1 0.15}’32_[2}’%_{ 9 ]

The desired state  satisfies

|

z= Az, z(0)= Zo,

where

0 -1 N 1
o33 (]
Let V.(e) be composed by @, @5, and £ = 0.01.

There exist @, @, F1, F2, 8, M21, A112, A221, and
X212 as the following:

0, - 24.2632 42.3931
17| 42,3931 76.1995 |’

23.1692 39.8241
Q2 = |: :l )

39.8241 71.1436
Fi =] -76.1204 —207.6789 |,
Fy=[ —70.6421 -196.9910 |, B=2,
Ai21 = 0.1765, A\jj2 = 0.1245,
Aaa1 = 0.5676, \ajo = 0.2326,
such that Eq. (12) holds for ¢ = 1,2 and k = 1,2.
Let

F(s") = " F1+(1=5")F2, Q(s") = 5" Q,+(1-5") Qy,
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where s* is defined by
* . T —1
= 1— .
s*(e) arg min (e"(sQ, +(1—9)Q,) "e)
We can design the nonlinear feedback law as

u=F(s)Q(s)Le. (30)

Then the closed-loop system (3) is UUB, and the
ultimate bound is v/¢/(8x)||Z|| = 0.1.

By the theory of DI (Smirnov, 2002), the sys-
tem (28) can be written as

T = Oé(AliB =+ Blu) =+ (1 — Oé)(AQ.’I? =+ BQ’U,), (31)
where 0 < o < 1. We use the Simulink in Matlab
to do the simulation.
« are taken as 0.1 and 0.5, respectively. Denote
z = (1 m)%, and 2 = (zqg1 za2)". Figs. 14
show the state trajectories x(t) under the feedback
law (30) for o = 0.1, a = 0.5 respectively and the
desired state trajectories Z(t) of the system (29). We
can conclude that the designed nonlinear feedback

The values of parameter

law is effective.

T X

0 2 4 6 8 10 12 14 16 18 20
t(s)

Fig. 1 The state trajectory x; of the closed-loop sys-
tem (31) when a = 0.1 and the desired state trajectory
Zd1

5 Conclusions

In this paper, we deal with the problem of track-
ing control of linear differential inclusion. By using
the convex hull Lyapunov function, we design a non-
linear feedback law to make the tracking error uni-
formly ultimately bounded and give a set of bilinear
matrix inequalities to guarantee the existence of the

2011 12(6):464-469

— X

=== Xg2

Fig. 2 The state trajectory x» of the closed-loop sys-
tem (31) when a = 0.1 and the desired state trajectory

Td2

0 2 4 6 8 10 12 14 16 18 20
t(s)

Fig. 3 The state trajectory x; of the closed-loop sys-
tem (31) when a= 0.5 and the desired state trajectory

Td1

0 2 4 6 8 10 12 14 16 18 20
t (s)

Fig. 4 The state trajectory a2 of the closed-loop sys-
tem (31) when a= 0.5 and the desired state trajectory

Td2

feedback law. A simulation illustrates the effective-
ness of the proposed method.
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